
CHAPTER 5 ST 762, M. DAVIDIAN

5 Normal theory maximum likelihood and quadratic estimating equa-

tions

5.1 Introduction

We recall the general mean-variance model:

E(Yj |xj) = f (xj , β), var(Yj |xj) = σ2g2(β, θ, xj). (5.1)

In Chapter 2, we discussed (Approach 10) an alternative to GLS for inference for this model.

• In some applications, one may postulate a mean-variance relationship of the form (5.1) on the

basis of features observed empirically in the data. It may also be observed that, at eachxj , the

distribution of Yj values appears to be well-approximated by a distribution such as the normal.

This is the case in applications such as pharmacokinetics and assay analysis, for example.

• Note that there is no technical di±culty in considering the n ormal distribution for a given mean-

variance model. The univariate normal distribution is characterized by its ¯rst two moments;

moreover, these two moments need not have any particular relationship (unlike the scaled expo-

nential family distributions, with the exception of the nor mal with constant variance). Thus, in

the normal distribution, the mean and variance are not inextricably linked.

• Recall that one motivation for GLS estimation is that it is an attempt to emulate weighted least

squares estimation forβ with known weights. One motivation for WLS is that it is maximum

likelihood estimation in the case where the weights are known under the assumption that the

distribution of Yj |xj is normal.

• Carrying this idea forward, it seems reasonable to considerestimation of β in the general model

(5.1) under the assumption that the data are normally distributed for eachxj . As we noted earlier

and will now show explicitly, this will not necessarily lead to GLS-type estimation. In fact, it is

straightforward to show that if Y has a normal distribution with mean µ and variance σ2g2(µ)

for arbitrary function g2, this distribution is not a member of the scaled exponential family class.

Thus, it is not clear that maximum likelihood under the assumption of normality and (5.1) need

lead to GLS estimation.
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• We will furthermore observe that the approach of assuming the data are normally distributed and

estimating β by maximum likelihood in (5.1) leads to solution of an estimating equation that is

a special case of a general class of estimating equations that is broader than the class of linear

GLS equations. Thus, considering the assumption of normality and maximum likelihood in (5.1)

will lead us to methods that are competitors to GLS. Now, we just introduce this class. In later

chapters, we will compare formally the two approaches.

In this chapter, we will continue to consider θ to be known. We will relax this in Chapter 6. We will

use the unquali¯ed abbreviation ML henceforth to refer to normal maximum likelihood for the model

(5.1).

5.2 Normal theory ML estimating equation for β

For model (5.1) under the assumption of normality, we may write down the loglikelihood (ignoring

constants and conditioning onxj) as

−n logσ −
n∑

j=1
logg(β, θ, xj) − (1/2)

n∑

j=1

{Yj − f (xj , β)}2

σ2g2(β, θ, xj)
. (5.2)

Let

gβ(β, θ, xj) = ∂/∂β g(β, θ, xj) (p × 1),

νβ(β, θ, xj) = ∂/∂β logg(β, θ, xj) = gβ(β, θ, xj)/g(β, θ, xj).

Di®erentiating (5.2) with respect to β yields

−
n∑

j=1
νβ(β, θ, xj) + (1 /2)σ−2

n∑

j=1

2{Yj − f (xj , β)}
σ2g2(β, θ, xj)

fβ(xj , β)

+(1 /2)σ−2
n∑

j=1

2{Yj − f (xj , β)}2

g3(β, θ, xj)
gβ(β, θ, xj),

which may be simpli¯ed to yield the estimating equation

σ−2
n∑

j=1
g−2(β, θ, xj){Yj − f (xj , β)}fβ(xj , β) +

n∑

j=1

[
{Yj − f (xj , β)}2

σ2g2(β, θ, xj)
− 1

]

νβ(β, θ, xj) = 0.

Multiplying both sides by σ2 > 0 gives the ¯nal form

n∑

j=1
g−2(β, θ, xj){Yj − f (xj , β)}fβ(xj , β) + σ2

n∑

j=1

[
{Yj − f (xj , β)}2

σ2g2(β, θ, xj)
− 1

]

νβ(β, θ, xj) = 0. (5.3)
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REMARKS:

• From (5.3), the ML estimator solves an equation that has the form of that we solve in the GLS

approach plus an additional term.

