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first associates of both ©

ON A CHARACTERIZATION OF THE TRIANGULAR ASSOCIATION SCHEMEl

By S. S. Shrikhande

1, Introduction.

A partially balanced incomplete block design with two associate
classes /1 7 is said to be triangular /2 7 if the number of treatments
is v = n(n~1)/2 and the association schemelis an array of n rows and n
columns with the following properties:

(a) The psoitions in‘the principal diagonal are blank.

(b) The n(n-1)/2 positions above the principal diagonal are filled
by the numbers 1, 2, ..., n(n=1)/2 corresponding to the treatments.

(¢) The array is symmetric about the principal diagonal.

(d) For any treatment x the first associates are exactly those
treatments which lie in the same row and same column as X.

It is then obvious that

(1) the number of first associates of any treatment is n1= 2n-l;

(2) with respect to any two treatments 91 and 92 which are first

associates (denoted by (Ql, 92) = 1), the number of treatments which are

first associates of both Ql and 92 is

1 -
Py (675 ©) = n-2

(3) with respect to any two treatments 6. and Qh which are second

3
associates (denoted by (93, Qh) = 2) the number of treatments which are

32 Qu is

o) (055 8,) = ke

1. This research was supported by the United States Air Force through
the Air Force Office of Scientific Research of the Air Research and Develop-
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In an interesting paper Connor Zr3;7 has shown that if n > 9, (i),
(ii) and (iii) above imply (a), (b), (c) and (d), i.e., the association
scheme is triangular. In this pgper we derive a theorem and utilize it

to prove that Connor's result is true for the cases n = 5, 6.

2. A Characterization of the Triasngular Association Scheme.

Theorem. 4 necessary and sufficient condition that a partially "
balanced incomplete block design for n(n-1)/2 treatments with parameters
given by (1), (2) and (3) above, has triangular association scheme is
that the first associates of any treatment x whatsoever can be divided
into two sets (yl, Yps eees yn-2) and (zl, Zoy eess zn_a) such that
(yi, yj) = (zi, zj) =lfori#j=121,2, eaey, n=2,

Proof. Necessity is obvious. We now prove the sufficiency.
> Y N * 1-‘ l -
Since y, has (n-3) first associates vy and pll(x, yi) =n -2,y
has just one treatment from the other set say z, such that (yi, zi) =1

and (y., 2,) = 2 for j # i. Now suppose that (y. , 2,) =1 for i,=-1.
F R il i 1

Then 2, has ¥yo yil and zj, j #1for its first associates giving the

value pil(x, zi) = n ~ 1 which is a contradiction. Hence we can pair off

the treatments of the two_sets such that
(yi, 21)31, (yi, ZJ)=2, i%j=l, 2, oo.,n"20

We will use this fact repeated below. Further it is obvious that if the
first associates of ‘any treatment san -be divided into sets as szbove, this
diviSion'into Wwo seds can be done into a unique manner.

For simplicity let us assume that the first associates of 1 are given

by the two sets
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(2, 3, ¢evey (n=1) and
(n, n"‘l, vy (2n-3))

vhere any two treatments in the same column are first associates and two
treatments from different columns are second associates. We will adopt
this method of writing to indicate the relationship of the two treatments

from different sets.

We now write the rows

x 1 2 3 (n=1)

1 x n n+l 2n-3

Now amongst the treatments occurring so far the first associates of

2arel, 3, 4y esey n=l and n. Let the remaining first associates be (2n-2),

(2n-1), ..., (30~6). Assume without loss of generality that
(3, 221-2) = (h, zn"l) R a0 = (n‘l, 31'1-6) = l
then we form the third row by putting 2, n and x in the first three positions

respectively and placing (2n-2), (2n-1), ..., (3n=-6) below 3, 4; «.., (n=1)

respectively. Thus we have the three following rows

x 1 2 3 L (n-1)
1 X n n+l n+2 2n=3
2 n X én-2 2n-l 3n=b .

