Copulas

e A copulais the joint distribution of random variables Uy, U, ..., Up,
each of which is marginally uniformly distributed as U(0,1).

e [ he term copula is also used for the joint cumulative distri-
bution function of such a distribution,

C(ug,up,...,up) =P Uy <up,Us < up,...,Up < up).



Examples

o If Uy,U»s,...,Up are independent,

C(u1,u,...,Up) =up X U X -+ X Up.

e If they are completely dependent (U; = Uy = --- = Up with
probability 1),

C(ug,up,...,up) = mMin (ug,up,...,up)



Sklar’'s Theorem

e Copulas are important because of Sklar’'s Theorem:

— For any random variables X1, Xp,..., X, with joint c.d.f.
F(xy,20,...,2p) = P (X1 <21, X0 < z0,..., Xp < 1p)
and marginal c.d.f.s
there exists a copula such that

F(x1,z0,...,2p) = C[F1 (x1),Fo(x2),...,Fp(zp)].

— If each F;(z) is continuous, C is unique.



e Thatis, we can describe the joint distribution of X1, Xo,..., Xp
by the marginal distributions F;(z) and the copula C.

e The copula (Latin: link) links the marginal distributions to-
gether to form the joint distribution.

e From a modeling perspective, Sklar's Theorem allows us to
separate the modeling of the marginal distributions F;(x)
from the dependence structure, which is expressed in C.



e The proof is simple in the case that all F;;(z) are continuous,
because in this case each has an inverse functlon F 1( ) such
that

Fj |[F7 N (w)] =wu, forall0<u<1.

o If U; = F; (X;), then U; ~ U(0,1):
P(U; <u) =P|F;(X;) <u| = P|X; < F;Hw)
= F; [ijl(u)] = u.

e Write C for the c.d.f. of this copula; then
F(x1,22,...,2p) = P (X1 < 21, X2 < 29,..., Xp < ap)
= P[Uy < F1(x1),Ux < Fr(z2),...,Up < Fp (zp)]
= C[F1(x1),Fo(x2),...,Fp(zp)].



Application to Portfolio Risk
e Consider a portfolio of p corporate bonds.

e Ignore interest rate risk, and write the value of bond ¢ at
time t when its rating is p as B;(t, p).

e If the rating of bond i at time ¢ is p;(t), the portfolio value is

V() = 3 Bilt,pi(1)]-

e T he distribution of the change in value from ¢t to ¢t + dt can
be calculated from the joint conditional distribution of

p1(t +6t), po(t +6t),. .., pp(t + 6t).



e Historical data give plausible values for the marginal transi-
tion probabilities

P,y=PF [pz'(t +0t) = p'lpi(t) = p} :

e We can write p;(t + 6t) as a function of a uniform variable
U,: p;(t+ 6t) = p/, where p’ satisfies

P [m(t +4dt) < p’lpi(t)] <U; <P [m(t +4t) < p’lpi(t)} :

e That is, we break the interval (0,1) into subintervals with
endpoints at the cumulative probabilities P [p;(t + 6t) < p/|p;(t)],
and find the subinterval containing U;.



e [0 model the joint transition probabilities, we need a joint
distribution for Uy,Usy, ..., Up.

e Independence is not plausible: if the bonds were all at the
same initial rating, independence implies a multinomial dis-
tribution for the counts in the various ratings at a later time,
and historical data show considerable over-dispersion relative
to the multinomial.

e \We therefore need a copula; the question is, which one?



The Gaussian Copula

e Modeling and simulation of dependent transitions is usually
described in terms of Gaussian random variables instead of
uniform random variables.

e Write Z; = &1 (U;), whence Z; ~ N(),1), and break the
whole real line (—oco0,c0) into subintervals at the Gaussian
quantiles corresponding to the cumulative probabilities,

S~ 1P [pi(t 4 6t) < p'lps(1)]}.

e Then Z; falls into one of the new subintervals iff U; falls into
the corresponding subinterval of (0,1), and we can determine
the new rating as a function of Z; by finding the subinterval
containing Z;.



e [ he question of what copula to use now becomes: how to
model the joint distribution of Z1,Z5,...,Zp, given that each
of them is marginally N(0,1).

e [ he obvious choice is the multivariate normal distribution
Np(0,R) with zero mean vector and with dispersion matrix
equal to some correlation matrix R.

