CHAPTER 11 ST 762, M. DAVIDIAN

11 The role of estimating weights in GLS { second order theory

11.1 Introduction

The \folklore" theorem for GLS discussed in Chapter 9 is usedroutinely as the basis for assessing
uncertainty of GLS estimation (e.g. standard errors, con dence intervals, etc) for estimation of ~ (with

true value ) in the model

E(Yixj) = f(xj;7); var(Yjxj) = ¥20*( ;1 x)): (11.1)
Recall that the main implications are as follows.

2 |f the variance function g is correctly speci ed, how one estimates and p appearing in the

\weights" does not a®ect the large-sample properties oT‘GLS in the sense that
n2("esi o) N (0;%8 wis); (11.2)
where 8§ s is the same as the matrix that would arise if the weights weren fact known.

2 Regardless of the number of iterations of the GLS algorithm,C, (11.2) holds. Thus, the theorem
o®ers no insight into how one should seled in practice; according to the theorem, the choice of

C does not matter.

Recall also that it has been observed that using (11.2) as thévasis for deriving estimated standard
errors may result in unreliable inferences. In particular, it has often been noted that the standard

errors obtained this way tend to understate the variability associated with ™, s .

The bottom line is that the folklore theorem, despite its widespread use and \folklore" status, may not

be that useful of a result in practice.

2 The folklore theorem, and in fact all the large-sample distrbutional results we have discussed so

far, are rst-order results. That is, usual asymptotic normality results represent only a certain

0):

level of approximation with respect to n. In terms of the covariance matrix of n1=2(”"GLS i

the result tells us only that
varf n'?("gis i T 0)g Va%8 wis (11.3)

where § w s is the (well-behaved) limit of a quantity in the form of an average and where this

moment is understood as in all our arguments to be conditionkon the x;:
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Written another way, (11.3) only tells us that
var("grs i o) Yan' %8 wis: (11.4)

2 For the model in (11.1) and GLS estimation, the level of rst-order approximation in (11.3) is
not suxciently re ned so that the e®ect of estimation of ~ and p in the weights and number of

iterations C shows up.

2 Moreover, because of this, the approximation (11.4) may notyield a reliable representation of the

true uncertainty when n is not too large.

RESULT: A more re ned approximation is needed. Loosely speaking, wét is needed is something
along the lines of

varf n¥2(" 55 i o)g Y4 %88 wis + \other stu®" ; (11.5)

where, intuitively, \other stu®" must depend on n in such a way that it is \small" when n is \large," in
fact \smaller" than the leading term 3/§§ wLs , SO that the leading term dominates. This must be true;
otherwise, \other stu®" would have shown up in the rst-order results. However, ifn is not too large,

\other stu®" might be nontrivial.

In particular, (11.5) may also be written as
A — i 132 il
var("gis i o) Yen' “¥8 wis + n' * \other stu®"; (11.6)

so it must be that the second term involving \other stu®" in (11.6) is o(ni 1). Hopefully, \other stu®"
is in part determined by the e®ects of estimation of and p in the weights and the choice ofC, e®ects
that do not show up otherwise, so understanding its form may yeld insight into the consequences of
estimating weights and how to chooseC in practice. Presumably, if we could obtain the form of \other

stu®," we could use it to calculate more reliable estimated tandard errors for practical use.

SECOND-ORDER RESULTS: What we will nd is that \other stu®" for our problem turns out to be
O(ni 1) so that, in (11.6) we have
var(Pgis i o) Yani 1328 wis + ni 2 \stu®";

where we will determine the form of \stu®." Such a representéion called a second-orderresult; here,
we have an approximation to the covariance matrix of“GLS that involves not only the leading term

that is of O(ni 1) but one of O(ni 2) as well (the \second-order" term).

Generally, arguments to establish such second-order resdtare very tedious. Consequently, in Sec-

tion 11.2, we will pursue such an argument in a simple, speciaase of (11.1).
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Even in this situation, the calculations are rather involved. In Section 11.3, we will simply state the

results of a more general argument given by Carroll, Wu, and Rippert (1988).

Throughout, we will assume that the variance function g in (11.1) is not misspeci ed, as our focus is
on understanding the performance of the rst-order results aad how it might be improved upon when

the model is correct.

It turns out that such second-order results, although providing some theoretical insight, do not translate
into improvements that may be used in practice, as the necessy calculations are much too ditcult to
be implemented easily. In Section 11.4, we will consider usef the bootstrap for our model (11.1) as an

alternative way of e®ecting the same sort of improvement \atomatically" under certain circumstances.