• The additional term arises because of the dependence ofg on β.

• Note that solving this equation is complicated by the fact that σ2 is no longer a multiplicative

scale factor that may be eliminated. Clearly, solving this equation for β must be carried out

jointly with solving the equation for σ2 obtained by di®erentiating the loglikelihood with respect

to σ2 (thus jointly maximizing the loglikelihood). We will discu ss this shortly.

• Contrast this with the estimating equation for maximum like lihood under the scaled exponential

family. As we saw in Chapter 4, in that case, di®erentiation of the loglikelihood leads to an

equation that has the form of just the ¯rst term in (5.3), with no additional term as we have here.

Heuristically, in the scaled exponential family, the mean and variance must be related in a very

speci¯c way, so that only certain g functions arise.

In the normal distribution, mean and variance may be related in any way (or no way at all) {

almost any function g that makes sense may be considered, and the dependence onβ need not

even be through the mean. Because of the special relationship of mean and variance in the scaled

exponential family class, all of the information about β is \in the mean;" however, in the normal

model above, because there is no special relationship,g contains additional information about β.

The second term in (5.3) may be thought of as re°ecting this additional information.

• Note that if g doesnot depend onβ, then νβ(β, θ, xj) ≡ 0, and (5.3) reduces to the usual GLS

equation. In this case, there is no additional information about β in g. In fact, if θ is known in

this case, the \weights" w−2
j = g−2(β, θ, xj) are known (a known function of xj) and (5.3) is then

just the usual WLS estimating equation (with known weights), as we have shown earlier.

IMPLICATIONS:

• If the data really are normally distributed, and the mean and variance models in (5.1) are correctly

speci¯ed, then standard large sample theory implies that the estimator for β solving (5.3) is

\optimal" in the sense that it is most e±cient (i.e., most pre cise).

Thus, if g is such that it depends onβ, so that the second term of (5.3) is non-zero, then solving

the GLS equation and solving the ML equation (5.3) are twodifferent methods of estimating β.
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Immediately, then, if the mean-variance model is correctand the assumption of normality is valid,

GLS estimation of β will be inefficient relative to ML estimation. We will show this formally later.

• However, what if, although the mean-variance model (5.1) is correctly speci¯ed, the normality

assumption is not valid? For example, the data may in truth not be normally dist ributed but

instead follow a gamma or lognormal at eachxj . Alternatively, the data at each xj may may be

symmetrically distributed but with \heavier tails" that th e normal (i.e. more prone to \unusual,"

outlying observations).

If we solve (5.3) to obtain an estimator for β under these circumstances, it is no longer \optimal"

in the sense described above. Although it is a maximum likelihood estimator under a particular

distributional assumption, if that assumption does not hold, the nice properties attributed to

maximum likelihood do not hold, either!

A natural question is then whether solving the GLS estimating equation instead is \better" or

\worse?" More generally, under a broad set of conditions, which approach is better in the sense

of yielding more precise estimation ofβ?

We will study this theoretically in later chapters.

IMPORTANT POINT: In a ¯rst course in inference, when maximum likelihood inference is introduced,

all of the results regarding its properties are derivedunder the assumption that the distributional

speci¯cation made iscorrect; that is, that the data arise exactly from the stated probabi lity distribution.

It is not generally explicitly noted that it is possible that the distributional assumption need not be

valid.

In practice, as discussed above, in complicated modeling situations, it is not farfetched to think that a

distributional assumption may not be correct.

• We may adopt a distributional model and proceed under the assumption it is correct, never

realizing or acknowledging that we are incorrect. Intuition suggests we could get into trouble.

• Alternatively, we may feel that, although the assumption is not exactly correct, it is \close enough"

that we feel con¯dent that the inferences we make may still bereliable.

