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Abstract

A novel semiparametric regressionmodel for censoreddata is proposedas

an alternativ e to the widely usedproportional hazardssurvival model. The

proposed regressionmodel for censoreddata turns out to be °exible and

practically meaningful. Features include physical interpretation of the re-

gressioncoe±cients through the mean responsetime instead of the hazard

functions. It is shown that the regressionmodel obtained by a mixture of

parametric families, has a proportional mean structure (as in an accelerated

failure time models). The statistical inferenceis basedon a nonparametric

Bayesianapproach that usesa Dirichlet processprior for the mixing distribu-

tion. Consistencyof the posterior distribution of the regressionparameters

in the Euclidean metric is establishedunder certain conditions. Finite sam-

ple parameter estimatesalong with associated measureof uncertainties can

be computed by a MCMC method. Simulation studiesare presented to pro-

vide empirical validation of the new method. Somereal data examplesare

provided to show the easyapplicabilit y of the proposedmethod.
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1 In tro duction

The framework of generalizedlinear models (GLM) popularized by McCullagh

and Nelder (1989) is arguably one of the most °exible statistical tool and is used

extensively in almost all ¯elds of applications. However, such a °exible framework

is not widely available in the areaof survival regressionmodelsfor censoreddata. A

key motivation of this article is to developa °exible classof regressionmodelsthat

are similar in spirit to the GLM but retaining the semiparametricstructure of the

widely usedproportional hazard (PH) models. It is shown that such an objective

may be achieved by a classof mixture modelswherethe mixing distribution is left

unspeci¯ed.

An important feature of most of the semi-parametricregressionmethods for

censoreddata is to keep the error distribution unspeci¯ed (and henceestimate

it nonparametrically). A parametric form is usually speci¯ed for the regression

function using somelink function. However, for regressionmodels with censored

data, the link is speci¯ed through the hazard function of the response(usually

the survival time) instead of the familiar mean response. The Cox proportional

hazard regressionmodel (Cox, 1972)and the associated partial likelihood theory

of estimation wasa breakthrough in developinga °exible method of regressionfor

censoreddata. The hugesuccessof PH modelstestify the many needsfor this type

of semiparametricregressionmodels.

The structure of PH is quite di®erent from the usual GLM for regression,in

that the link function is not speci¯ed via the meanbut rather through the hazard

function. The so-calledPH structure is interesting but it may be hard to interpret

the regressioncoe±cients. Sir D. Cox himself onceremarked (seeReid, 1994)that

\Of course, another issue is the physical or substantivebasis for the

proportional hazards model. I think that's one of its weakness,that

accelerated life models are in many ways more appealing because of

their quite direct physical interpretation, particularly in an engineering

context."

An AcceleratedFailure Time (AFT) model is characterizedby specifying the con-

ditional survival function, S(tjZ = z) of survival time, T given the covariates,

Z = z, as S(tjz) = S0(tg(zT ¯ )), where S0(¢) is an unspeci¯ed baselinesurvival

function. If S0(¢) is speci¯ed parametrically (with possibly someunknown pa-

rameters), then we get a parametric AFT model. Under such parametric models,
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estimatesof the regressioncoe±cient ¯ can be obtained by maximum likelihood

or Bayesianmethod, for a given completely known link function g(¢): The para-

metric AFT models have such direct physical interpretation but the parametric

models lack the semi-parametricappeal of the PH models. Therefore,other types

of regressionmodels for censoreddata that retain simple physical interpretation

and a semi-parametricappeal, are desired.

Among the various extensionsof the traditional linear model, the AFT mod-

els and the least squaresmethod to accommodate the censoreddata seemsmost

appealing, simply becausethe model is well known, widely used,well understood

and well tested (seeWei, 1992). Someearly attempts of such extensionsare due

to Miller (1976) and Buckley and James(1979). However, no rigorous proof of

consistencywas presented and the iterations in the computation of the estimate

may not converge. Koul et al. (1981) developed a simple least squareestimation

method basedon \synthetic data", as termed by Leurgans(1987). The main idea

of this approach is to replacethe censoredobservations by a set of estimated \re-

sponses"and then obtain the usual leastsquareestimatefor regressionparameters

basedon the such estimatedresponses.Using a U-statistic representation, Koul et

al. (1981) showed that their estimatesare consistent and asymptotically normal

under someregularity conditions. Following on this simple idea of using synthetic

data several extensionsof the method have appearedin the literature that usea

moree±cient ways to obtain estimatedresponses(seeZeng,1984,Lai et al., 1995,

Zhou, 1992and referencestherein). Thesedevelopments have beenvery exciting

but generally lack stabilit y of the estimators and henceare not as widely usedas

the PH model.

A °exible classof semiparametric regressionmodels have been developed in

this article. The proposedmethod of parameter estimation is quite di®erent as

comparedto the \synthetic data" approach. But the proposedmethod is similar

in spirit to the previousapproachesin terms of having a physical interpretation of

the regressionestimates. It is shown that a classof mixture models can be used

to obtain proportional mean models. This is alsosatis¯ed by the familiar acceler-

ated failure time models if the baselinesurvival function, S0(¢) is left unspeci¯ed

and is estimated nonparametrically (seeJin et al., 2003). However it is generally

not straightforward to obtain an estimate of the asymptotic variance-covariance

matrix of the regressionparameter, ¯ : Jin et al. (2003) and Park and Wei (2003)

used a resampling method to obtain such an estimate. For our proposedmod-
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els, such estimatescan be computedeasily from the posterior variance-covariance

matrix of ¯ . Another classof models related to our approach would be the trans-

formation models(seeChen,Jin and Ying, 2002and Cheng,Wei and Ying, 1995),

wherethe survival time is transformedusingan unspeci¯ed monotonefunction but

keepingthe error distribution completely known. However under this model the

estimatedtransformation may not be a smooth function and hencelacks straight-

forward interpretation enjoyed by AFT models. Becauseof the straightforward

implementation of the Markov Chain Monte Carlo (MCMC) method in a mixture

model, we ¯nd that a nonparametric Bayesianperspective with a mixture model

is particularly attractiv e. Moreover, we show that such computationally intensive

methods can be easily implemented using freely available softwares like WinBUGS

(Spiegelhalteret al., 1999). In addition to the computational stabilit y and sim-

plicit y of the proposedmethod, using the results similar to that of Ghosal et al.