11.2 Covariance matrix of s when g does not depend on

The argument in this section is based on that of Rothenberg (284) and involves some restrictive
assumptions, which we will adopt for this section only. As usial, let , o, and ¥ denote the true

values of these parameters. We will suppress conditioningrothe x; in this section for simplicity.

2 g does notdepend on  (so only depends on an unknown variance parameter to be estiated).
2 The variance parameterp is a scalar.

2 E(Yjjxj) = ij_; that is, the mean model islinear in , so that the full mean-variance model is

E(Yijxj) = x] 5 var(Yijx;) = ¥ (kx;) = ¥Ew] H(1): (11.7)

2 The conditional distribution of Y; given x; is normal, so that

2.—YJ'XJ 0 _

T YAl x ) L Xd 0)=3 .
" %0(ko; X)) w; (K)(Yj i X o)=% » N (0;1):

The assumptions of linearity and normality actually may be relaxed, but simplify the argument sub-
stantially; in particular, these assumptions allowed Rothenberg (1984) to make clever use of sutciency,

as we will demonstrate momentarily.

Let ﬁ be any estimator for pu such that

(a) the distribution of ﬁdoes not depend on~
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These assumptions are actually quite reasonable: for estiators based on transformations of absolute
residuals, as discussed in Chapter 6, (b) may be shown to alwa hold, and (a) will hold if g does not
depend on . We will gain insight into these properties in Chapter 12; for now, we will assume that

such afl exists.

For completeness, we recall the following.

2 q(21;:::;2n) is an odd function of 2q;:::;2, if
A(2;:::520) = 0 0 21310550 2n)
2 (21;::1;2,) is an even function of 24;:::; 2, if

Products of even and odd functions satisfy the following prperties: evert even=even, odE odd=even,

and everf odd=odd.

. P . . . .
like J-”zl (2j2 i 1)a;, say, for some constantsa;, then (i satis"es the assumption that i is even (in large
samples). Recall that the PL estimator solves a quadratic eéémating equation; from Chapter 10, such

an estimator would have this property under certain conditions.

the main result, which we now state.

ROTHENBERG'S RESULT: Under the above conditions,
varfn¥2(* g s i To)g= %8 wis + ni IV + o(ni 1); (11.8)

where, for {1 satisfying
N2 w) IN (¢

and V is anincreasing function of ¢2, where of courses? > 0.

Before we show the argument, we note some implications of theesult.
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2 The number of iterations C appears not to matter here (it turns out to matter when g does depend

on ).

2 However, the result shows that the precision of estimation & by ’AGLS is dictated by the precision
of estimation of . In particular, the more precise ﬁ is, the more precise’AGLS is (to second order).

Thus, the result shows that the properties of{l do play a role in the properties ofAGLS !

2 This role only shows up in the second-order terrmi 1V ; for large n, this term is dominated by the

leading term, and its e®ect is negligible. For smalh, however, the e®ect may be more pronounced.

2 The result suggests that, if we can write down the explicit fam of V, which is presumably a
function of the parameters and the design, we could obtain me reliable standard errors for” g, g

as the square roots of the diagonal elements of
ni %8 wis + ni 2V ;

where § w.s is the usual expression from the folklore theorem evaluatedt ™, s and {i, and V
is V approximated at the n data points and evaluated at the estimates. Ifn is not too large,
the magnitude of ni 20 may be suzciently large relative to that of the st term to re sult in a
noticeable di®erence in estimated standard errors. Presuably, adding this term would \correct"

the folklore standard errors for the e®ect of estimation ofl.

Unfortunately, the form of V may be very ditcult to derive, so this may not be a practical

alternative.

ARGUMENT: We rst state a classical result of which Rothenberg's proofmakes clever use.

BASU'S LEMMA: Let S be a suzcient statistic for ~ in a family of distributions P- indexed by " . Let

T be a statistic whose distribution does not depend orf . Then S and T are independent.

The assumptions of linearity of the mean model and normality allow Basu's lemma to be exploited,

simplifying things considerably, as we now demonstrate.

Y = X7+ Wi 2z (11.9)

we suppress evaluation at true values here to emphasize thahe following argument applies to the

model indexed by .
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Let *\.s be the WLS estimator where p is known. That is, if u is known, the weights w; (W) are
themselvesknown constants. Then, using (11.9),

A

wis = + ¥EXTW (X g X Tw i =2()2: (11.10)

The GLS estimator uses the weightsw; (ﬁ); thus,

A

ois =+ AXTW ()X g X TW (w1 12z

Under these conditions, it is possible to show that™ s is independent of (g s i ~wLs) using Basu's

lemma as follows; this fact will come in handy momentarily.

It is well-known from standard linear models theory (so we do mt show it here) that ’AWLS is a complete
suzcient statistic for ~. Thus, if we can show that the distribution of (" s i “wLs) does not depend

on , we may conclude the result by Basu's lemma.