It is important to recognize that, regardless of whether we are correct or not, the name of the estimation

approach does not change! If we adopt the normality assumption and pursue ML estimation, the

estimator so obtained may be called the \ML estimator (under normality)" whether we are correct or

not. What can change are theproperties of the estimator.
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• The usual theory for maximum likelihood tells us about its properties and that it is \optimal"

when we are correct. But it does not tell us about properties when we are not.

In the sequel, we will talk about \normal theory ML" as an esti mation technique; however, we will not

imply by this that we necessarily believe the data truly are normally distributed. By assuming that

they are, we are led to this method; thus, making the normality assumption may be viewed as just a

device to motivate an alternative estimation technique. Its properties may well depend on whether the

motivating assumption is correct.

• In fact, normal theory ML has been calledextended least squares in the pharmacokinetics literature

to emphasize the presence of the \extra term" that makes it di®erent from GLS estimation.

• As we will now show, the normal theory ML methods turn out to be a special case of a more

general class of estimating equations.

In subsequent chapters, we will focus on comparing GLS estimation, ML estimation, and generalizations

under a variety of conditions such as di®erent distributional assumptions, assumptions about the forms

of f and g, and so on.

5.3 Quadratic estimating equations

For convenience, we restate the two competing estimating equations for β, writing each equation slightly

di®erently in a way that will prove convenient shortly (mult iplying each by the constant σ−2).

The GLS equation is

σ−2
n∑

j=1
g−2(β, θ, xj){Yj − f (xj , β)}fβ(xj , β) = 0. (5.4)

The normal theory ML equation is

σ−2
n∑

j=1
g−2(β, θ, xj){Yj − f (xj , β)}fβ(xj , β) +

n∑

j=1

[
{Yj − f (xj , β)}2

σ2g2(β, θ, xj)
− 1

]

νβ(β, θ, xj) = 0. (5.5)

COMMON FEATURES: Assuming that the mean-variance model (5.1) on which they are based is

correctly speci¯ed:

• Both equations are such that, evaluated at thetrue values of the parameters β, θ, and σ, they

have expectation zero. In fact, the expectation of each summand in each equation is zero.
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This follows from

E(Yj |xj) = f (xj , β), E[ {Yj − f (xj , β)}2|xj ] = σ2g2(β, θ, xj).

This property is intuitively appealing and turns out to be ve ry important. An estimating equation

satisfying this condition is said to be unbiased. Thus, both the GLS and ML estimating equations

are unbiased estimating equations.

• In fact, carrying this further, both equations may be thought of as moment equations in which,

for each summand, functions ofYj are \equated" to their ¯rst moments under the assumed mean

variance model, modi¯ed by some factor.

DIFFERENCE: The equations di®er in a major way.

• The summand in the GLS equation is alinear function of Yj

• The summand in the ML equation is a quadratic function of Yj .

This feature will turn out be of central importance.

COMMON REPRESENTATION: To make explicit how the two kinds of equations compare and to

provide a framework for generalizations, we now show that both equations (5.4) and (5.5) may be

written in the form
n∑

j=1
DT

j V −1
j (sj − mj) = 0, (p × 1), (5.6)

where

sj = \response"

mj = \mean function"

Dj = \gradient of mean function"

V −1
j = \weights"

As will we will demonstrate, the \response" and \mean function" in (5.6) may be multivariate, where

the elements of \response" are functions ofYj (and other model components). \Mean function" is the

expected value of \response" under the mean-variance model (5.1).

If sj is (s × 1), say, then the \weights" are of the form V −1
j = {var(sj |xj)}−1, where var(sj |xj) is of

necessity a (s × s) matrix. Moreover, the \gradient" Dj is thus a (s × p) matrix.
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Thus, both equations may be expressed in a form such that somefunction(s) of Yj are equated to their

expectations in the sense that (sj − mj) is the di®erence of the \response" and its \mean."

The remaining term in the summand, DT
j V −1

j , is the modi¯cation factor, which has the form

gradient of mean function × {var(sj |xj)}−1 (5.7)

The form of (5.7) will be a recurring theme and, as we will see,has a kind of \optimality" property

under certain conditions.

