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ABSTRACT

Let PG(k-l, q) be the projective geometry of dimension k-l over the finite
field GF (q) where

q

is a prime power.

The flat spaces of PG(k-l, q) may be

characterized by the following
Theorem.

If F is a set of points in PG(k-l,q) which has a non-empty intersection

with every v-flat, then the number of points in F is greater than or equal to
(qk-V _ l)/(q-l).

Equality holds if, and only if, F is a (k-v-l)-flat.

It may be shown from this theorem that the Hamming codes which maximize n
for a given redundancy

r, q = 2, and minimum distance d = 4, are unique.

extension of the theorem shows that the MacDonald codes with d
(~ = 0,1, ••• , k-2) are unique.

= qk-l

_ qlJ,

An

1.
I.

GEOMETRIC THEOREMS

Since most researchers are probably more familiar with vector spaces than
with projective spaces, we recall the following well known 1-1 correspondence.
To each subspace of rank

s

in a vector space of rank k, there corresponds a

flat of dimension 8-1 in the (k-l)-dimensional projective geometry.

A one_dimen-

sional subspace, for example, corresponds to a projective point or O-flat.

Two

flats F and F are said to intersect in a flat F provided the subspaces corre2
l
3
sponding to F and F have the sUbspace corresponding to F as their intersection.
2
l
3
Every statement about the projective geometry PG(k-l,q) can be translated
into a statement about the vector space.

Indeed, following Baer (1952), we may

regard PG(k-l,q) as the projective geometry of subspaces of the vector space.
We '\-1ill make frequent use of the folloWing
Theorem

.q,.

Let r(A) denote the rank of a subspace A.

Then if

Sand T are

sUbspaces,
(a)

SeT and

(b)

reS) + reT)

r(S)

= r(T)

= r(Sn T)

imply S

=T,

and

+ reS + T) •

A proof of this theorem is found on page 18 of Baer (1952).
mean that

S is a subspace of T,

By S ~ T we

S nTis the intereect10n of S and T, and

S + T denotes the subspace spanned by S and T together.

Theorem 1.6 remains

true if the sUbspaces are considered as flats, and if for rCA) we write dim (A),
the dimension of the flat.
The connection between the above realization of a projective geometry and
the realization in terms of proportional coordinates is easily seen.

A SUbspace

of rank 1 consists of all vectors which are proportional to some non-null vector.
Any non-nUll vector in the subspace can serve as the basis for the subspace, or,
as the vector of coordinates of the corresponding projective point.

Subspaces of higher rank may be given in terms of basis vectors which are
independent and the refore not proportional.

Hence the corresponding flat is

defined in terms of distinct projective points.

Projective points are said to be

independent if the corresponding vectors are independent.
Alternately, a subspace may be defined as all vectors satisying a set of homogeneous linear equa.tions.

Since the equations are homogeneous, they may be

multiplied by non-zero constants without affecting the solutions.

And if a vector

satisfies the equations, then so do all vectors proportiona.l to it.
Carmichael

(1937)

gives a readable introduction to finite projective geo-

metrj.cs from this latter point of view 1 and the following formula which we will
need.
The number of s-flats in a given t-flat

(s ~ t) is

:W.,_" • ( qt+l-s - 1)
•••• (q - 1)

(l)

In partiCUlar, the number of points in a v-flat is
(qV+l _ l)/(q _ 1) •
In a

(la)

PG (k-l, q), the number of t-flats which oontain a given s-flat (s ~ t)

is

,
(q - 1)
as may be seen by dualiZing (1).

By specializing (2) we find tha.t in a PG{k-l,q),

the number of lines through a point is
(qk-l _ l)/{q _ 1),

(2a)

the number of v-flats on a (v-l)-fla.t is

(qk-V. l)/{q _ 1),

(2b)

and the number of (k-2).flats on a givenu-flat is
(qk-U-l _ l)/(q _ 1)

A (k-2)-flat in PG(k-l,q) is ca.lled a hyperplane.
of elements in a set S.
Theorem.l.

(2c)

•

Let 181 denote the number

We prove first a preliminary theorem.

If F is a set of points in PG(k-l, q) which has a non.empty inter-

section with every line of PG(k-l,q), then

l.F I>

- (qk-l - l)/(q - 1).

Equality

holds if, and only it, F is a hyperplane.
We note first that if F is a hyperplane it intersects ever.y line (by
Theorem 0) and

IF 1=

(qk-l..l)/(q_l).

Now let us suppose only that F

intersects every tine.

complementary set of F and let P be any point of 8.
are (qk-l.l)/(q_l) distinct lines I.

i

on P.

Let

8 be the

By formula (2a) there

By assumption each I. i

has a point

l in common With F o If Qi == Qj' then J. i == P~ == PQ j == I. j , which contradicts the fact that the lines J. i are all distinct. Hence the points Qi are
distinct and IFI ~ (qk-l_l)/(q_l).

Q

IF I

== (qk-l.l)/(q_l).

described above are all the points of F.

8ince P was an

Now suppose that F intersects every line and that
Then the points

Q

i

arbitrary pout of

8, we conclude that any line which contains a point of

contains but one point of F.

