ST 762, HOMEWORK 4 EXTRA PROBLEMS SOLUTIONS, FALL 2009

1. Here, there are no covariates.

(a) Using the notation in the notes, we have fg; = mhg(8) = me? /(1 + €)%, and 9 =
me’ /(1 + gﬁ)2. Thus, these terms cancel in the GLS estimating equation, and the GLS
estimator 3 satisfies at C' = oo
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Letting Y =n~t =n~! > j=1Yj, we have

By the weak law of large numbers, ¥ - me® /(14-e%). Because log{n/(m—n)} is continuous

in n, we thus have
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(b) We have n'/2(3 — 8y) = n'/2[log{¥ /(m — Y)} — o). Because ¥ = me® /(1 + %), we
can approximate by a first-order Taylor series
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Thus, the full expression satisfies
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From the folklore theorem, the limiting variance should be, using shorthand notation,
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which reduces to the above (09 = 1 here). So the above result coincides with the general
folklore result.

(c) The GLS estimator is still the same as above. However, now the variance is different. We
now have
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which is a constant, so that n=2 i_yvar(Y;) — 0. Thus, the weak law of large numbers
still applies as in (a), and we have the result that, despite the misspecification of variance,

3 - Bo.

(d) We may make the same approximation as in (b) to arrive at
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Now, however, by the central limit theorem, we have
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so that, after simplification, we have
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From page 224, we expect that the covariance matrix should be of the form
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where
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and ko; is the misspecified variance function. It is straightforward to obtain

E - meﬁo
P g ey

and 5

mer0

2~ m{l +0(m—1)}.
Thus,
—1 1 me -
21 2221 = m {1+9(m— 1)},

as required.



2. (a) This is the same argument as in the notes, only messier. You should have ended up with
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(b) We could proceed to evaluate the RHS of
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However, we know from the usual M-estimator argument that when the “covariance matrix”
V ; in the original estimating equation is correctly specified, we have immediately that the LHS
converges in distribution to a normal with mean 0 and covariance matrix {limn~!'A*~1}-1,
So all we really need to do is find the upper left-hand (p x p) submatrix of A;_l. From the
results for inversion of partitioned matrices on page 252, we can find that this matrix is

{(XTWX +(XTW'2 - 200 RI)(W'2 X, — 200R.)

—(XTW'? - 20,R1)Q,(Q7Q,)'QT (W2 X, — 200R,)} !

which is equal to
{(XTWX + (XTW'/?2 — 200RT) P, (W2 X, — 200R,)} .
Thus

S {n I XTWX + 0 (XTWY2 — 260 RDPL(W2 X, — 200R,)} L.

(¢) We know that the GLS estimator has approximate large sample covariance matrix
{n1XTWX1}1. So we want to show that (X"WX)! — {XTWX + (XTW'/2 —
200R:{)P*(W1/ 2X, — 200R*)}_1 is nonnegative definite Because P, is symmetric and idem-
potent, we can write this second term, letting G, = (W1/2X* —200Ry), as

(XWX +GI'PTP.GV ' = {(XTWX + KTK,} !,

say. Now from the partitioned inverse results, we have that this may be written equivalently

as
(XTwx)' - (XTWX)YKTK, + XTWX) '} I XTwX)™!,

which is clearly < (X Twx )~!, assuming all matrices in question are positive definite. Thus,
the quadratic estimator is at least as efficient as GLS.

(d) When ¢; = 0 and ; = &, then it is straightforward to see that Z = 0, H = (2+«)I, and
thus X, =0, R, = (2+x)"Y2R, Q, = (24 £)~'/2Q, and P, = P. Under these conditions,
the general result reduces to the one for (c¢) on page 256 of the notes.



(e) When g; = ff, log g; = 0log f;, and thus vgo; = 0o fgo;/fj. Now when (; = { = aop and
Rj=h Xu=(X/2+r-C)2, Q. =Q/2+r—(*"? and R. = R/(2+ r — (*)'/2, 50
that P, = P. Moreover, defining F' = diag( f(ﬂl) R =6yFX. Now for ( = aog and k = bod,
2+ kK — (% =2+ (b—a?)od. Substituting all of this into the approximation to ¥ we found in
(b), we obtain

S {n ' XTWX 40712+ (b—a)od) Lo X T (aW? —2F)P(aW/? — 2F) X} L.