GLS: To put the GLS equation (5.4) into the form of (5.6), we have immediately that

sj = Yj , mj = f (xj , β), Dj = fT
β (xj , β), V −1

j =
1

var(Yj |xj)
=

1
σ2g2(β, θ, xj)

.

Thus, here, the \response" is a scalar, equal to the originalresponse itself, so that the \weights" are

also scalars.

ML: From (5.5), the ML estimating equation is of the form

n∑

j=1

(
aj{Yj − f (xj , β)} + cj [{Yj − f (xj , β)}2 − σ2g2(β, θ, xj)]

)
= 0,

where

aj = fβ(xj , β)/{σ2g2(β, θ, xj)}, cj = νβ(β, θ, xj)/{σ2g2(β, θ, xj)}.

Both of these elements are (p × 1).

We may rewrite the estimating equation as

n∑

j=1
(aj cj)




{Yj − f (xj , β)}

{Yj − f (xj , β)}2 − σ2g2(β, θ, xj)



 = 0.

Writing the equation in this way makes it clear that s = 2 with

sj =




Yj

{Yj − f (xj , β)}2



 , mj =




f (xj , β)

σ2g2(β, θ, xj)



 . (5.8)

Can the (p × s) = ( p × 2) matrix ( aj cj) be represented in the formDT
j V −1

j for Dj and V j satisfying

the de¯nitions as gradient of the mean function mj and var(sj |xj), respectively? To determine this,

note that

• ∂/∂β f (xj , β) = fβ(xj , β)

• ∂/∂β σ2g2(β, θ, xj) = 2 σ2g2(β, θ, xj)νβ(β, θ, xj).
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This implies that

DT
j =

(
fβ(xj , β) 2σ2g2(β, θ, xj)νβ(β, θ, xj)

)
. (5.9)

To determine V j , we need to ¯nd the (2 × 2) covariance matrix var(sj |xj). It proves convenient, and

will be illuminating later, to de¯ne

ǫj =
Yj − f (xj , β)
σg(β, θ, xj)

. (5.10)

• Note that E(ǫj |xj) = 0 and var( ǫj |xj) = 1, regardless of the distribution of Yj |xj . However, the

higher moments may well depend on this distribution.

• In the particular case whereYj |xj is assumed to be normally distributed with meanf (xj , β) and

variance σ2g2(β, θ, xj), note that the distribution of ǫj given xj is standard normal regardless of

xj . Thus, in this special situation, ǫj and xj are independent, andǫj are i.i.d. N (0, 1). This kind

of result will not always hold, of course.

The normal ML estimating equation is based on the assumptionof normality, whether it is true or not.

Thus, var(sj |xj) should be deduced under this assumption in order to respectthe motivation for the

equation. Now of course var(Yj |xj) = σ2g2(β, θ, xj) under the mean-variance model. Moreover, using

(5.10),

var[ {Yj − f (xj , β)}2|xj ] = σ4g4(β, θ, xj)var( ǫ2
j |xj) = σ4g4(β, θ, xj)var( ǫ2

j ).

For ǫj ∼ N (0, 1), it is straightforward to show that var( ǫ2
j ) = 2. Thus,

var[ {Yj − f (xj , β)}2|xj ] = 2σ4g4(β, θ, xj).

Finally, it may be veri¯ed that cov[ Yj , {Yj − f (xj , β)}2|xj ] =

E
(

{Yj − f (xj , β)}[{Yj − f (xj , β)}2 − σ2g2(β, θ, xj)]
)

= σ3g3(β, θ, xj)E{ǫj(ǫ2
j − 1)} = 0 .