From the form of *\, s and g s above, because the distribution of{i does not depend on_, neither
does the distribution of
A

ais i wis = AXTW (DX g X TW () if X TW ()X g X TIw i 7222, (11.11)
which does not involve .
Now, as2 » N (0; 1), we have from (11.10) that, at the true values,
varfn'?("yis i To)g= %I X TW ()X gt = %8 wis
exactly for all n. Using this and the independence of s and ("gis i ~wLs ). We have

1=2,A .= _ 1=2 A .= 1=2,A N
varfn™("gsi 09 = varfnT™(Cwisi o+ N (Cesi  wes)d

1=2 A .= 1=2 A LA
varfn™("wisi og+rvarfnT("gsi “wis)d

Y3ini X TW (o)X g t+varfn?2(P g5 i “wis)g

Y88 wis +varfn®™2(P g5 i Twis)o (11.12)

Thus, from (11.12), we see that, to compute the covariance miaix of interest, we need only consider the
second term, the covariance matrix vaf n1=2(* 5 s i “\wLs)g: To elucidate the form of this covariance

matrix, we write (11.11) at the true values using summation rather than matrix notation as
8 9.,
< I

X
1 ni 172

1=2A A _a ~ ANoUT
n(Tos i ws)=% = . n' wi (X)X . w; (g X; 3

=1 =1

il 0

, i1 T i 1=2 :

i . n wWo XjXj . n Woj Goj X % : (11.13)
: J:l ! J:l

| e]
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Here, goj = 9(Mo; Xj) and woj = wj (ko).

The assumptionn®2(fi o) i'N (0; ¢2) implies that n*=(fli yo) = Op(1), so that (fii Ho) = Op(ni 2).

This \rate" will be important in keeping track of nonnegligi ble terms.

1= P C
Now, as E(%) = 0, assume that terms of the form ni 2" _; gy;2;a; converge in distribution to a
- . , 1= P .
normal random vector by the central limit theorem. This impl ies that ni 172 =1 G2 a; = Op(1); i.e.

such terms are bounded in probability.

Let wy = @=@H o) and similarly for higher-order derivatives, and more geneally use such sub-
scripting to denote partial derivatives. Then, considering the second term in (11.13), expanding about

1= o, we have, for someu between(l and o,

o
N =20 w (D)oo x; 3
j=1

s

ni 72 goixj2fwo + wygi (i o) + (1 =2)Wyye (B Ho)2 + (1 =6)Wyyi(He) (i 1o)39
1

- . 'y
P2 gywoixj2 + TP goiwioi X2 (i po) + (1=2)nT PP goj iy X2 (i Ho)®

j=1 j=1 j=1

n

- i1=2)<1 ' ) 2. () 3.
+(1=6)n 0oj Wypyj (Ha) X % (Hi - Po) ™ (11.14)
i=1
By the above, the nal term in (11.14) may be seen to be the prodict of two terms of Op(1) and
Op(ni 372), respectively; thus, the entire term is Op(ni 3=2), and we have
il=2)@ AN ¥ 2 = 0. N 2 i 3=2y.
n Wi (o Xj% = A + Anz(Hi Ho) + Ana(Hi Ho)* + Op(n' °™); (11.15)
j=1
where

X X X
= ni 122 1=2, 2. . = ni 12 Iy 20 =ni 1?2 2
j=1 j=1 j=1

. L 1 P .
Thus, (11.15) provides an approximation to ni 172 jn=1 W (ﬁ)gojszj that is accurate up to terms of

order ni 32, By an entirely similar argument, it may be shown that

X e
nit w (%X = B+ Bna(fli Ho)+ Brna(fli po)?+ Op(ni 32); (11.16)
j=1

where
X X X
—nil T. —nil T. —nil T.
Bi=n Woj XjXj; Bon=n' Woj XjXj 5 Ban = n' W) Xj Xj
le ]:1 ]:1
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We would like to substitute (11.15) and (11.16) into the rst term of (11.13) to obtain an approximation
to n1=2(”"(;,_S i AW Ls )=%. We would thus like an expression for theinverse (assumed to exist) of (11.16).