(f) Note that if in fact 6y = 1, W1/2 = F, so if we further take a = 2, the second term in X
is zero, as long as 2+ (b —a?)og # 0, & ~ (n ' XTWx)~!, as required. Thus, with a = 2,
b must satisfy 2 + (b — 4)of # 0. The only way this can equal zero is if o3 = 2/(4 — b).
Note that if b = 6, then these choices of a and b with 6y correspond second, third, and fourth
moments of a gamma distribution (and certainly this value of b does not violate the above,
as o¢ > 0). This shows that if we set up the estimating equations using the third and fourth
moments of the gamma distribution, and in fact the variance is identical to that of a gamma
(power model with 6y = 1), then there is no benefit to trying to incorporate information from
the variance about 3 to gain efficiency; the ML estimator under these conditions solves the
linear GLS equations, so this would seem to be the best we can do.

. (a) The optimal estimating equation is
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Hete f; = 8, g; = f;/2 = BY2, fa; = 1, vg; = 1/(26) for j = 1,...,m, and f; = 1/8,
gj = 1/2 = (1/8)"/2, fa; = —1/3% vg; = —1/(283). Putting all this together, the estimating
equatlon becomes, after some algebra,
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(b) Defining T, Ts, Z1, Z5 as described, we may write the estimating equation in (a) as, after
algebra, as

(T1 = T){1 =2/ + R} + — D/ - D1 -1/ + )} +

m
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Multiplying by $%20%(2 + k)/m yields an expression that does not depend on o2, namely
ﬁ2(22+1—|—/<,)—ﬁli(T1 —Tg)—(Zl—l-l—l—K,) =0.

(Z1/B° — Z) = 0.

This is a quadratic equation in 3, so the estimator may be found using the quadratic formula.
If 8 > 1 then T7 > T5 is likely, so choose the positive root, and conclude
By = K(Ty — To) + {R2(T1 —T5)? + 4(Zy + 14 K)(Z1 + 1 + k) }1/?
@ 2(Zy + 1+ k) '

(¢) We know under these conditions as m — co by the WLLN that Ty —— 8y, Th —— 1/f,
Z; 2 32 + 02y, and Zy 2.1 /B2 + 02/Bo. Because Bg is a continuous function of these
quantities, we have

Bo 2 (B0 — 1/B0) + {K*(Bo — 1/B0)* + 4(1/85 + 03/Bo + 1 + k) (55 + 050 + 1 + ,{)}1/2
@ 2(1/32 + 02/Bo + 1 + k)
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Yuck! It may be shown after some algebra that the stuff in { } is in fact a perfect square and
equal to
{(2+K)/Bo + (2+ k) /Bo + 204 }?

so that it follows that BQ L, By. If the algebra was too brutal, it would have still been
possible to deduce this; as we know that the estimating equation is unbiased in general, we
already are expecting BQ L, By. Thus, we could work backwards to determine that the
quantity in { } has to be a perfect square.

(d) Under these conditions, we have the much simpler expression

@_<&+vm

Q~ Zo+1 '

(Note that you could always derive this directly from the estimating equation if you got
confounded by the algebra above.) Thus,

1/2
(5~ o) = {(;;11) -—&}.

As Z; B2 + 0230, and Zo 2,1 /B% + 02/Bo, we can take a Taylor series about these
values, which gives after much algebra

2By~ )~ 2150 + o+ o) {m-m S g~ m Y (& - 1)
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Applying the CLT, we obtain
m! (3 — Bo) = N(0,4),

where A = 0332 (By Ly Bo+ 02)~L. You can in fact check that this is correct by plugging into
the generic results for normal ML, noting that m'/? = (n/2)'/2.

(e) Now we have Z; 2, B2+ Jgﬁgo and Zo 2 1/B82 + 02(1/B)%. Thus, by continuity, we
arrive at, after some algebra,

1/2
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Recall that Gy > 1; so this case is excluded. Thus, we must have 8y = 2 — 0y to make the

term in braces equal to 1, or 8y = 1, in order that 3&5 2, Bo. Thus, BZQ is not consistent in
general.

(f) The GLS estimator solves
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which yields 3%+ 3(T1 — T») — 1 = 0. This is quadratic in 3, so we use the quadratic formula
again to obtain the positive root

S (T =Ty) + {(Th — Tp)? + 4}1/2
BrL = 5 )

(g) Th L, Bypand Th 251 /Bo regardless of the form of the true variance of Y; (as long as the
conditions of the WLLN are satisfied, of course). Thus, regardless of whether the assumed
variance model is correct, algebra shows that 3y, £, 0o