We note that x occurs in the principal diagonal positions and the array

written so far is symmetric and that the new first associates of 2 are
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written after the position of the x in the third row.

Now con@idexr the first associates of treatment 3. The only treat-
ments till now which are first associates of 3 are 1, 2, by eesy n-1,
n+l, 2n-2, Let the remaining (n-L) first associates be (3n=5), (3n=4), ..,

(bn=10). The two sets of first associates of 3 are

b ,2 , 4 , 5 (n-1) ) and
(n+l , 2n-2 , 3n-5 , 3n=k, (hn-lﬂ))

where we can assume without loss of generality that the treatments in the

same column are first associates. We now write down the fourth row to give

1 2 3 N (n-1)

X

1 X n n+l n+2 (2n=3)

2 n x 2n-2 2n-l (3n-6)

3 n*l  2n-2 x 3n=5 (ln-10) .

The same method can be used to'write down the other arrays corresponding

to by 5, +esy (n=l) respectively. It is easy to see that all the positions
above the principal diagonal are filled in with the numbers 1, 2, ..., n{n=1)/2
occurring just once. Thus conditions (a), (b) and (c) are satisfied.

Further any treatment x occurs just in one position above the principal
diagonal say in row i and column j(# i), Then it also occurs in row j

and column i, Hence the first associates of x are all the treatments of

row i and all the treatments of row j. By symmetry the treatments of

column j are exactly those occurring in jow j. Hence the first associates

of x are exactly those treatments which occur in the same row and same
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column as x. Thus (d) is also satisfied. Hence the association scheme
is triangular. This completes the proof.
It is easily scen that this theorem is equivalent to one given by

Connor /3 7. 1In the present form, however, it is more directly useful.

3. Uniqueness of the Triangular Scheme for n = 5,

Lemma 1. The first associates of any treatment whatsoever for the

design with parameters

(301) v = 10, nl = 6’ n2 = 3’

1 2 _
Pij =L3 2 ) , Pyl 2 )
1 0

can be divided into two sets of three each such that any two treatments
of the same set are first associates.
Proof: Assume that first associates of 1 are 2, 3, 4, 5, 6, and 7
of which 3, 4 and 5 are first associates of 2 and 6, 7 are second associates

of 2. We then have

(1,2) = (1,3 = (L, W = (1,5 = 1,6 = 4,7 =1
(2,3) = (2,L4) = (2,8) = 1
(2,6) = (2,7) = 2,
We show that (6, 7) = 1. Suppose not, then (6, 7) = 2 and 2 is

second associate of both 6 and 7 contradicting pgz (6, 7) = 0. Thus we

must have
(6, 7) = 1.
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Congider the pair (1, 6) = 1. 7 is first associate and 2 is second
associate of 6. Hence 6 has two first agssociates and one second associate
from the set (3, 4, 5). Assume that

(6, k) =2
and hence

(6, 3) = (6, 5) =1.
Similarly 7 has two first associates and one second associate from the set
(3, 4, 5). We show that }; cannot be second associate of 7. For if (7, L)
= 2, then (6, 7) =1 and 2 and } are common second associstes of both 6 and
7 contradicting p%2(6, 7) = 1. Hence we must have

(7, L) =1 ,
and hence 7 has one first associate and one second associate from the set

(3, 5).v We can assume without loss of generality that
(7: 3)32, (7, 5)=1 .

‘Then we have the set (5, 6, 7) such that any two treatments of the set are
first associates. Now we consider the set (2, 3, L). We already know
that (2, 3) = 2, i) = 1. We now show that (3, L4) = 1. Now the common
first associates of 1 and 5 are 2, 6, 7. Hence 3 and L are second

associates of 5., Hence we must have

(3: h) =1

in the same way as we obtained (6, 7) = 1 above. Thus (3, 3, 4) is another
set of first associates of 1 such that ahy two members of the set are first
assoclates. A similar result is true for any other treatment. This proves

the Iemma.
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An appeal to the theorem now gives the corollary:
Corollary. A partially balanced design with parameters (3.1) has

triangular association schemse.

k. Uniqueness of the Triangular Association Scheme for n = 6.