It is possible to nd C1, and C 2, not depending on the?; to satisfy

B 10+ B n2(fli Ho)+ B na({li po)2+ Op(ni 32 g 1 = B i1+ Cin({ii o)+ Can(fli po)+Op(n 32): (11.17)

To see this, multiply B 1n + B n2({li Ho)+ B na({li Ho)?+ Op(ni 32) by the right hand side of (11.17),

keeping track of terms up to Op(ni 32) to obtain
I+ ( ﬁi pO)(B lncln +B 2n ilnl) + ( ﬁi pO)Z(B 1nC2n +B 2nC1n +B 3nB ilnl) + Op(ni 3:2):

Here, we have absorbed all terms depending or{ii o) and higher into Op(ni 372). If (11.17) is to
hold, then the coexcients of (i o) and ((Ii Ho)2 must be equal to 0, so that (11.17) is the inverse
up to Op(ni 32). Thus, C1n = | Bi!B 2Bl andB 1nC2, = i B2nCini B3nB i, upon substitution
and rearrangement,

Con=Bil(BanBiiBai Bs)Bil:
It is not relevant what these terms are; what is important is that a representation of the inverse in

(11.17) is possible andC 1, and C 2, are \well-behaved" for large n.

Substituting into (11.13), we obtain

nlzz(AGLs i AWLS):%!: i BilnlAln
+fBit+ Cin({li o)+ Can(fli po)?+ Op(n' 32)gfA1n + Aan(fli o)+ Aan(lli Ho)2+ Op(n' *d)g:
(11.18)

Here, note that only the terms A 15, A2,, and Az, depend on the?;. Multiplying out the right hand
side of (11.18), using the facts that (i po) = Op(ni ¥2) and Op(ni ¥2)Op(ni =2) = Op(ni k*)=2) we
may write (11.18) as

n(Psis i Twis)=% = Din({li o)+ Dan(fli o)+ Op(n' 37); (11.19)

where

D= BilnlAZn + C1nA1n;, Don = Bi1n1A3n + C1nAon + ConAin:

The important issue is not what D ;, and D o, are, but the fact that they are both linear functions of

the Ayn; k =1,2,3, which are all odd functions of the ?;. Thus, asB 15, C1n, and C 2, do not depend
L, P

on the 2; and are obviously well-behaved [depending on terms of the fom n 1 jn:l a; and so ofO(1)]

. T .
and as the Ay, satisfy ni 172 J-”zl a2 = Op(1), it is also reasonable to suppose that

Din= Op(l); Don = Op(l):
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Multiplying (11.19) by n'™?, we have
N(Cets i "wis)=% = Dunn™({li po)+ n' D anfn'P({li po)g? + Op(n' Y);
asni 72D 5, fn'2({i o)g? = ni 120,(1)Op(1) = Op(ni ¥72), we obtain
nCots i "wis)=% = Dun™2({li )+ Op(n' *): (11.20)

From (11.20), then, if we can show thatD 1,n* ({1 o) i!" Z, say, for some random vectorZ , then

L
we may conclude thatn("gs i “wis) i~ Z as well.

Now, in general, the fact that a sequence of random vectorZ ,, converges in distribution to someZ does
not necessarily imply that the corresponding moments convergeHowever, under suitable conditions on
the moments ofZ , and Z, this does hold. Assuming these conditions hold here, we wddi thus expect
that

lim varfD 1nn*?({1i po)g=var(Z) = lim varfn("eis i “wis)g:

We will now see the signi cance ofD 1, being an odd function. Recall that ?; » N (0;1) and that

n'=2({li o) is even(by assumption). For any symmetric density (e.g. the normal), the density function

is an even function for alln. Using this, it is clear that D 1,n*2({l; o) times the normal density is an
odd function (odd£ everE even). Because the integral of an odd function is zero, we mathus conclude

that EfD 1,n*2({li po)g= 0. Moreover, we know that E (D 1,) = O.
Thus, the covariance betweenD 1, and n*2({1; o)
EfD 1nn"({li Ho)gi E(D1)Efn'*({li Ho)g= 0;
so that D 1, and nlzz(ﬁi o) are uncorrelated for any n.
Further, note that it is reasonable, by virtue of the form of D 15, to expect that
Din N (0;8p)

for some § p, and, by assumption, n22({li ) #"N  (0;¢2). BecauseD 1, and n2({ii o) are
approximately normal for large n and uncorrelated for all n, it is reasonable to expect them to be

independent for large n.
Using this and the fact that EfD 1nn1=2(ﬁi Ko)g = 0, the covariance matrix of their product is thus

varf D 1nn*2({li to)g= §pe*
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Thus, we expect
lim varf D 1nn*2({1i po)g = lim varfn(M s i “wis)9= 8ok

which we may write as

varfn(®eis i “wis)g= 8pe?+ o(l);

where o(1) represents a (deterministic) term that approaches zerofor large n. We may rewrite this
equivalently as

varfn'?("gis i Twis)g= ni '8 pe?+ o(ni h): (11.21)
Returning to (11.12) and using (11.21),

varfn™2( s i T0)g= %8 wis +varfin™ g5 i Twis)o:
we obtain the nal result that
varfn*?("gis i )= %8 wis + n' 1V + o Y);

whereV = § p¢2. Obviously, V is an increasing function of¢?, as claimed.