Collecting these results, we have that

V −1
j = {var(sj |xj)}−1 =




σ2g2(β, θ, xj) 0

0 2σ4g4(β, θ, xj)





−1

. (5.11)

Combining (5.9) and (5.11), we thus have

DT
j V −1

j =
(

fβ(xj , β) 2σ2g2(β, θ, xj)νβ(β, θ, xj)
)




σ−2g−2(β, θ, xj) 0

0 (1/2)σ−4g−4(β, θ, xj)





=
(

fβ(xj , β)/{σ2g2(β, θ, xj)} νβ(β, θ, xj)/{σ2g2(β, θ, xj)}
)

= ( aj cj ). (5.12)
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The foregoing calculations leading to (5.12) show that, like the GLS equation, the normal ML estimating

equation (5.5) may also be written in the form

gradient of mean function × {var(sj |xj)}−1(sj − mj), (5.13)

where sj and the \mean function" mj are identi¯ed in (5.8).

• This form is actually no accident; we will gain insight into t his in later chapters.

• Note that our identi¯cation of the (linear) GLS equation as h aving the form given in (5.7) did not

involve distributional considerations at all. In particul ar, all we need to identify the components

Dj , V j , sj , and mj were the ¯rst two moments of Yj |xj as speci¯ed by the assumed mean-variance

model.

• In contrast, our assessment of the form of the (quadratic) normal ML equation (5.5) did involve

consideration of the distribution of Yj |xj . In particular, we needed to exploit the fact that this

equation arises from the assumption of normality in order toevaluate the moments of the com-

ponents ofsj and hence determine the entries of the matrixV j . It is important to recognize that

the normal ML method is derived by assuming normality; hence, we used normality to do this.

• But, more precisely, we did not really need knowledge of theentire distribution of Yj |xj . What

we did need was the assumption thatYj and {Yj − f (xj , β)}2 are conditionally uncorrelated and

that var[ {Yj − f (xj , β)}2|xj ] = 2σ4g4(β, θ, xj). Under these conditions, if we had set out to form

an estimating equation of the form (5.6) with sj and mj as de¯ned in (5.8), we would have been

led to the identical equation, even without explicitly assuming normality.

• This suggests that it may be possible to construct alternative estimating equations of the inter-

esting form (5.13) with sj and mj as in (5.8) that only require an assumption on the ¯rst four

moments of Yj |xj rather than the entire distribution, as we now discuss.

MORE GENERAL QUADRATIC ESTIMATING EQUATIONS: Consider forming an equation of the

form (5.6), namely
n∑

j=1
DT

j V −1
j (sj − mj) = 0,

where as in (5.8),

sj =




Yj

{Yj − f (xj , β)}2



 , mj =




f (xj , β)

σ2g2(β, θ, xj)



 .
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• Note that by virtue of the choice of sj and mj , such an equation isunbiased regardless of the

choice ofDj and V j .

• Of course, with mj de¯ned in this way, we must have

DT
j =

(
fβ(xj , β) 2σ2g2(β, θ, xj)νβ(β, θ, xj)

)
.

as in (5.9).

• Given these choices, the component where there is some latitude isV j . More precisely, depending

on what we are willing to assume about var(sj |xj), and hence about the moments up through the

¯rst four, the speci¯cation of V j , and hence of an unbiased, quadratic (inYj) estimating equation

is possible.

HIGHER MOMENT PROPERTIES: To discuss this, we review some standard higher-moment quanti-

ties in the context of our model. Recall the de¯nition of the standardized variable ǫj in (5.10),

ǫj =
Yj − f (xj , β)
σg(β, θ, xj)

.

• The quantity E(ǫ3
j |xj) is known as thecoefficient of skewness; in general, the coe±cient of skewness

is the third moment of a centered and scaled (so standardized, with mean zero and variance one)

random variable.

As we saw, in the particular case of normality for our model, the coe±cient of skewness did not

depend onxj and E(ǫ3
j |xj) ≡ 0 for all j. In general, of course, this need not be the case.

Note that, if the distribution of ǫj |xj is symmetric (about the mean, zero), then indeedE(ǫ3
j |xj) ≡

0 for all j.

• The quantity var( ǫ2
j |xj) = E(ǫ4

j |xj) − {E(ǫ2
j |xj)}2 = E(ǫ4

j |xj) − 1 in our model, depending on

the (conditional) fourth moment of ǫj (and hence ofYj). Under normality, as we saw, this is

exactly equal to 2 for all j, regardless ofxj . Thus, the quantity var( ǫ2
j |xj) − 2 is equal to zero

for normality. In general, this quantity is called the coefficient of excess kurtosis, as it is given as

relative to the corresponding quantity for a normal distrib ution.