Iemma 2. The first associates of any treatment whatsocever for the

design with parameters

(Lo1)

g
|

...ls, n1=8’ n2=6

s
L

1 2 _ .
3 1

can be broken up into two sets of four each such that any two treatments
of the same set are first associates.

Proof: Assume without loss of generality that the second associates
of treatment 1 are the treatments 10, 11, 12, 13, 14, 15. and those of 10

are 1, h, 5, 8, 9, 15 so that 15 is the only common second associate (since

2
Poo

are second associates. Then considering the pairs (1, 10) and (1, 15), it

= 1) of both 1 and 10. Hence any two treatments of the set (1, 10, 15)

is easy to see that 11, 12, 13, 14 are first associates of both 10 and 15.
Now (1, 11) = 2 and 10 and 15 are first associates of 11. Hence from the

value pil(l’ 11) = L4, we see that 11 has two first associates from the set
(12, 13, 14). Let these be 12 and 13 so that

(11, 12) = (11, 13) = 1, (11, 1) = 2 .
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Now (1, 14) = 2 and as before 1l has two first associates from the set
(11, 12, 13). These are obviously 12 and 13 since (1h4, 11) = 2. Hence

we have
(12, 1b) = (13, k) =1

Similarly considering the pair (1, 12) and noting that (12, 11) =

(12, 14) = 1 we get
(12, 13) = 2 »

A1l the above information can be easily read by writing the second

associates of 1 in the following scheme

1 10 15

11

S.: 1 .
i

13

The explanation of the scheme is as follows. Treatments 10, 11, ..., 15 are
second associates of 1, where 11, 12, 13, 1l are first associates an& 15

is the second associate of 10. We write 10 and 15 in the row in the second
and third positions respectively. Treatments 11, 12, 13, 14 are also first
associates of 15. Further any two treatments of the set (1, 10, 15) are
second associates.0f the six pairs from the set (11, 12, 13, 1&), only

those marked by straight lines on the left are second associates while the
remaining four pairs are first associates. The relations”impliedﬂpyn§l

are written completely as follows
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(Le2) (1, 10) = (3, 11) = (12) = (1, 13) = (1, 1b) = (1, 15) = 2
(10, 15) = 2, (10, 11), = (10, 12) = (10, 13) = (10, 14) =1
(15, 11) = (15, 12) = (15, 13) = (15, 14) = 1
(11, 1y) = 2, (11, 12) = (11, 13) = 1
(L, 12) = (1h, 13) =1, (12, 13) = 2 .

Now among the seven treatments above the only second associates of
15 are 1 and 10. Iet the remaining four second associates of 15 be 2, 3,
6, 7. Then as before 2, 3, 6, 7 are first associates of both 1 and 10.
Without loss of generality assume that (2, 7) = (3, 6) = 2 and hence
(2, 3) = (2, 6) = (7, 3) = (7, 6) = 1. Hence we can represent the second

associates of 15 in the following scheme

15 1 10
2

7
3
6
The new relations implied by 82 are

(1 3) (15, 2) = (15, 3) = (15, 6) = (15, 7) = 2
(1, 2) =(1,3)=(3,6)=(1,7) =1
(10, 2) = (20, 3) = (10, 6) = (10, 7) = 1
(2, 7) =2, (2,3)=(2, 6) =1
(7, 3) = (7, 6) =1, (3,6) =2 .
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We now consider the relation of any treatment from the set (2,3,6,7)
with any treatment of the set (11, 12, 13, 14).