To make the above argument rigorous would entail consideraly more work. The heuristic, nonrigorous
version we have presented here highlights the steps that areeeded. Evidently, even a nonrigorous

argument is rather involved.

11.3 Covariance matrix of s when g depends on —

Rothenberg's result, given in Section 11.2, is rather limied in its applicability, as it required normality,
linearity of the mean model, and that g not depend on . Carroll, Wu, and Ruppert (1988) present
very detailed arguments in the more general case where

2 g may depend on , so that var(Y;jjx;) = ¥£g%(" ;1 X;):

2 the distribution of Yjjx; need not be normal.

Their presentation also requires that E(Yjjxj) = ij_; but as their argument does not make use of

suzciency as did Rothenberg's, relaxation to nonlinear mea is straightforward.

Here, we simply state their main result; a detailed statemet of the result and proofs may be found in

Carroll, Wu, and Ruppert (1988).
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EFFECT OF ESTIMATING WEIGHTS IN GENERAL PROBLEMS: Let ~(©) be the GLS estimator

A(0)

at iteration C of the three-step GLS algorithm, where is the initial estimator for = used in step

(). Let ﬁ(c) be a \reasonable" estimator for 4 obtained in step (ii) using the previous iterate ~(Ci l),

where \reasonable" estimators include those based on trarisrmations of absolute residuals. Then

varfnlzz(A(C) i " 0)g= ¥8wis + ni WV (C)+ o(ni b);

where

(@) Ingeneral,V(3)=V@4)=¢¢¢ V(1):
(b) V(2)=V(3)=¢¢c¢ V(1) if either

() g does not depend on and ?;jx; have a symmetric distribution.
N (0)
i) ™ ="oLs
(c) If both (b)(i) and (ii) hold, then V(1) = V(2) = ¢¢¢& V(1) = V for all C. Note that this

subsumes Rothenberg's result.

(d) When V (1) 6 V (3), there is no general ordering that is, either V(1) > V(3)or V(1) < V(3) is

possible.

(e) If g does not depend on and var(?jx;) =2+ - forall j (e.g. the?; are i.i.d.), and we estimate

w by PL based on™“" V| then

V(C)=2j -)v"® forall C

for some matrix V °.
REMARKS: Some implications for practice are as follows.

2 From (a), there is no \optimal" number of iterations of the GL S algorithm in a second-order sense;
from (d), it could well be that iterating past C = 1 could be detrimental! This suggests that the
usual practice of taking C = 1 could be suboptimal in some situations. After C = 3, whatever
the ordering, additional iteration has no e®ect (to second aler). Of course, it is important to
keep in mind that this is a large-sample approximate result, dbeit more re ned, so it does not

imply that estimates will be identical for C , 3.

2 From (b), no additional iteration after C = 2 is required under (i) or (ii). If both (i) and (ii) hold,

then from (c), no iteration is required at all (in principle) .
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2 (e) seems counterintuitive. If V ° is a positive de nite matrix, then the larger - is, the greater
the reduction in (large-sample) variance! That is, if the underlying distribution of the data has
heavy tails, so that extreme observations are more likely tlan they would be under normality,
there is a greater reduction in variance than if the data werenormally distributed. Carroll, Wu,
and Ruppert conjecture that perhaps GLS with PL (which is in fact normal theory ML in (e), as

g does not depend on ), has a \built-in" \outlier-protection" mechanism.

2 The form of V (C) is very complicated in general. Thus, although the above reults lend insight,
they are of little use for practical applications, as we havepointed out earlier. Under certain
conditions, Carroll, Wu, and Ruppert suggest use of the boostrap to achieve a second-order

\correction" to standard errors, which we will discuss in Section 11.4.

Despite the simplicity of the folklore result, which says that estimating weights does not matter, in
practical applications, evidence suggests that itdoes Second-order theory like that here and in Sec-
tion 11.2 represents a way to gain insight into this phenomenn. Unfortunately, second-order theory is

both involved and of little practical use.

A main point that emerges is that how one estimatesu does matter. This has motivated research
into determining the \best" way to estimate p under di®erent circumstances, which is the topic of

Chapter 12.

