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Section 1 - Preliminary Set Theory:

1.1

Let €2 be an abstract set of elements w . In probability theory in general we
consider the set of all possible basic outcomes of an experiment and they will
constitute a set {1 known also as sample space. Each basic outcome is denoted by
w. Let A C € be a subset of 2. It consists of all those elements w which
belong to A. Thus if the result of the experiment leads to a basic outcome w
which belongs to A ie. if w € A, then we say that the event A has occurred. If
the experimental result is an cutcome w ¢ A then we say A° i.e. complement of
A has occurred. Thus A°={w: wed, w¢ A}. Let B beasubsetof Aie.
B C A. Thenany w C B alsobelongsto A thus we say that the event B

implies A. Thereforeif B = A then B C A.

Let us now consider a family of sets or equivalently of events. Lat 7" be a fixed
set called index set. For example let 7= {1,2,...,n} then we can construct a
family of sets consisting of {/—ll, Asyon, A,_} or we can denote this family by
(A)ter where we know the index set 7°. The union of two sets A; and A
written by A; U Ay = {w : where w € A orw € B, including those w's which
belong to both}. In the language of probability theory it may be described as the
occurrence of at least one of the events A; or A,. Similarly the simultaneous
occurrence of both events is denoted by the intersection of events A; N A;. Note
that Ay UAs =AU A A NAy =AM A, also

ATUAN U A3 = A U(A U Ag) These are known as commutative and

associative laws and these laws also hold good for intersection operation also.



Two sets A; and A, are said to be disjoint if 4, N A, does not have any peint.
A set consisting of no points is called the null set and is denoted by @. In
probability theory disjoint sets are known as mutually exclusive events. We also
know A;NA =AUA =4 AiNQ=A, andif A C A, then

Al UA; = Ay and A; N Ay = A, Further more it is easy to establish

AN{AUA) = (AN A U (AN A;s)
and ArU(Asn Az) = (A1 U A) N (A U A3)

(A7) = Ay, §°=Q and Q°=0.

AU A =Q andif A; C Ay then A° D A

Important relationships such as Demorgan's law can also be shown to be true:
(A U A} = ATNAS
(A NAz)° = AU AS

All these operations may be viewed as the laws of set operations with
corresponding interpretation in the probabilistic language of events. Even though
we have defined unions and intersections of two sets, it can be easily extended to

any number of sets. Thus if 7' be any arbitrary index sets then

U A= {w: we A4 foratleastone t € T'}
teT

N_Ar={w: we A, forall t €T}
teT

Thus if T = {1,2,...,n} then UAT=A1UA2U... U A,
te



and N A=A NA N A3, NA,.
tETt 1 2 3 n

If 7= {1,2, 5 N } then ; ?T A, = {w . w & A, for some finite n}

Note that even though we write U 1An, we are not postulating the existence of
n =

aset A

00
Similarly M 1An = {w . w e A, for all finite n}
n =

If T=0ten U A =0 and N A, is defined to be €.
teT =10 teT=0

A family {4}, . issaid to be a disjoint family if A, N A = @ and also

teT
Atl M Ayo is denoted by A Az,

In the case of disjoint family U A, will be denoted by >~ A,
teT teT

Demorgan’s law holds good for any index set T, 1.e.

c <
( U At> = 1_A7 and ( N At> = U__A{ whether T is
tefl tefl teT te’fl

finite, countable infinity or uncountable infinity.

The difference between two sets 4 and B denoted by

A-B={w: wedand w¢g B} =A—(ANB)=AB°= (AUB) - B.



1.2

The symmetric difference two sets A and B is denoted by

AAB = (A-B)U(B—A) = (AB°) U (BA°).

Note AAA=0, AAB=BAA andalso AU (BAC) ={AUB}A(AUC)

Limits and convergence for a sequence of sets:

A detour: Let us first consider limits of a sequence of real numbers. Let  {u, }
be a sequence of finite real numbers. The sequence is said to be monotone
increasing if un+; > u,. Sometimes we distinguish between monotone
nondecreasing and monotone increasing sequences. If u,.; = u, then {un} is
monotone nondecreasing; denote it by u, andif unyy > u, then {u,}is
monotone increasing; denote it by u, T . Monotone increasing {nondecreasing)
sequences always have a [imit though it may be + oo. In most situations we
denote a monotone increasing or monotone nondecreasing sequence {u,} by the

same notation u, T .

A number is said to be least upper bound for a monotone nondecreasing sequence
if forevery € > 0 there exists at least one element of the sequence, say wu,,, ng
finite such that wu,, > a — ¢ . Note that this statement implies that there is
infinitely many wu,'s greater a — e since there has to be an element > a — o
for every n. A monotone nondecreasing sequence with a finite lub (least upper
bound) has a limit and is equal to the least upper bound. Similarly we can define a
monotone decreasing (nonincreasing sequence} of real numbers and such

asequence with a finite greatest lower bound has a limit and is equal to the

greatest lower bound.



