
ST 778. Fall 2007. 

Midterm exam. Dr. Fuentes. . 

/(20 points) If A l , A 2 , .  . are independent events, and we define pn = n-l x:=, P ( A ) ,  

and N, = z=l la,. Then, show (and justify) that 

P n  
n-'N, - Q, --+ 0, 

where the convergence is "in probability". 

2. (20 points) Assume a sequence {X,) of independent identically distributed simple 

Random Variables (Bernoulli trials), such that P(Xn = 1) = p, P(X,  = 0) = 1 - p. 

We say X, is a success, when X, = 1. Let S, be the variable with the number of 

successes in n trials. Show that (explain what theorem you are using), 

where the convergence is "with probability 1". 

3. (35 points) Consider the Real line R and let Cl ,  Cz and C3 be the three clssses of 

subsets of R described below, 

Cl = { the class of all open intervals with real end points ) 

Cz ={the class of all open intervals with rational end points ) 

C3 = {the class of all single point sets }, 

and consider the class of sets 2) of the real line, where 

D ={ A: where A is countable or the complement of A is countable ). 

Prove that a(C3) = V. 



Show that u(C1) = u(C2) but u(C3) C u(C1) (this is a PROPER inclusion). 

Find a set in u(C1) which is not in u(C3). 

If X is the Lebesgue measure on the bore1 subsets of the real line, then prove that if 

A ~ u ( C 3 ) ,  then X(A) = Oor +co. 

/(25 points) Let Al, Az, A*. . . be a sequence of measurable sets in a measure space 

( ~ , A , I L ) .  

Let m be a fixed positive integer. Define X(w) = zgl la,(w), where l ~ ,  is an 

indicator function. Let Bm denote the set of those points of 0 that belong to  An for 

at least m of integers n, i.e. B, = {w : X ( w )  = Cr==, lAn(w) 2 m). 

Show first that Bm is measurable (belongs to u-field A), and that 