More precisely, if κj is some value possibly depending onxj in our model, then

var(ǫ2
j |xj) = 2 + κj , (5.14)

and κj is the excess kurtosis, whereκj ≡ 0 for normality, regardless ofxj .
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In general, excess kurtosis exceeding zero implies that thedistribution has \heavier tails" than

those of the normal, so that the probability of seeing \extreme" values of the response is greater

than that of the normal. We discuss this more momentarily.

CORRELATION: The ¯rst four moments of ǫj |xj also determine the o®-diagonal elements ofV j ,

cov[Yj , {Yj − f (xj , β)}2|xj ]. In our model, this covariance may be written in terms of ǫj as

σ3g3(β, θ, xj)E{ǫj(ǫ2
j − 1)|xj}.

Now of courseE{ǫj(ǫ2
j − 1)|xj} = E(ǫ3

j |xj), as E(ǫj |xj) = 0 by our mean assumption.

Thus, note that the elements ofsj need not be uncorrelated in general. Speci¯cally, if the coe±cient of

skewness is non-zero, then they will in fact be correlated, and V j will not be a diagonal matrix. If the

distribution is thought to be symmetric, then these elements will be zero.

ILLUSTRATION: Suppose we are in a situation in which we believe that the responseYj (given xj) is

for the most part normally distributed. However, the process of ascertaining the response occasionally

goes awry, so that there is a tendency foroutliers. Note that extreme negative or positive values ofǫj

would be associated with outlying observations. Under normality, such values would be very unusual;

the fact that there are outliers means that such values occurwith greater probability than under the

normal.

Under normality, as we have seen, theǫj may be regarded as independent ofxj and i.i.d. Suppose that

we are still willing to adopt this assumption { in the context of our outlier-prone data, this may be

interpreted as saying that we believe that the propensity for outliers is the same regardless ofxj .

The normal distribution is also symmetric; thus, under normality, the ǫj are symmetric about 0. As

we believe that things are basically normally distributed at each xj except that we have a greater

tendency to see \unusual" observations, we might still be willing to assume that the ǫj are symmetrically

distributed.

We may formalize these assumptions and use them to constructa quadratic estimating equation by

deducing what they imply about the form of V j .

• We have E(ǫ3
j |xj) = E(ǫ3

j ) = 0 by the symmetry and independence assumptions.

• We believe that the excess kurtosis is non-zero, but the same regardless ofj (the i.i.d. assumption).

Thus, we have var(ǫ2
j |xj) = var( ǫ2

j ) = 2+ κ, say, for some common valueκ for all j (which is likely

> 0).
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It is straightforward (and left as an exercise) to show that these conditions imply that

V j =




σ2g2(β, θ, xj) 0

0 (2 + κ)σ4g4(β, θ, xj)



 ,

and, with this speci¯cation,
n∑

j=1
DT

j V −1
j (sj − mj) = 0

becomes
n∑

j=1

(
aj{Yj − f (xj , β)} + cj [{Yj − f (xj , β)}2 − σ2g2(β, θ, xj)]

)
= 0,

where now

aj = fβ(xj , β)/{σ2g2(β, θ, xj)}, cj =
(

2
2 + κ

)
νβ(β, θ, xj)/{σ2g2(β, θ, xj)}.

Written in the basic form we have used for such estimating equations, the equation is

σ−2
n∑

j=1
g−2(β, θ, xj){Yj − f (xj , β}fβ(xj , β) +

(
2

2 + κ

) n∑

j=1

[
{Yj − f (xj , β)}2

σ2g2(β, θ, xj)
− 1

]

νβ(β, θ, xj) = 0.

(5.15)

• Comparing this equation to the normal theory ML equation (5.3), we see that the ML equation

is a special case of (5.15) withκ = 0.