(1999), we show that the posterior distribution is consistent.

The rest of this article hasbeenorganizedasfollows. In Section2, the mixture

model is described along with proportional meaninterpretation for the regression

parameters. In Section 3, we discusshow Markov Chain Monte Carlo (MCMC)

method can be easily implemented to obtain the estimates based on posterior

distribution of the parameters. We discussposterior consistencyof the proposed

model is presented in Section 4. Simulation studies are presented in Section 5.

Finally, in Section 6 we present a couple of real data examplesto illustrate our

method. Proofs are presented in the Appendix.

2 The Prop ortional Mean Regression Mo del

Mixture modelshavebeenusedfor a variety of inferenceproblemsincluding density

estimation, clusteringanalysisand robust estimation; seeLindsay (1995),McLach-

lan and Basford (1988), Ban¯eld and Raftery (1993), Robert (1996) and Roeder

and Wasserman(1997). In the Bayesiancontext, mixture models for density es-

timation were introducedby Ferguson(1983) and Lo (1984) who useda Dirichlet

processprior on the mixing distribution and obtained expressionsfor Bayesesti-

mates. Escobarand West (1995)developed this idea further and provided MCMC

algorithms for the computation of the posterior distribution of parametersof a

normal mixture model. The choice of the kernel depends on the range spaceof

the variable of interest. For the entire real line, the normal kernel is usually used.
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A beta kernel has beenconsideredfor densitieson the unit interval (seePetrone,

1999), while a gamma, Weibull or lognormal kernel seemsto be appropriate on

the positive half line (seeKottas and Gelfand, 2001). More generally, Feller ap-

proximation techniques can be used to choose a kernel (Petrone and Veronese,

2002). Consistencyand rates of convergenceissuesfor Bayesiandensity estima-

tion in mixture models have been studied by Ghosal et al. (1999), Ghosal and

van der Vaart (2001), Ghosal (2001) and Petrone and Wasserman(2002). For

survival models without covariates, consistencyhas been studied by Ghosh and

Ramamoorthi (1994),Ghoshet al. (1999)and Kim and Lee(2001). In this article

we proposeusingan in¯nite mixture of standard parametric distributions (such as

the Weibull distributions) to model the conditional distribution of a survival time

given a set of covariates.

For each subject i = 1; : : : ; n; let Ti denote the failure time and Ci denote

the censoringtime. The observed survival data are X i = min(Ti ; Ci ) and ¢ i =

I (Ti · Ci ); where I (¢) is the indicator function; theseand all other variablesare

independent acrossi . Let Z i denotea p-dimensionalvector of covariatesassociated

with subject i . Assumethat for each subject i the conditional survival function of

T given Z = z (suppressingthe subscript i ) is given by,

S(tjz; ¯ ) =
Z 1

0
Sb(t=¹g (zT ¯ ))dH(¹ ); (1)

whereSb(¢) is a survival function with a speci¯ed functional form, but may involve

additional unknown parameters. The link function g : R ! [0; 1 ) is completely

speci¯ed. The mixing distribution function H (¢) is left unspeci¯ed, which will be

estimated nonparametrically with the constraint H (0) = 0. It follows that the

density of T given Z = z is then given by

p(tjz; ¯ ) =
Z 1

0
pb(t=¹g (zT ¯ ))( ¹g (zT ¯ )) ¡ 1dH(¹ ); (2)

wherepb is the density function corresponding to the survival function Sb. Notice

that (1) leadsto an AFT model with S0(t) =
R1

0 Sb( t
¹ ) dH(¹ ): In other words, the

baselinesurvival function is modeledas a mixture of parametric survival function

with an unknown mixing distribution.

Let m =
R1

0 tpb(t)dt =
R1

0 Sb(t)dt stand for the meanof the distribution with

survival function Sb. Then

E(Tjz; ®; ¯ ) = mg(zT ¯ )
Z 1

0
¹dH (¹ ); (3)
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and hencewe obtain the proportional mean model,

E(Tjz1; ¯ )
E(Tjz2; ¯ )

=
g(zT

1 ¯ )
g(zT

2 ¯ )
: (4)

As a consequenceof the above property in equation(4), we shall call the proposed

model as Proportional Mean Regression (PMR) model. In most applications a

logarithmic link is chosenfor g¡ 1, that is, g(w) = ew . Putting in the equation (4),

we obtain,

log
µ

E(Tjz1; ¯ )
E(Tjz2; ¯ )

¶
= (z1 ¡ z2)T ¯ ;

which provides an easy interpretation of the parameter ¯ as the unit change in

the logarithm of the meanresponsewith respect to a unit changein the covariate.

Henceforth, we shall assumethe logarithmic link function. Note that the mixing

distribution H (¢) hasbeenleft completely unspeci¯ed.