11.4 Use of the bootstrap to obtain \corrected" standard err ors

The bootstrap is a resampling scheme that is employed when one wants to ohta estimates of the
sampling distribution of an estimator (and hence its momens; e.g. standard errors). First, we review
the procedure for a single sample, and then we discuss its use regression. We considefinear mean
models, as in Carroll, Wu, and Ruppert (1988, Sec. 6); howewve the technique we discuss applies
(approximately) in the nonlinear case as well, as we will nog. A brief discussion of the use of the
bootstrap for this purpose is given in Carroll and Ruppert (1988, p. 27{28). The book by Efron and

Tibshirani (1993) provides a comprehensive treatment of tke bootstrap.

with cdf F, which depends on a parameter we would like to estimate. Let F,, be the empirical

distribution function for the sample, i.e.

X0
Fa(y)=nit 1Y - y):
j=1
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In this section, we will use notation that is standard in the context of the bootstrap. We think of the
parameter as a function of the distribution function F;i.e. = (F). At the true distribution F, this
function is equal to the true value of the parameter, , say. The idea of the bootstrap is to substitute
an appropriate estimator for the true F into the function ~ (F) as follows; thus, the bootstrap may be

used even if the trueF may be unknown.

Suppose we estimate (F) by * whereF is the true cdf. We would like to assess the properties of; e.g.
obtain an approximation to its sampling distribution. One w ay is to use large-sample approximation;
e.g. obtain the (Tst-order) asymptotic distribution for . From this, we can approximate the true
mean and covariance matrix of ", which we write as E(”jF) and var("jF) (the exact moments of the
sampling distribution of * under F) by the corresponding attributes of the asymptotic distrib ution of

*: This is done routinely in practice.

Alternatively, a di®erent approach is to instead useE ("jF,) and var(“jF,) to approximate the true,
exact sampling momentst (’AjF) and var(’AjF), where by this notation we mean the mean and covariance
matrix of ™ calculated by replacing the true distribution F by the empirical distribution F,, when taking
expectation and covariance. Sometimes, it is possible to ¢eulate these quantities directly. For example,
if — (F) is the mean of F, and * is the sample mean, then the variance of the sample mean witheispect
to F,, is just the sample varianceni ! P " (Yji Y)?2divided by n (the ni  can be replaced by 0 1)i %,

as is conventional).

In more exotic problems, it may not be possible to calculateE (’Aan) and var(Aan) explicitly. The

bootstrap is a procedure toapproximate these quantities. The basic procedure is as follows:

with probability 1 =n for each entry.

(b) Obtain ol based on the bootstrap sample by the same procedure used to t@in the estimator #

from the original sample.

drawn from Fp, and this is repeated many 8) times. Thus, it is obvious that the rationale is to replace

moments with respect to the distribution Fj, by estimates based on sampling front,.
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To approximate E (*jFn), then, one could use the sample mean

A Ab,

boot — B !
b=1
To approximate var(”jFn); the obvious choice is the sample covariance matrix
b b
Bi D' i Moo Thoot) (11.22)
b=a

Variations are possible; one may divide byB instead of (B j 1), or replace"*boot by ™.

The idea is that, if B is large, the""b represent a (large) sample fromF,, so that the sample mean and
covariance matrix (11.22) of the sample should be reasonablestimates ofE (*jF,) and var(™jF,) by

the law of large numbers.

In practice, it is conventional to obtain the estimator * from the original sample, and then use the
sample covariance matrix, (11.22), of the bootstrap repliates to estimate the true sampling covariance

matrix of *, from which bootstrap estimated standard errors may be dedaed.

BOOTSTRAPPING LINEAR, CONSTANT VARIANCE REGRESSION MODELS: It is instructive
to rst discuss how one might apply the bootstrap idea to obtain estimated standard errors for the

\classical" form of the regression model.

Assume that we have the model
E(Yix;) = x5 var(Yjjxj) = % (11.23)

Before we discuss the bootstrap in this context, it is important to recall what we mean by a model such
as (11.23). The model is for the rst two moments of theconditional distribution of Y; givenx;. Thus,

the parameters in the model (11.23) pertain to the conditioral distribution.

As we have noted previously, in some circumstances, it makesense to think of the pairs (¥j;x;) as
having been drawn from ajoint distribution , so that the x; are simply observed along withY;. From
this perspective, the x; vary as do the Y. In other situations, e.g. designed experiments, thex; may

be xed by an investigator at certain values, and the Y; observed.

This suggests that there are two ways one might consider usi the bootstrap idea. The rst adopts
the perspective that the pairs (Yj;X;) are i.i.d. draws from some joint distribution. To implement

the bootstrap, then, one would construct B bootstrap data sets by drawing with replacement from

in the population of both Y; and x; values is taken into account.
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The second idea seems especially relevant when thg are xed, but also seems appealing when one

recognizes that the model is a conditional one.