Now (1, 2) = 1 and 10, 15 are respectively first and second associates
of 2. Hence from the value p12(2, 1) = 3 and p§2(2, 1) = 3, we ses that 2
has exactly two first associates and exactly two second associates from the
set (11, 12, 13, 14). Suppose we have (2, 11) = (2, 14) = 1 and hence
(2, 12) = (2, 13) = 2. Then since (12, 13) = 2 and the common second asso-
ciates of both 12 and 13 are 1 and 2, we get p§2 = 2, Hence a contradic-
tion. We get a similar contradiction if we assume that 11, 1l are second
associates of 2. Hence the only possible case is that 2 has just one first
associate and just one second associate from each set (11, 14) and (12,13).

We can assume without loss of generality that

(h-h) (2’ 11) = (2, 12) =1, (2: 1’4) = (2, 13) = 2,

Now consider the pair (15, 11) = 1. Here 1 and 10 are respectively
second and first associates of 1l. Hence as before of the remaining four
second associates of 15, i.e., 2, 3, 6, 7 exactly two are first associates
and exactly two are second associates of 1l. 4 similar argument gives
that 11 has exactly one first associate and exactly one second associate
from the sets (2, 7) and (3, 6). But we already have (11, 2) = 1 and

we must have

(L.5) (1, 7)=2.

A similer argument considering the pair (1, 7) = 1 gives



(u‘;) (7, 1&) = l
In the same manner we also get
(Le7) - (7,13) =1, (7,12)=2.

We thus get the relationship of any treatment from the set (2, 7) with any
treatment of the set (11, 12, 13, 14). A similar argument shows that 11
has just one first associate and just one second associate from the set

(3, 6). Without loss of generality we can assume that

(L.8) (11, 6) = 1 , (11, 3) = 2,
(1h9 3) = 1 s (lh: 6) = 2 .

Now the relationship of 3, 6 with 12, 13 remains to be determined. Obviously

we have the two following possibilities., Either

(h'9) (A): (6, 12) = (3, 13) = 1, (6, 13) = (3, 12) = 2
or

(,-1010) (B) = (63 12) = (3: 13) = 2, (6: 13) = (3, 12) =1 .

We now proceed to show that case (B) is impossible.
Amongst the eleven treatments occurring so far the only second
associates of 10 are 1 and 15. Hence the remaining second associates of

10 are L, 5, 8, 9. Of the six possible pairs just two of them are second

associates. Assume without loss of generality that

(L.11) (by 9) = (5, 8) = 2
(b, 8) = (L, 8) = (9, 5) = (9, 8) = 1.



We can represent this by

(L.11) 10 15 1
lh
SB= 9
8
5 .
Also we can assume with loss of generality by considering the pair

(10, 11) = 1, that
(b.12) (11, 4) = (11, 8) = (1, 9) = (1L, 5) =1
(11) 9) =(11, 5)=(lh, h) = (114, 8) =2,

We note that the relations (L.11) and (L4.12) do not depend in any manner

on the relation(B). We summarize the information given by (L4.2), ...,

(L.8), (L.10), (L.11) and (L.12) in the following table in columns 1,

2 and 5.
. Table 1
Treat-]  First Associates ~Second Associates
ment e
Col- Col- Col- | Col- Col- }cor- |co1-
umn 1 um 2 um 3| umn by um 5 yum 6 | umn 7
1 |23L56789[ ¢ lo1niziziis
2 |1 3 6 101112 ; 7 13 14 15
3 12 7 101214 6 11 1315
I 1 5 8 1118 13 12 t9 1014 12 13
5 14 9 1415 13 | 12 {8 1011 12 13
6 1 2 7 101113 3 12 14 15
7 13 6 101314 | 2 1112 15 .
8 |14 9 1118 12 13 (5 101 13 | 12
9 15 8 1415 12 13 |4 1011 13 12
10 2 3 6 7 111213 1L 14 5 15
n 2 4k 6 8 10121315 13579 1
12 2 3 10111415 89 { ko5 l1 6 7 13 LS | 89
13 6 7 101114 15 ‘LS5 | 89111 2 3 12 89 [ 45
1L 357 9 10121315 12 4 8 11
15 L 5 8 9 1112131, é 123 6 7 10
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We now consider the possible relationship of the treatments 12, 13