We shall usea Weibull survival function with an unknown shape parameteras

a choice for Sb, i.e., we assumethat Sb(t; ®) = e¡ t®
. The distribution with sur-

vival function e¡ t®=¸ ®
will be referredto asWeibull (®; ¸ ) distribution, the Weibull

distribution with scaleparameter ¸ and shape parameter ®. One may useother

parametric families such as log normal or gamma. More generally, any parametric

family supported on the positive half line may be considered.All thesefamilies,

particularly the Weibull and the gamma,form very °exible classesof life distribu-

tions. However, unlikethe gammaor the lognormalfamily, the Weibull distribution

enjoys the advantage that the survival function does not involve transcendental

functions, and henceit will be easierto explicitly write down the likelihood for

censoreddata. It is interesting to notice that mixture of Weibull distribution (as

in (2)) can be seenas a location mixture model on a log-scale.More speci¯cally,

for Weibull mixtures, whenwe choosea log-link for g¡ 1, the conditional density of

Y = log(T) given Z = z is given by

p(yjz; ¯ ) =
Z 1

0
eypb(ey=¹g(zT ¯ ))( ¹g (zT ¯ )) ¡ 1dH(¹ );

=
Z 1

0
®f b(®(y ¡ log(¹ ) ¡ zT ¯ ))( ¹g (zT ¯ )) ¡ 1dH(¹ )

wheref b(t) = expf t ¡ etg is Gumbel'sExtreme valuedensity. Thus log(¹ ) takesthe

role of a location parameterand ® a scaleparameterin the above location mixture.

Therefore,letting ® ! 1 , mixtures over ¹ can approximate any arbitrary density

in the total variation distance. As the total variation distance is invariant under
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one-to-onemeasurabletransformations, the sameconclusionholds in the original

scale.Thus, Weibull mixture can adequatelyrepresent an arbitrary density in (2).

A likelihood basedmethod to estimate the parameter ¯ would require maxi-

mization of over the spaceof all distributions H (¢) with the property H (0) = 0

and the shape parameter ®: Such an approach may yield e±cient estimates for

¯ , and under regularity conditions, a large sampleestimate of the standard error

of the estimate can be obtained. Optimizations over such large spaceof param-

eters may be computationally challenging. Alternativ ely, one may use a set of

estimating equations(seeJin et al., 2003)to obtain parameterestimates.However

it turns out that for semiparametricAFT models such estimating equationscan

be non-monotoneand leadsto multiple solutions. In our nonparametricBayesian

approach, we useMCMC method to obtain the marginal posterior distribution of

¯ by integrating out the nuisanceparametersH (¢) and ®.

Prior distributions play a crucial role in Bayesianinference.Informative priors

can be usedif deemedplausible. However, in the present context, it is desirableto

choosethe prior distribution by somedefault mechanism. A priori, it is assumed

that (®; ¯ ) is independent of H (¢), and that H (¢) has a Dirichlet Process(DP)

Prior, denotedby DP(M ; Hb(¢)) with basemeasureHb(¢) and precisionparameter

M . The proposedmodel canbe equivalently written asa Bayeshierarchical model

as follows:

Ti jZ i ; ®; ¹ i ; ¯ » Weibull (®; ¹ i eZ T
i ¯ );

¹ i jH (¢) i.i.d» H (¢);

H (¢) » DP(M ; Hb(¢)); (5)

(®; ¯ ) » ¼(®; ¯ );

where the joint density ¼(®; ¯ ) is usually chosento be of the product type and

often taken to be the di®useuniform prior on Rp £ (0; 1 ). A moderate value of

M is usually chosen. Let ¦ denotethe joint prior distribution of (®; ¯ ; H ). Note

that from the properties of a DP it follows that,

E(H (¢)j¹ 1; : : : ; ¹ n ) =
M

M + n
Hb(¢) +

n
M + n

Hn (¢); (6)

where Hn (¢) is the empirical distribution function of ¹ 1; : : : ; ¹ n . However, these

latent variables ¹ 1; : : : ; ¹ n are not directly observable, and hence the posterior

distribution may only be computed by MCMC methods. In the next section we
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discusshow to obtain the posterior distribution of the parametersgiven the ob-

served data f (X i ; ¢ i ; Z i ); i = 1; : : : ; n:g

3 Mo del Fitting

For the proposedPMR model, the posterior distribution of the parameterscannot

be obtained in a closedform. Gibbs samplingwith a data augmentation step will

be usedto obtain MCMC samples.

First assumethat Ti 's are indeedobserved. In this case,a simple strategy to

obtain samplesfrom the posterior distribution of (¯ ; ®; H (¢)) can be described as

follows (seeDey, Muller and Sinha, 1998):

GibbsSampling: Initialize the parameters¯ (0) and ®(0) . At the k-th iteration of

the Gibbs samplerthe full conditional density of ¹ i given (¯ (k¡ 1); ®(k¡ 1); ¹ (k¡ 1)
l ; l 6=

i; Ti ; Z i ) is given by,

pb(Ti jZ i ; ¹; ®(k¡ 1); ¯ (k¡ 1))H 0
b(¹ ); with probability q(k)

0i

¹ (k¡ 1)
l I (l > i ) + ¹ (k)

l I (l < i ); with probability q(k)
l i ; l 6= i;

where

q(k)
l i /

(
¹ (k)

l pb(Ti jZ i ; ¹ (k)
l ; ®(k¡ 1); ¯ (k¡ 1)) if l < i

¹ (k¡ 1)
l pb(Ti jZ i ; ¹ (k¡ 1)

l ; ®(k¡ 1); ¯ (k¡ 1)) if l > i

and

q(k)
0i / M

Z 1

0
pb(Ti jZ i ; ¹; ®(k¡ 1); ¯ (k¡ 1))dHb(¹ );

such that q(k)
0i +

P
l6= i q(k)

l i = 1: Note that if we choosea conjugate basemeasure

Hb(¢) , the above integral can be evaluated analytically and hencesamplescan be

obtained by an inversionmethod. Otherwisea numerical one-dimensionalintegral

canbeusedto computeqk
0i 's. For our model wemay achieveconjugacyby choosing

an appropriate gamma distribution for ¹ ®
i : The full conditional density of (¯ ; ®)

given f (¹ (k)
i ; Ti ; Z i ); i = 1; : : : ; ng is given by

nY

i =1

pb(Ti jZ i ; ¹ (k)
i ; ®; ¯ )H 0

b(¹
(k)
i )

which is a log-concave density and hencean adaptive rejection sampling(seeGilks,

1992) can be used to sample from the above density. Thus a Gibbs sampler as

describedabovecanbeusedto obtain approximate samplesfrom the joint posterior
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distribution of the parametersgiven the observed data. If desired, the posterior

meanof H (¢) can be obtained from the MCMC samplesusing (6).