Now if we have an arbitrary sequence of real numbers {u1}, then from this
arbitrary sequence, we first construct two sequences based on the sequence {un}

according to the following scheme:

Let

ulzsup{ul,ug,...,un} : w1=Inf{ul,u.g,...,un,...}
up = sup{us, ug;...,.. )3 wy = Inf{ug, ... un, ... }
ug = sup{us, us, ...,... }

Un = SUP{ s, Unst, ... } ; wy = Influn, wper, .o ho0 )

Note that %, is monotone nonincreasing or decreasing whereas v, is monotone
nondecreasing or increasing. We shall indicate that by the notation:

un, | and w, 7. Nowif w, has a finite greatest lower bound (glb) = ug then
U, | ug. Similarly w, T wy where wyg is the lub of w, sequence.

Now uy = limu, = limsupu, and wy = limw, = liminfu,.

If ug = wy then the common value is called the limit of the arbitrary sequence
{uo } In fact an arbitrary sequence of real npumbers can have many limit points.
All the limit points will lie between lim supu, and lim infu,. So if these two
limits are equal then all the possible limits points will have the same value and in
that case the common value is called the lim u,. Note that lim supu, and

lim infu, always exist though they may not be equal. When they are not equal

then the limit of the sequence does not exist.



Limit of a sequence of sets:

Consider a sequence of subsets {An}. This sequence is said to be monotone
nondecreasing if A; € Ay C A3 C .... The limit of this sequence of sets is

00 0o
givenby U . Ay, Note that the limiting set U lAn is a subset of ().
n = T =

A point -we?LrLJAn if we some A,, where m is a finite integer. But since

A, 7 then wed; forall k=m,m-+1,.... . That is each w in the limiting
set belongs to all but possibly a finite number of A, and hence w belongs to
infinitely many sets of the sequence {An}. Similarly the sequence {An} is said
to be monotone nonincreasing if Ay D As D A3 D Ay D ..., (denoted by

A, 1), The limit of the sequence of sets is given by Or? 1An. In this case a w
n =

belonging to only a finite number of sets in the sequence {An} cannot belong to
the limiting set. So for monotone sequences the limiting set is well defined.
Consider now an arbitrary sequence of sets {An}. Again we shall construct from
this arbitrary sequence two other sequences of subsets of {2 which will be

monotone, one monotone nondecreasing and the other monotone nonincreasing.

Let B = U A Ci= 1 A,

By= U A, Ch= 0% A,
n=>=2 n=2

B.= U A, Ce= T A,



Note that { B} is monotone nonincreasing as By 2 B, 2 B3 2 ... and
similarly {C,} is monotone nondecreasing.

00 o0 00
The limit of {Bn} = N an = N U nAm and this is known as
n = n =

=1m

o0
N

¥

lim sup A, Similarly the limitof {C,} =T G, = Ap andis

n=1m=n

known as lim inf A,. Now if these two limiting sets are equal then this common

set is known as lim A4,. Notethatif A, T then

© 0 Ba= U Ay also Co= TA=4, - UC= Udn

1 n

Sofor A, 7, limsup A, = liminf A, = ‘El?An.

Similarly if A, | then B, = A, .. limB,=1 B,=10 A,
n=1 n=1
and C, = %O Ay = Ap UC,= N _A,
k=n © k=1 1 n=1

o0
Slimsup 4, = liminf 4, = N lAn.
n =

Note that every point w e (! may be classified according to the following scheme:
(1) w may not belong to any of the subsets A,. (2) w may belong to only

finitely many subsets A,. (3) w may belong to infinitely many subsets of the

sequence of { An} and may not belong to infinitely many subsets of the sequence



{An}. As an example w may belong to A, A3, A5, ..., Aonyy, ... and w may
not belong to Ag, Ag, As, ..., Aon, ... (4) w may belong to infinitely many

subsets of {A,} and may not belong to only finitely many subsets of {4, }.

Now limsup A, consists of all those points w which belongs to infinitely many

{A,} .. itconsists of those which belong to category (3) and (4) where as

lim inf A,, consists of all those w's which belong to all but a finite number of the

sequence of sets {An} and so belong to category (4). Now if w € liminf 4,

then w S o Ap, for some finite ng = w must belong to infinitely many
=Tng

Ay's. Hence w € limsup A,.

Hence liminf 4,, C limsup 4,.

Example: Consider two subsets B and C'.

Let Agn.,Ll:B for n=0,1,2,...,...
AQrL—C
U A,=BUC . limsupd,.=0_U A,=BUC
" =n M=
Now B A.=BnC - liminfd, =0 B A,=BAC
m=n n=1m=n

. in this case lim sup A, # lim inf A, unless B = C.

Now if BNC = { thenlimsup A, = BUC and liminf A, = 0.