This idea requires, as is the case in the \classical" regregm model, that 2; = fY;j j ij_(F)gz%F) are
i.i.d. Under this condition, it would be natural to regard th e distribution of interest F as that of the
2, and asyj = ij_(F) + ¥F)?;, one could resample from the?;, j = 1;:::;n (which are i.i.d.) and
then form \bootstrap data” ij at each xed x; that would have the implied distribution of Y;jx;. Of

course, the?; are not observed, but one can substitute residuals, as demstrated below.

Which method is better? The rst method seems to protect aganst violation of the assumption that
the \errors” 2; are i.i.d., while the second method is predicated on this. Ifthe i.i.d. assumption is
not correct, the rst method would be \safer." On the other ha nd, if we have con dence in the i.i.d.
assumption, the second approach seems to get more directlptthe heart of things. A discussion of this

choice is given in Efron and Tibshirani (1993, Chapter 9).

Here, we will adopt the latter approach, as is conventional under the \classical" perspective, and consider
F to be the distribution of the 2?;. The true values of  and ¥correspond to those underF, which we

write as~ (F) and ¥{F) here, so that

E(Yjixj;F) = x{ 7 (F); var(Yjjxj;F) = ¥(F):

. P _
Let ™ = *os;and % =(nj p)i? Toa (Y ijA)Z, and de ne the standardized residuals as
rp=fn=(ni PV i x{7); j=1;0nm

model has an intercept term,

. X . X ,
E(riFn) =n! 1 r = 0: Var(erFn) = ni 1 rj = 82
j:l ]:_‘]_

Thus, the moments ofr; under F,, emulate those of%(F)?; under F.

To implement the bootstrap, the following steps would be repeated forb=1;:::;B
(a) Draw a sample of sizen with replacement from F, to obtain frf;:::;rlg
(b) Form the bootstrap responsesY;” = XT™+ P j=1;11n.

J
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. .. P b . . .
As in the one-sample case, one could then forfi,,,, = Bi 1" B, ™" and estimate the covariance matrix

of ™ by the bootstrap sample covariance matrix

R b b
Bi Y i Thoo) i Thoot)
b=a

It turns out that this leads us to exactly what we would expect. We are interested in obtaining
varfn'(" i “ojFg= ¥2(F)§ ovs;

where § o1s = ni X TX, for the true F. Thinking of this as a function of F, if we let g = ¥F)?,
R P

then the r; are emulating the g for which ¥£(F) = ' e’dF(g). Moreover, %#(Fp) = ni 1" 1L, r? = %

Thus,

varf nt?2(*

T0)iFng= %8 os;
as 8§ o.s is a constant. Thus, using the empirical distribution leads one exactly to the usual estimator
for the sampling covariance matrix of * 5, s under these conditions.
Now we also have that
E(YPixj;Fn) = x{ 75 var(Y%x;; Fn) = %%,
so that a bootstrap sample follows a linear model with conditonal mean xJ-TA and variance % with

i.i.d. errors having distribution F,. Thus, from standard linear model theory, it follows that

b. b.
E(™ixj;Fa) = 7 var(™jxj;Fn) = ¥8 oLs :

Thus, the bootstrap mimics the underlying model, so we expeicthat the bootstrap covariance estimator
and the usual estimator will be fairly similar. In this case, the bootstrap leads one to do approximately
what one would do anyway, so it is hard to see the advantage. Heever, when the variance is nhoncon-

stant, the advantage of the bootstrap is much more evident.

BOOTSTRAPPING REGRESSION MODELS WITH NONCONSTANT VARIANCE: Now assume

that we have the model
E(Yjixj) = f(x;;7); var(Yjjxj) = %29 ;1 X));

and assume that?; =[Y; i ffx;; (F)ga[¥F)af (F);u(F);x;q] that are i.i.d. with distribution F, so
that true values are (F); u(F); and ¥(F), and E(?j) =0, var(?;) = 1. Write g = ¥{F)? as before.

Thus, we have

E(Yjjxj;F) = ffx;; 7 (F)g, var(Yjjxj;F) = ¥%(F)g* ™ (F);u(F);x; 0:
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In the case of a linear modelf (x;; ) = ij_, one proceeds similarly to the constant variance case,

‘nding a \bootstrap model" the mimics the true one. Let

Al

e be the update of the GLS algorithm
using ﬁ(c) to form weights, and de ne

C+1
. (C+1) (C) '
NP g™ 0 xg)

r =

. P _
Thus, the usual estimator % = nil jnzl rjz: By analogy to the constant variance case, we could

note that
L
g=nil r 60
j=1

as we would hope, so we will not haveE (rjjFn) = 0. If we instead consider
s = (1 F2=9%) 2(ry g )

then if we take F, to be the empirical distribution function of the s;, we have

0 1
X o .
E(sjiFn)=n't 5 =0; var(sjjFq)=nit sf= ¢

x
i1 . 32A — B2
i =g O N PA=E
j=1 i=1

j=1
mimicking the situation under F.