When censoringis present, an imputation method can be used to \replace"

the censoreddata by the imputed values. This is done as follows. If ¢ i = 1, set

Ti = X i otherwisesetTi = (Ui + X
1
®
i )®, whereUi 's are independently exponentially

distributed with means¹ i eZ T
i ¯ ; i = 1; : : : ; n. Alternativ ely a ¯nite approximation

for DP (seeIshawaran and Zarepour, 2002)can be usedwithin the software BUGS

to implement the Gibbs sampling. In fact, for our simulation study we usea ¯nite

approximation technique to implement the required Gibbs sampling using BUGS.

This is achieved by introducing latent variablesL = (L 1; : : : ; L n ) which indicate

the group membership for the hidden variables¹ i 's alongwith a probability vector

w = (w1; : : : ; wN )T : More precisely, (5) can be written as,

Ti jL i ; ®; ¯ » Weibull(®; ¹ L i e
Z T

i ¯ );

L i jw
i.i.d» Multinomial (f 1; : : : ; N g; w );

¹ l
i.i.d» Hb(¢); l = 1; : : : ; N ;

w » Dirichlet
µ

M
N

; : : : ;
M
N

¶
;

(®; ¯ ) » ¼(®; ¯ );

whereN is chosenappropriately to approximate the DP. Notice that, L i 2 f 1; : : : ; N g

takes random multinomial values with Pr[L i = l] = wl for l = 1; : : : ; N and
P N

l=1 wl = 1: The above hierarchical framework which usesa ¯nite dimensional

Dirichlet distribution (with N possiblydependingon n) can be usedfor program-

ming in BUGS. For instance,we may useN =
p

n for large n and N = n for small

n (seeSection5 of Ishwaran and Zarepour, 2002for more details).

4 Consistency of Posterior Distribution

Consistencyis an important desirablelarge sampleproperty of the posterior dis-

tribution which provides a useful validation of a particular Bayesian method in

use. For discussionand examplesof a of inconsistency, the readersare referredto

Diaconisand Freedman(1986)and Ghoshand Ramamoorthi (2003). A celebrated

theorem of Schwartz (1965) gives su±cient conditions for posterior consistency

in terms of conditions involving the existenceof appropriate tests and the prior
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positivit y of a neighborhood de¯ned by the Kullback-Leibler divergence. Useful

extensionsof Schwartz's theoremare given by Barron et al. (1999) and Ghosalet

al. (1999). The goal of the present section is to justify our Bayesiananalysisof

the PMR model by posterior consistency.

Weshall assumethat the domainsof Z , ¯ and ®, and the support of H arecom-

pact. The compactnessassumption is agreeablysomewhatrestrictive. However,

unbounded scalemixtures are often known to misbehave in terms of asymptotic

properties. Also, we assume,without lossof generality that 0 is a possiblevalue

of the covariate Z . If not, we may shift the covariates to satisfy this condition.

We further assumethat the true density p0 of T given Z = z is actually a scale

mixture of Weibull:

p0(tjz) =
Z

®0(¹e ¯ T

0 z )¡ ®0 t®0 ¡ 1 exp(¡ (t=¹e ¯ T

0 z )®0 )dH0(¹ );

so that ®0, ¯ 0 and H0 are respectively the true values of the parameters®, ¯

and H . The covariates are assumedto be i.i.d. with an absolutely continuous

distribution supporting the vector 0 on Rp. The density of Z at z will be denoted

by q(z). Let f ®;¯ ;H (x; ±; z) stand for the joint density of (X ; ¢ ; Z ), that is,

f ®;¯ ;H (x; ±; z) =

(
p(xj®; ¯ ; z)q(z); if ¢ = 1;

S(xj®; ¯ ; z)q(z); if ¢ = 0;

wherep(xj®; ¯ ; z) and S(xj®; ¯ ; z) are asde¯ned in equations(2) and (1), respec-

tiv ely. Note that the classof distributions that are supported in a given compact

domain is alsocompactwith respect to the weaktopologyon the spaceof probabil-

it y measures.Hencethe parameterspaceof (®; ¯ ; H ) with respect to the product

of Euclidean,Euclideanand weak topology, is alsocompact.

The following is the main theoremof this paper.

Theorem 1. Suppose that the prior density ¼(®; ¯ ) for (®; ¯ ) has compact

support containing (®0; ¯ 0) and the basemeasure Hb of the Dirichlet processhas

compact support that contains the support of H0. Then the posterior distribution

¦(( ®; ¯ ; H ) 2 ¢j(X 1; ¢ 1); : : : ; (X n ; ¢ n )) of (®; ¯ ; H ) given (X 1; ¢ 1); : : : ; (X n ; ¢ n )

is consistent with respect to the Euclidean distances on ¯ and ® and the weak

topology on H , that is, given any " > 0 and a weak neighborhood N of H 0,

¦ f (®; ¯ ; H ) : j®¡ ®0j < "; j¯ ¡ ¯ 0j < "; H 2 N j(X 1; ¢ 1); : : : ; (X n ; ¢ n )g ! 1

almost surely in P1
(®0 ;¯ 0 ;H 0 )

-probability.
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This givesa largesamplejusti¯cation of our procedure.The proof of Theorem1

is given in the Appendix.