• This equation appears to \downweight" the contribution of t he quadratic component relative to

its importance in the normal case. Given that κ > 0 implies more frequent \extreme" values, this

seems like it might make intuitive sense.

• Note that to actually implement this equation, we would need to know the value of κ. By assuming

normality to derive the equation, we are thus implicitly assuming that we know κ = 0 (and, for

that matter, that skewness is also zero, as we have here).

REMARKS:

• It should be clear that an entire class of such quadratic estimating equations is possible. These

are determined by choice of moment assumptions, hence, by assumptions on the coe±cients of

skewness and excess kurtosis of the distribution ofǫj given xj .

• If the coe±cient of skewness is taken to not be equal to zero for all j, then the matrix V j is no

longer diagonal, and the resulting equation will be considerably more complicated.

PAGE 115



CHAPTER 5 ST 762, M. DAVIDIAN

• For now, the important point is that, given willingness to ma ke speci¯cations on the third and

fourth moments, one may construct quadratic estimating equations for β. The normal ML equa-

tion is a special case of this. In contrast, the GLS equation requires no such assumptions; it may

be written down given only the speci¯cation of the mean-variance model.

• It seems possible that there is atrade-off here. The GLS approach requires only assumptions

on the ¯rst two moments of Yj |xj , while the quadratic approach requires speci¯cation of four

moments and leads to a more complicated form of equation. Onewould hope that the need

to make additional assumptions and the resulting greater complexity would gain us something

(precision of estimation?).

We do not pursue these ideas further now, but we will return to them in later chapters.

5.4 Estimation of σ2

In the foregoing development, we only mentioned in passing that the normal ML estimating equation,

and, indeed, apparently any quadratic estimating equation, involves an additional complication: These

equations depend onσ2 in a nontrivial way, as compared with the GLS approach, whereσ2 did not

play a role in estimation of β.

• With GLS, σ2 may be estimated following determination of β.

• With quadratic estimating equations, it is clear that estim ation of β and σ2 must be carried out

jointly.

To ¯x ideas, consider again the normal loglikelihood as a basis for this. It is straightforward to show

that di®erentiation of the loglikelihood (5.2) with respect to σ yields the estimating equation

1
σ

n∑

j=1

[
{Yj − f (xj , β)}2

σ2g2(β, θ, xj)
− 1

]

= 0 . (5.16)

This may be solved explicitly for σ2 to give

σ2 = n−1
n∑

j=1
{Yj − f (xj , β)}2/g2(β, θ, xj), (5.17)

which of course has the form of the \biased" estimator that could be used following GLS estimation, as

discussed in Section 3.5.
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Note that we may rewrite (5.16) in the suggestive form

n∑

j=1

[
{Yj − f (xj , β)}2 − σ2g2(β, θ, xj)

2σ4g4(β, θ, xj)

]

{2σg2(β, θ, xj)} = 0 . (5.18)

Analogous to our previous developments, we may identify

{Yj − f (xj , β)}2 \response"

σ2g2(β, θ, xj) \mean function"

2σg2(β, θ, xj) \gradient of mean function"

{2σ4g4(β, θ, xj)}−1 \weights"

That is, disregarding β and thinking only of estimation of σ2, the resulting estimating equation has the

same form as before, with \regression parameter"σ2.

JOINT ESTIMATING EQUATION: Under the likelihood perspective, estimation ofβ and σ would be

carried out jointly by solving together in β and σ the equations (5.5) and (5.18). Because the form

of (5.18) has the same, general form, we may write the entire set of equations to be solved jointly as

follows. Here, we writefj = f (xj , β), gj = g(β, θ, xj), etc. for brevity.

n∑

j=1




fβj 2σ2g2

j νβj

0 2σg2
j





︸ ︷︷ ︸
DT

j




σ2g2

j 0

0 2σ4g4
j





−1

︸ ︷︷ ︸
V −1

j




Yj − fj

(Yj − fj)2 − σ2g2
j





︸ ︷︷ ︸
sj − mj

= 0. (5.19)

The matrices Dj , V j , sj , and mj have the same interpretations as before: \gradient," \covariance

matrix," \response," and \mean," respectively. The \respo nse" sj and the \mean" mj are the same as

before. The \covariance" matrix V j is again that of sj under the assumption of normality.