with the treatments 4, 5, 8, 9. We have the four possible cases

(1) (12, 1) = (12, 8) = (13, 9) = (13, 5) = 1
(12, 9) = (22, 8) = (13, b) = (13, 8) = 2
(11) (12, 9) = (12, 5) = (13, 4) = (13, 8) =1
(12, 1) = (12, 8) = (13, 9) = (13, 5) = 2
(111) (12, 8) = (22, 9) = (13, 1) = (13, §) = 1
(12, L) = (22, 5) = (13, 9) = (13, 8) = 2
(iv) (12, 8) = (12, 9) = (13, L) = (13, 5) = 2

(12, 4) = (12, 5) = (13, 9) = (13, 8) =1 ,

Of these case (i) is impossible, since otherwise from table 1 and
columns 1 and 2 we see that (11, 12) = 1 and 11 and 12 would have five
common first associates contradicting p%l= 4. Similarly case (ii) gives
(11, 12) = 1 and pil(ll, 12) = 3. We are thus left with only case (iii)
and case (iv).

We now consider case (iii). The information given by this is entered
in columns 3 and 5. We now consider the possible relationships of 2 and

7 with L, 5, 8, 9. We have the following cases to be considered.

(a) (2,9)=(2,5) =(7, L) =(7,8)=12
(2, 4) = (2,8) =(7,5)=(7,9)=2
(8) (2, 9)=(2,5) = (7, L) =(7,8) =2
(2, 4) = (2,8 =(7,5)=(7,9) =1
(v) (2,9)=(2,8) =(7, ) =(7,5) =1
(2, 4) = (2, 5)=(7,9) =(7,8) =2
(8) (2, 9)=(2,8) =(7, 4)=(7,5) =2

(2’,4)"’(2;5)"'(7,9)=(7a8)=1 .
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Referring to table 1 and columns 1, 2, 3, 5 and 6 we see that (1h, 2)
= 2 and cases (a) and (B) give pgz(lh, 2) = 2 and O repectively giving
a contradiction since pga = 1. Similarly (13, 2) = 2 and (y) and (5)
give p§2(13, 2) = 0 and 2 respectively, again a contradiction. Hence we
see that case (iii) is impossible.

We now suppress the information in columns 3 and 6 and put down the
information given by case (iv) in columns L and 7. With case (iv) we again
consider the cases (a), (B), (y) and (6). We now look up columms 1, 2, 4,
5, 7 of table 1. Again (1, 2) = 2 and (a) and (B) give pgz (1, 2) = 2
and O respectively. Similarly (13, 2) = 2 and (y) and (6) give p§2(13, 2)
= 2 and O respectively. Hence a contradiction again. Thus case (iv) is
also impossible. It is now clear that case (B) is impossible, and we are
left with case (A) alone. The relations (L4e2), «.., (4.9) now give the

following two sets of first associates of treatment 10.

(11, 12, 2, 6)
and (l)-l: 13, 7, 3)

where any two treatments from each of the two sets are first associates.

4 similar result can be proved for any treatment a by considering
its two second associates P and y where (B, y) = 2 and taking the four
remaining second associates of B and y which will be the eight first
associates of a. This completes the proof of lemma 2.

The application of the theorem now gives the corollary.
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Corollary. A design with parameters (L.l) has triangular associa-

tion scheme.

S. Uniqueness of Triengular Assoeiation Schems for m > 9.

A lemma similar to lemmas 1 and 2 can be proved for this case which
implies that the association scheme is triangular if n >9. The proof

is omitted, as another proof has already been given by Connor [ 3_7.
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