If the covariatesarenot random,but arisedeterministically from a design,then

by largely a similar analysisand using posterior consistencyresults for indepen-

dent, non-identically distributed observations as in Amewou-Atisso et al. (2003),

consistencywill follow if the valuesof the covariate gradually ¯ll up its rangespace

as the samplesizeincreases.The details are omitted here.

5 A Simulation Study

Weperformedextensivesimulations to explorethe samplingpropertiesof the Bayes

estimatesobtained by the proposedmethod. We present only someof the signi¯-

cant ¯ndings from our simulation experiments. In order to perform the simulation

experiments, we generatethe data from the model (2). In particular we use the

following data generationprocess(DGP):

DGP for simulation: Fix true values¯ 0 = (¡ 0:5; 0:5); ®0 = 1:0 and the sample

sizen = 50; 100and 200:

1. GenerateUi
i.i.d» Beta(3; 3) and set Z i = 6Ui ¡ 3: This ensuresthat support

of Z i 's is compact.

2. Generate ¹ i
i.i.d» Weibull(®¤ = 1; ¹ ¤ = 2): This means that the mixing

distribution is alsoa Weibull distribution.

3. GenerateTi » Weibull(®0 = 1; ¹ i eZ T
i ¯ 0 ):

4. GenerateCi
i.i.d» Weibull(®¤; 2¹ ¤).

We also perform simulation where Ci 's are allowed to depend on Z i 's. In

particular we generateCi
indep

» Weibull(®¤; 4:5eZ T
i ¯ ):

Thesechoicesof censoringvariable ensurethat the censoringrate is about

30%on average.

5. Set X i = min(Ti ; Ci ) and ¢ i = I (Ti · Ci ) and output the observed data as:

f (X i ; ¢ i ; Z i ); i = 1; : : : ; ng:

We ¯t the semiparametricBayesianmodel to the data generated(at step 5)

from DGP and repeat (steps 1-5 above) 500 times with a ¯xed burn-in time of
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500 iterations followed by a sampleof size1000from the posterior distribution of

¯ and ®. We have tried several combinations of true values,mixing distributions

and censoringvariablesfor our simulations. In this article we present resultsbased

on only one set of true values for four di®erent samplessizesand two di®erent

censoringmechanisms.

The results are presented in Tables1 and 2 by increasingsamplesize. In each

table we present the average¯v e-number posterior summary values,viz. posterior

mean, posterior sd, posterior 2.5% and 97.5%percentiles and the posterior me-

dian with associated standard error (s.e.) from 500 Monte Carlo repetitions. In

addition, we also present the coverageprobability (cp) basedon a 95% equal-tail

posterior interval obtained by posterior 2.5%and 97.5%percentiles. For example,

in Table 1, for n = 100, the entry ¡ 0:491 for ¯ 1 is the averageof 500 posterior

meanswith s.e. 0:172 (which is the standard deviation of 500 posterior means).

Similarly the entry 0:166 is the averageof 500 posterior sd's with s.e. 0:027. Fi-

nally, a cp of 0:935 meansthat 93.5%of 500 posterior 95% intervals (based on

posterior 2.5%and 97.5%percentiles) contained the true value of ¯ 1 = ¡ 0:5: We

observe that at an averagecensoringrate of about 30%the Bayesestimates(pos-

terior mean and median) are nearly unbiased as sample size increasesand also

the coverageprobability of a 95%posterior interval approachesthe nominal value

of 95%. In addition, we seethat the averagelength of a 95% posterior interval

decreaseswith increasingsamplesize, thus making the intervals tighter. For in-

stance, for ¯ 2 the averagelength of 95% interval drops from 0:977 (for n = 50)

to an averagelength of 0:467 (for n = 200). Similar observations can be made

basedon Table 2. Theseresults numerically assert that consistencyof posterior

distribution of ¯ and ®. We repeatedsimilar studiesfor other mixing distributions

and for lower and higher censoringrates, the results werevery similar to what we

seein Tables1 and 2.

6 Applications to real data sets

We now apply our proposedmodelsto somepopular real data setsthat have been

analyzed by other authors. In particular we ¯t our semi-parametricmodels to

ovarian cancerdata set (with n = 26, small samplesize) and multiple myeloma

data set (with n = 65, moderate samplesize).
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n = 50

mean sd 2.5%L 97.5%U median cp

¯ 1 -0.505 0.244 -1.000 -0.036 -0.501 0.927

s:e: 0.273 0.053 0.313 0.288 0.271

¯ 2 0.516 0.248 0.055 1.032 0.534 0.928

s:e: 0.253 0.055 0.269 0.289 0.253

® 1.116 0.241 0.721 1.641 1.134 0.948

s:e: 0.224 0.051 0.148 0.289 0.233

n = 100

mean sd 2.5%L 97.5%U median cp

¯ 1 -0.491 0.166 -0.821 -0.165 -0.483 0.935

s:e: 0.172 0.027 0.192 0.170 0.173

¯ 2 0.494 0.167 0.172 0.828 0.491 0.938

s:e: 0.177 0.027 0.178 0.197 0.176

® 1.032 0.188 0.716 1.430 1.021 0.954

s:e: 0.176 0.042 0.115 0.235 0.183

n = 200

mean sd 2.5%L 97.5%U median cp

¯ 1 -0.502 0.121 -0.753 -0.279 -0.504 0.949

s:e: 0.123 0.009 0.113 0.098 0.102

¯ 2 0.497 0.118 0.261 0.728 0.496 0.948

s:e: 0.120 0.013 0.131 0.139 0.129

® 0.996 0.152 0.727 1.305 0.967 0.951

s:e: 0.145 0.034 0.072 0.168 0.128
Averageobserved censoring29.25%(range 10% - 40%)