e [ his is equivalent to using the copula defined by
UZ:CI)(ZZ)? i:1727"'7p7

where the Z's have this multivariate normal distribution. It
IS known as a Gaussian copula, and is determined by the
dimension p and the correlation matrix R.
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Gaussian copula for p =2,p=0.5
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Gaussian copula for p =2,p=0.5
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Tail Dependence

e In risk management we are concerned about the tail of the
distribution of losses, and often large losses in a portfolio are
caused by simultaneous large moves in several components,
SO one interesting aspect of any copula is the probability it
gives to simultaneous extremes in several dimensions.

e The lower tail dependence of X; and X is defined as

: ~1 —1
lim P X; < FH(u)] X < F ().

e It depends only on the copula, and equals

1
lim —C’i,j(u, u)

u—0 u
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Tail dependence is symmetric: the tail dependence of X,; and
X; is the same as that of X; and Xj.

Upper tail dependence is defined similarly.

The Gaussian copula has the curious property that its tail
dependence is O, regardless of the correlation matrix.

The t-copula is similarly derived from the multivariate t-
distribution, and has positive tail dependence even when X,
and X; are uncorrelated.
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Application to CDO Pricing

e In a CDO (Collateralized Debt Obligation), cash flows from a
pool of credit-sensitive instruments are allocated to investors
in various tranches, in order of seniority.

e In a cash CDOQO, the instruments are bonds, and the investors
make initial investments to fund the purchase of the bonds.
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e In a synthetic CDO, the instruments are CDSs (Credit De-
fault Swaps).

— A CDS duplicates the cash flows of a loan 4+ bond pur-
chase, but without money or bonds changing hands.

— Since no assets are actually purchased, initial investment
is not required (unfunded synthetic CDO).

— However, in some cases, investors in the lower tranches are
required to invest their notional amounts in the vehicle,
since they are at most risk of making payments under the
pool of CDSs (partially funded synthetic CDO).
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e In either type of CDQO, an investor in a particular tranche
faces a stream of cash flows, say Cj at times t;.

e [ hose cash flows have maximum value when no name in the
pool defaults, but may be reduced if defaults have occurred.

e Let 7; be the time of default of name . Then Cj depends
on which names have defaulted by time £y

Cj=2¢; (]l{Tlétj}’ o<ty o ]l{TNStj}) '
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e [ he value of the tranche is therefore

E (Z e—r’fjcj) ,
J

where the expected value is with respect to the risk-neutral
measure, and r is the risk-free interest rate, assumed to be
constant.

e [T he marginal risk-neutral distribution of 7, can be inferred
from the bond market, if this name has issued bonds with
the relevant maturities.

e [0 construct the full joint risk-neutral distribution, we there-
fore need a copula.
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e [ he market convention is to use the Gaussian copula with
the correlation matrix

(1 p p p
p 1 p p
R=|pp 1l p
YRRy

e [ his is known as a single-factor copula, since the underlying
/Z's can be constructed as

Zi = Z%/p+ Z[*MV1 —p,
where Z& ~ N(0,1) is common to all Z's, Z@Me ~ N(0,1)
IS specific to name 2, and all Z’s on the right hand side are
independent of each other.
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e Since the copula involves only a single parameter, p, the
resulting risk-neutral distribution can be calibrated to the
market price of a single tranche.

e A first-loss tranche is the first to take losses, up to a de-
tachment point, expressed as a percentage of the pool. A
correlation calibrated to a first-loss tranche is called a base
correlation.

e [ he more senior tranches are characterized by lower and up-
per detachment (or attachment) points. A correlation cali-
brated to a non-first-loss tranche is called a compound cor-
relation.
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Unfortunately:

e Base correlations are found to depend on the detachment
point: no one correlation gives prices that match the market
price for all detachment points. Instead, they almost always
increase with the detachment point.

e Compound correlations may not be unique: for different val-
ues of p, the expected value matches the market price.

e Compound correlations may not even exist: for no value
—1 < p <1 does the expected value match the market price.
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e Current market practice is to view a non-first-loss tranche as
the combination of a long position in the first-loss tranche
for the upper detachment point with a short position in the
first-loss tranche for the lower detachment (or attachment)

point.

e Its value is then the difference of the values for the two first-
loss tranches.

e [ hat is, two different risk-neutral distributions are used to
find the value of a single tranche!
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