Note that the estimating equation for the \ β part" has both linear and quadratic terms in Yj , while the

equation for the \ σ part" has only a quadratic term. This is re°ected in the form of DT
j : the top (p×2)

\row" has entries in both columns, corresponding to the linear and quadratic terms in the equation for

β. In the second, (1×2) \row," the \linear" position contains 0, so that the entry in the second column

corresponds to the single, quadratic term.

The equations (5.19) re°ect the assumption of normality as before, through the form of the matrix V j .

Thus, although we do not pursue this now, note that we may consider joint estimation of β and σ under

di®erent assumptions (e.g. relaxing normality to symmetrywith excess kurtosisκ as above) by simply

modifying the form of V j .
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Note that solving (5.19) in practice is likely to be fairly complicated. We take up this issue in Chapter 6.

JOINT GLS ESTIMATING EQUATION: Now consider the GLS estimating equation forβ. If we ¯rst

solve the GLS equation (5.4) forβ, and then solve the equation (5.18) forσ, substituting β̂GLS for β,

we are e®ectively solving these two estimating equations jointly.

• However, this is surely considerably easier than solving (5.19) or variants thereof, which use a

quadratic, rather than linear, estimating equation for β.

• In particular, using the linear GLS equation, as we have noted previously, estimation of β and σ

\separate."

We may in fact represent joint solution of the GLS equation with (5.18) in a fashion similar to (5.19).

Speci¯cally, it is straightforward to verify that these two equations, stacked on one another, may be

represented as

n∑

j=1




fβj 0

0 2σg2
j





︸ ︷︷ ︸
DT

j




σ2g2

j 0

0 2σ4g4
j





−1

︸ ︷︷ ︸
V −1

j




Yj − fj

(Yj − fj)2 − σ2g2
j





︸ ︷︷ ︸
sj − mj

= 0. (5.20)

A major di®erence between (5.20) and (5.19) is that the matrix Dj here no longer has the interpretation

as the \gradient" of the \mean function;" the ¯rst p rows in the second column are equal to zero. It is

this feature that \zeroes out" dependence of the linear GLS equation on the quadratic term in Yj .

We may still write the set of equations this way, of course; it is just the gradient interpretation that no

longer applies.

Note also that the \covariance matrix" V j is diagonal here and corresponds to that for normality.

Recall that, for estimating β with GLS, we needed only concern ourselves with the ¯rst two moments

dictated by the mean-variance model. If we now consider jointestimation of σ and β by solving the

GLS equation and then substituting β̂GLS into the quadratic equation for σ, we see that additional

assumptions are being tacitly made.

First, the representation in (5.20) makes explicit that the procedure of jointly estimating β and σ

by GLS and using the equation that arises from the normal loglikelihood relies on the assumption of

symmetry, so that the o®-diagonal terms ofV j are zero and thus the GLS equation remains linear and

the σ equation depends only on the quadratic term inYj .
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It also relies on an assumption that is a little weaker than normality but still restrictive. In particular,

with V j diagonal, it may be veri¯ed that, as long as the lower (2, 2) element of V j is proportional to

σ4g4
j , where the proportionality constant is the same for all j, the resulting estimator for σ still satis¯es

the familiar form (5.17).

If we consider both sets of equations (5.20) and (5.19), notethat if the o®-diagonal elements ofV j were

replaced by non-zero values, both sets of equations would become considerably more complicated. In

fact, the equations for both β and σ would involve both linear and quadratic terms. We will return to

this issue later.

5.5 Update

We are again in a position to update the (2× 2) table cataloging possible approaches to inference in

mean-variance models of the form (5.1).

θ known θ unknown

g does not depend onβ \Weights" known: WLS ?

g depends onβ Linear equations: GLS, IRWLS, QL Next up

Quadratic equations: Normal ML

and generalizations
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