Table 1: Sampling properties of Bayes estimateswhen the censoringmechanism

does not depend on covariates. True values: ¯ 1 = ¡ 0:5; ¯ 2 = 0:5; ® = 1:0. The

s:e:denotesthe standarddeviation of the corresponding posterior summaries(e.g.,

mean,sd etc.) over 500replications.
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n = 50

mean sd 2.5%L 97.5%U median cp

¯ 1 -0.487 0.234 -0.953 -0.028 -0.487 0.925

s:e: 0.258 0.053 0.283 0.282 0.258

¯ 2 0.502 0.233 0.037 0.956 0.503 0.928

s:e: 0.248 0.052 0.266 0.278 0.248

® 1.121 0.244 0.723 1.654 1.137 0.945

s:e: 0.239 0.053 0.153 0.309 0.247

n = 100

mean sd 2.5%L 97.5%U median cp

¯ 1 -0.489 0.159 -0.819 -0.175 -0.489 0.939

s:e: 0.165 0.024 0.188 0.168 0.169

¯ 2 0.495 0.163 0.179 0.817 0.493 0.940

s:e: 0.167 0.021 0.172 0.190 0.171

® 1.029 0.179 0.710 1.422 1.018 0.953

s:e: 0.168 0.038 0.108 0.230 0.177

n = 200

mean sd 2.5%L 97.5%U median cp

¯ 1 -0.502 0.115 -0.746 -0.280 -0.503 0.950

s:e: 0.123 0.009 0.113 0.098 0.102

¯ 2 0.501 0.105 0.287 0.709 0.500 0.949

s:e: 0.110 0.010 0.126 0.133 0.124

® 1.004 0.144 0.719 1.294 0.990 0.949

s:e: 0.140 0.028 0.067 0.160 0.121
Averageobserved censoring32.34%(range 15% - 42%)

Table 2: Sampling properties of Bayes estimateswhen the censoringmechanism

dependson covariates. True values: ¯ 1 = ¡ 0:5; ¯ 2 = 0:5; ® = 1:0. The s:e:denotes

the standard deviation of the corresponding posterior summaries(e.g., mean, sd

etc.) over 500replications.
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mean sd 2.5%L 97.5%U median

¯ -0.922 0.243 -1.460 -0.487 -0.911

® 2.470 0.640 1.330 3.760 2.440

Table 3: Posterior summariesof the regressionparameter (¯ ) and the shape pa-

rameter (®)

6.1 Analysis of ovarian cancer data

Considera study on ovarian cancerasreported in Edmunsonet al. (1979). In this

study n = 26 patients weremonitored and agefor each patient werealsorecorded.

Let X i denotesthe number of days patient i was on the study. For each patient,

let A i denotethe age(recordedasnumber of days per 365.25). It wasof interest to

¯nd a relation betweenthe X i 's and the A i 's using statistical regressionmethods.

However in this study 53.84%of the observations were censored.We obtain the

posterior distribution of ¯ , under the model log[E(TjZ )] = A¯ .

Using the proposedsemiparametricmethod basedon Weibull mixture models,

we obtain the summary of the posterior distribution of (¯ ; ®) using the Gibbs

samplingalgorithm describedin Section3. In order to maintain numericalstabilit y,

we transformed the X i to X i =500and alsostandardizedthe covariate ageto Z i =

(A i ¡ ¹A)=sd(A), where ¹A and sd(A) = 10:1 denotethe samplemeanand standard

deviation of A i 's. The results are summarizedin Table 3. In addition, we can

obtain the entire posterior density of ® and ¯ basedon MCMC samples.In Figure

1, we plot the trace and kerneldensity estimatesof (®; ¯ ) based2000burn-ins and

5000samplesfrom three independent chains. From the plots it appearsthat the

chains mixed well and there were no apparent problemswith convergenceto the

stationary distributions. The MCMC diagnosticsoftware CODA, available in Splus

and R, was also used to check convergence. The Gelman-Rubin 50% and 97.5%

shrink factors (basedon three dispersedstarting values)was found to be 1.00and

1.01,respectively for ¯ , which indicate good mixing (as alsoevident from the trace

plots in Figure 1).

From Table 3, it is apparent that agehas a signi¯cant negative e®ecton the

mean survival time. More precisely, for unit increasein age (in days/365.25),

the expected survival time (on the log scale) decreasesby a factor of 1:09(=

exp(0:9=10:1) days for patients with ovarian cancer. This type of straightforward
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MCMC output

Figure 1: Trace and density plots basedon MCMC samplesfrom the posterior

distribution of (®; ¯ ) for the ovarian data
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interpretation is possibleonly for thesekind of AFT models.

6.2 Analysis of multiple myeloma data

We analyzea data set on multiple myelomareported by Krall et al. (1975). This

data hasrecently beenanalyzedby Jin et al. (2003) using a semiparametricAFT

model. We compareour ¯ndings to that of Jin et al. (2003). In this study n = 65

patients were treated with alkylating agents and survival time (in months) were

monitored along with several prognosticvariables.