In the more general case wherd is nonlinear, it is standard to simply allow these relationships to

A(C+1) A(C+1) A(C)

hold approximately; in particular, take s; = (Yj j )=( yH 71 Xxj), see Carroll and Ruppert

(1988, p. 27).

With the appropriate de nition of the s; (for a linear or nonlinear model), the bootstrap procedure &

(C+1) (C+1)  A(C)
V=) g X )s:

2 Obtain ~P° via the GLS algorithm, using the C + 1 iterate.

We now have a sample oB GLS estimates.
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What we would really like, of course, is to obtain the true sanpling covariance matrix

) A(CH+1
varfnl‘z(A( D

i 0)iFg
where, again, o= (F) and we use this notation to emphasize this is under the true @tribution F.
From Section 11.3, we know that this satis es

varf n'2(* ™ T )iFg= %2(F)8 wis (F) + ni IV (C;F) + O(ni 39); (11.24)

where we use the notation8 s (F) and V (C; F) to emphasize that these quantities are evaluated at

F.
Using this notation, the rst-order asymptotic theory says t hat
— C+1 —
n2C T N 0,92(F)8 wis (F)g:

The usual estimator for ¥#(F )8 w.s (F) is based on replacing the parameters appearing in this quaity
. : . 4P . : -
by estimators. Now, at least in the linear case ¥£(Fp) = ni ! jnzl sz = %/ in the nonlinear case, this is
n

. P — — o —
approximately true. Moreover, § wis (F) Yani 1 1L, f-fx;; 7 (F)of Tfx;; 7 (F)ggi 26~ (F); u(F)x;g;
so that the usual estimator for %(F)8§ w.s (F) may be seen to be¥#(Fn)8 wis (Fn).

According to the bootstrap approach, we would like to use

varf nt=2(* ™ = iE g = 9(Fu)§ wis (Fa) + ni 2V (C;Fy) + O(ni 32)

Ab

to approximate (11.24). As we now show, the sample covariare matrix of the ™,

_ Lol Ab A Ab A T. A _Rpil” b
§\B - ( B [ :l-)l ( 1 boot)( | boot) ) boot — !
b=1 b=1

is an estimator for this quantity.

From the way the bootstrap samples are constructed, we haveat least approximately in the nonlinear
case)

1 (C+1) . (C+1) A(C)
E(Y%xj;Fn) = f(x;;7 );  var(Y"%ixj; Fn) = #2¢?(" X))

so that the bootstrap data mimic the original model, at least approximately. with the parameter values
replaced by estimators and with \error” distribution F,. Consequently, we know that

=2 .Ab_ A(C+1)
(i

varfn’ )iFn) = %8 wis (Fn) + ni 1V (C;Fp) + Ofni 32);

by analogy to (11.24).
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Thus, under F,, by the law of large numbers,§ g is an approximation to this expression; that is

85 Va8 wis (Fn) + ni 1V (C;Fy) + Op(ni 32): (11.25)

Now, if we assume further thatV (C;Fn) = V (C;F)+ Op(ni 172y which seems reasonable a¥ (C;Fy)

is just V (C; F) with estimators substituted, then (11.25) becomes

88 % PBwis(Fn)+ NV (CF)+ Op(n' )

= usual covariance estimator + \second-order correction” + Op(n' 3%2y.

That is, unlike in the linear, constant variance case, the bmtstrap covariance estimator is di®erent from
the usual, rst-order covariance estimator in that it contai ns the necessary \correction term" of order

ni 1. In short, the bootstrap \automatically" corrects for the e ®ect of estimating the weights!

Carroll, Wu, and Ruppert (1988) provide simulation evidence supporting the claim that, when estima-
tion of the weights has a nonnegligible e®ect, using the bostrap estimator for the sampling covariance
matrix of ™ s represents and improvement over the usual Tst-order estiméor in the sense that the

bootstrap estimator is closer to the true sampling variation, thus o®ering more reliable performance.

Of course, a potential drawback of the bootstrap is computatonal burden. To derive estimated standard
errors using the bootstrap approach, the data analyst wouldneed to carry out the GLS algorithm with
C iterations B times. It has been observed that, in the mean-variance modelef interest here,B = 250
to 500 is required to obtain reliable estimates of the true sepling variation; thus, this could become
computationally intensive. In the current age of computing power, however, the burden is not as severe
as it was when Carroll, Wu, and Ruppert rst investigated the approach, so the bootstrap approach is

gaining ground as a routine method of choice.
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