In order to compare our results to that of Jin et al. (2003) we select log

of the blood urea nitrogen measurement and the hemoglobinmeasurement, both

measuredat diagnosisas the covariates and standardizethem to bring numerical

stabilit y. In other words, we ¯t a model such that log(E(TjZ )) = Z T ¯ , where

Z = (Z1; Z2)T denotesthe vector of standardizedcovariates and ¯ = (¯ 1; ¯ 2)T

denotesthe vectorof regressioncoe±cients to beestimated. Similar to the previous

application, we ran 3 independent parallel chains to draw MCMC samplesfrom

the posterior distribution of (®; ¯ ): In Figure 2, we plot the trace and density

estimatesof (®; ¯ ) based5000samplesfrom three parallel chainsafter a burn-in of

2000samples.The Gelman-Rubin 50% and 97.5%shrink factors (basedon three

dispersedstarting values)werefound to be 1.00and 1.01,respectively for ¯ , which

indicate good mixing (as alsoevident from the trace plots in Figure 2). It appears

that there is no problem of convergenceof the samplesto stationary (posterior)

distribution.

Basedon the ¯nal 15000sampleswe computethe posterior summariesof (®; ¯ )

and present these values in Table 4. First notice that the posterior mean and

median of ¯ are quite similar to those obtained by Jin et al. (2003), which are

presented in parenthesisAlso from the posteriorMCMC samplesof ¯ wecaneasily

obtain the posterior correlation coe±cient of ¯ to be Corr(¯ 1; ¯ 2jdata) = ¡ 0:187:

This is clearly an advantage of a Bayesianmethod over the frequentist method,

as almost any posterior summary can be computed from the posterior samples

generatedby the MCMC method. Note that Jin et al. (2003) had to use a

resamplingmethod to computethe asymptotic variancecovariancematrix of ^̄ : In

contrast, our method producesthe entire posterior density of ¯ using a relatively

simple code in WinBUGS(that can be obtained from the ¯rst author). Further,

our interval estimatesof ¯ as presented in Table 4, are basedon the exact (¯nite

sample) posterior percentiles as comparedto large samplenormal percentiles of
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mean sd 2.5%L 97.5%U median

¯ 1 -0.534 0.175 -0.870 -0.190 -0.531

freq est. (-0.532) (0.146) (-0.818) (-0.246)

¯ 2 0.202 0.168 -0.128 0.528 0.199

freq est. (0.292) (0.169) (-0.039) (0.623)

® 1.040 0.074 0.885 1.170 1.050

Table 4: Posterior summariesof the regressionparameter (¯ ) and the shape pa-

rameter (®). Within (¢) corresponding frequentist estimatesobtained by Jin et al.

(2003) are presented.

Jin et al. (2003).

From this study, it appears that log of the blood urea nitrogen measurement

has a signi¯cant negative e®ecton the log of the mean survival time, whereas

hemoglobindoesnot seemto have a signi¯cant e®ect.Basedon our study we may

concludethat, for unit increasein log blood urea nitrogen, the expected survival

time decreasesby a factor of 5:53(= exp(0:534=0:312)) months for patients with

multiple myeloma. This again illustrates the straight forward interpretation of the

regressioncoe±cients basedon semiparametricPMR/AFT models.

App endix: Pro of of the Main Result

In this section, we prove the main theorem by verifying the conditions of the

following generalresult .

Theorem 2. Let Y1; : : : ; Yn be i.i.d. with density p lying in a classP of proba-

bility densitieswhich is compact under the total variating metric. Let ¦ be a prior

on P and p0 be the true valueof the density and let P0 be the probability measure

corresponding to p0. If for all " > 0,

¦
½

p 2 P :
Z

p0 log
p0

p
< "

¾
> 0;

then the posterior distribution is consistent at p0 under the total variation (or the

L1) distance a.s. [P1
0 ], that is, for all " > 0,

¦
½

p 2 P :
Z

jp ¡ p0j < "
¯
¯Y1; : : : ; Yn

¾
! 1 a.s. P1

0 :
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MCMC output

Figure 2: Trace and density plots basedon MCMC samplesfrom the posterior

distribution of (®; ¯ ) for the myelomadata
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Pr oof. Observe that a compactset has¯nite metric entropy. Taking P itself

as the sieve at each stage, (ii) of Theorem 2 of Ghosal et al. (1999) is satis¯ed.

Alternativ ely, asP is compactunder the variation distance,which givesa topology

stronger than the weak one, the two topologiesactually coincide on P. Thus,

total variation neighborhoods are alsoweak neighborhoods. As Schwartz's (1965)

testing condition is satis¯ed for the weak topology (seeTheorem 4.4.2 of Ghosh

and Ramamoorthi, 2003), the result follows.

To verify the conditionsof Theorem2, weshall needthe following three lemmas.

Lemma 1. The model is identi¯able.

Pr oof. Let f ®1 ;¯ 1 ;H 1
(x; ±; z) = f ®2 ;¯ 2 ;H 2

(x; ±; z) for all (x; ±; z). Putting ± =

1, we can work only with the ¯rst term in the de¯nition of f ®;¯ ;H . Hencefor all

(x; z),
Z 1

0
®1(¹e z T ¯ 1 )¡ ®1 x®1 ¡ 1 exp[¡ (x=¹ez T ¯ 1 )®1 ]dH1(¹ )

=
Z 1

0
®2(¹e z T ¯ 2 )¡ ®2 x®2 ¡ 1 exp[¡ (x=¹ez T ¯ 2 )®2 ]dH2(¹ ): (7)

Putting z = 0, (7) reducesto
Z 1

0
®1¹ ¡ ®1 x®1 ¡ 1 exp[¡ (x=¹ )®1 ]dH1(¹ )

=
Z 1

0
®2¹ ¡ ®2 x®2 ¡ 1 exp[¡ (x=¹ )®2 ]dH2(¹ ) (8)

for all x > 0. Taking ratio, letting x ! 0 and using the dominated convergence

theorem(DCT), we obtain

lim
x! 0

x®2 ¡ ®1 =

R1
0 ®1¹ ¡ ®1 dH1(¹ )

R1
0 ®2¹ ¡ ®2 dH2(¹ )

: (9)

Becauseof compact supports, the right hand side (RHS) of (9) is a ¯nite positive

number, while the left hand side (LHS) is so only when ®1 = ®2. Thus it follows

that ®1 = ®2 = ®, say. Using the transformation ¹ 7! ¹ ¡ ® and letting ~H1

and ~H1 respectively as the probability measuresinduced from H1 and H2 by this

transformation, we obtain, for all x > 0,
Z 1

0
¸ exp[¡ ¸x ®]d ~H1(¸ ) =

Z 1

0
¸ exp[¡ ¸x ®]d ~H2(¸ ): (10)
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Thus the Laplace transforms of the two measures¸d ~H1(¸ ) and ¸d ~H1(¸ ) agree

everywhere,implying that the measuresare themselvesequal. Hence ~H1 and ~H2

are equaland so are H1 and H2.

Now going back to (7), letting x ! 0 and using the DCT, we obtain, for all z,

e¡ z T ¯ 1 = e¡ z T ¯ 2 , and so ¯ 1 = ¯ 2. This completesthe proof.

Lemma 2. Consider the product topology on (®; ¯ ; H ), where ® and ¯ are

given the usual Euclidean topology and H the weak topology. On the densities

f ®;¯ ;H (x; ±; z), put the total variation (or the L 1) distance de¯ned as

kf ®1 ;¯ 1 ;H 1
¡ f ®2 ;¯ 2 ;H 2

k =
Z Z

jf ®1 ;¯ 1 ;H 1
(x; ±; z) ¡ f ®2 ;¯ 2 ;H 2

(x; ±; z)j dxdz: (11)

Then

kf ®º ;¯ º ;H º
¡ f ®;¯ ;H k ! 0

if and only if (®º ; ¯ º ; H º ) ! (®; ¯ ; H ). In other words, the variation topology on

the densitiesis equivalent to the product topology on the indexing parameters.

Pr oof. For the \if " part, it su±cesto show that the densitiesconvergepoint-

wiseand then apply Sche®e'stheorem. Fix (x; ±; z). We shall show the proof only

for ± = 1.

As ¹ hasa ¯xed compactrange,the integrand®x®¡ 1(¹e z T ¯ )¡ ® exp[¡ (x=¹ez T ¯ )®]

in the de¯nition of f ®;¯ ;H , asa family of functionsof (®; ¯ ) indexedby ¹ is equicon-

tinuous. For a given " > 0, ¯nd º large enoughso that the integrandsare "-close

for all ¹ . For such a º , in the decomposition,

jf ®º ;¯ º ;H º
¡ f ®;¯ ;H j · jf ®º ;¯ º ;H º

¡ f ®;¯ ;H º
j + jf ®;¯ ;H º

¡ f ®;¯ ;H j; (12)

the ¯rst term on the RHS is clearly less than ". The secondterm on the RHS

convergesto 0 as º ! 1 sinceH º convergesweakly to H and the integrand is a

boundedcontinuous function of ¹ .

To prove the \only if " part, considerany subsequenceof the original sequence.

By compactnessof the domainsof ®, ¯ and ¹ , wecanextract a further subsequence

alongwhich ®º , ¯ º and H º convergesin the respective topologiesto ®¤, ¯ ¤ and H ¤,

say. Thus by the \if " part, along that subsequence,kf ®º ;¯ º ;H º
¡ f ®¤ ;¯ ¤

;H ¤ k ! 0.

Hence f ®;¯ ;H = f ®¤ ;¯ ¤
;H ¤ , and so by Proposition 1, (®; ¯ ; H ) = (®¤; ¯ ¤; H ¤).

Thereforethe original sequencemust convergeto (®; ¯ ; H ).
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Lemma 3. For all " > 0,

¦

(

(®; ¯ ; H ) :
Z Z

f ®0 ;¯ 0 ;H 0
log

f ®0 ;¯ 0 ;H 0

f ®;¯ ;H

dxdz < "

)

> 0:

Pr oof. The log likelihood ratio is given by

¤( ®; ¯ ; H ) =

8
>><

>>:

log
p

®;¯ ;H
(x;z ;±)

p
®0;¯ 0 ;H 0

(x;z ;±) ; if ± = 1;

log
S

®;¯ ;H
(x;z ;±)

S
®0 ;¯ 0 ;H 0

(x;z ;±) ; if ± = 0:

Thus, the Kullback-Leibler divergencebreaks up into two terms corresponding

to ± = 1 and ± = 0. We shall bound the contribution corresponding to ± = 1,

the other casebeing simpler. Note that ¯ , ®, z are all bounded. Thus the

integrand de¯ning f ®;¯ ;H is bounded above and below by functions of the form

Cx · 1 ecx· 2 . Taking ratio and then logarithm, ¤ in the tails (in x) is boundedby a

multiple of a power of x. This is integrable with respect to the true density, and

hencewe can ¯nd a central region, outside which, the contribution to the integral
RR

f ®0 ;¯ 0 ;H 0
log

f
®0 ;¯ 0 ;H 0

f
®;¯ ;H

dxdz is small. In the central region, the family indexed

by (x; z) is equicontinuous in the parameters.Rest of the proof follows as in that

of Theorem3 of Ghosalet al. (1999).

Pr oof of Theorem 1. Lemma2 shows that it su±cesto considerneighbor-

hoods with respect to the distance(11). Also, the spaceis compact. The condition

of prior positivit y hasbeenveri¯ed in Lemma 3. The proof thereforefollows.
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