S

In other words, a line which is on two points of

F is contained in F. (The equivalent property in terms of vector spaces is that
if F contains two vectors it contains all linear combinations of them.)
shows that F is a flat space, and from the number of points it contains,

This
F is

clearly a (k-I)-flat or hyperplane. This completes the proof of the theorem.
Corollary"

If

8

is a set of

qk-l points in PG(k-l, q) which does not contain

all the points of any line, then S is the complementary set of a hyperplane.
Any set which contains more points contains at least one line.

4.
This is just a restatement of the theorem in tems of

F.

set of

S, the complementary

The number
k-l
q

It
s...:.!
_

_
-

k-l 1
9
q-l

q-l

is just the number of points in the complementary set.
Theorem 2.

If

is a set of points in PG(k-l,q) which has a non-empty inter-

F

section with every v-flat, then
only if,

F

I FI 2:

(qk-V_l)/(q_l).

Equality holds if, and

is a (k-v-l)-flat.

We note that if F

is a (k-v-l)-flat, it has a non-empty intersection with
(qk-V_ l )
every v-flat (by Theorem 0) and IFI =
\q-l'.
The remainder of the proof is by induction on
true if
for

v*

v = 0, and for
if

v*

Assume that

I FI
flat

F

Then, by the inductive hypothesis, there exists a (v-l)-

having no points in common With

P.

~

II , ... ,

2

We assume that it is true

has a non-empty intersection with every v-flat and that

formula (2b) there are
II l ,

v = 1 it reduces to Theorem 1.

The theorem is obviously

< v-l.

:s (qk-V_l)/(q_l).
L

v.

lIm'

F

since

IFI <

(qk-V+l_l)/(q_l).

(qk-V_l)/(q_l) distinct v-flats on L

m = (qk-V_l )

/«(i-1) • . B'lJ

in c·:>lllfoonwith F.

L

Figure 1

aSSUll1Ption eac."

By

which we denote by
IIi

).le.a

a point

5.
The points
since TI
i

P. are all distinct. for if
and TI
j

in common.

P

' i

1.

= P.J

,.,ould have the (v-l)-flat

Hence

F

L

then

TI.

1.

=

TI. by Theorem 0,
J

and the point

Pi

= Pj ,

not on L,

contains at least (qk-v_l)/(q_l) points, as asserted by the

theorem.
Now suppose
F

F

intersects every v-flat and that

is just the set of points

consider the lines QPi •
QPi are all distinct.

then G contains

described above.

1.

Since QP i
Hence if

belongs to

TI
i

Let

Q be a point on L, and

and

QP j

Ll

Now Q is not on
must have a point P.

1.

Then, by the inductive hypothesis,

which has no points in common with

L'

since

Q,

is on G.

comon with F.

is in

1.

lIence
Let

G'

The line

G is a {k-v}-flat.

G is.

longed to

G'

Q,'

and the (V-l)-flat

QP.

1.

G nG I

G n G1

= F.

Corollary I.

be a point on
lines

G and G'

it would lie on a line

Q,'P

i

Q'P •
i

This is a contradiction

L

distinct from

= Q,IQ,

and

Q,.

Then Gl is a (k-v)-flat

are not identical, since if

points

Pi

would be on

Q,
L.

beHence

P. all belong both t,:) G and Gl,
1.

is a (k-v-l)-flat which consists of just the points

Pi.

we

That

This completes the proof of the theorem.
If

S

is a set of

(qk_qk-V)/(q_l)

does not contain all the points of any v-flat, then
of a {k-V-l)-flat.
flat.

L'

and Gl is a flat space of dimension not greater than

(qk-V_l)/{q_l)

Since the

see that
is,

Let

The (k-v)-flats

the intersection of G
k~v-l.

Now

G, which is disjoint with Ll.

be the set of all points on the

just as

G.

Let 1:: be the v-flat QL I.

must have a common point, since both a.re subspaces of 1::.

Q,P.

does not, the lines

G is the set of all poi nts on the lines QP i'

G is not a. (k-v)-flat.

there is a {v-l)-flat

since

Then

[q(~-v_l)/(q_l)]+l = (qk-V+l_l)/{q_l) points.

First assume that

1::

P.

IF I = (qk-V_l)/(q_l).

points in
S

PG(k-l,q) which

is the complementary set

Any set which contains more points contains at least one v-

6.
This is just a restatement of the theorem in terms of

S, the complementary

set of F.
Corollary II.

If F

is a set of points in PG(k-l,q) such that if n is any v-

flat when the intersection

F nn

Equality holds if, and only if,

I FI

contains a u-flat, then
F is a (k-v+u-l)-flat.

To prove the corollary, let n be any V-flat and let L
is contained in

Since every

F

~ (qk-v+u_l)/(q_l).

be a u-flat which

n n • By the conditions of the corollary, such an

(v-u)-flat in n

has at least a point in common with L,

non-empty intersection with every (v-u)-flat in n

exists.
F has a

•

Since every (v-u)-flat is contained in some V-flat,
section with every (v-u)-flat.

L

F

has a non-empty inter-

Hence the corollary follows from the theorem on

replacing V by v-u.
The above corollary suggests the folloWing theorem.
Theorem 3.

If F is a set of points in PG(k-l,q) such that if n is any v-flat

then the intersection F nn contains at least

I FI

> (qk-v+u_1)/(q_l). Equality holds if, and only if,
We note first that if

F is a (k-v+u-l)-flat then

and if n is any v-flat then F nn
IF

(qU+l_l)/(q_l) points, then
F is a (k-v+u-l)-flat.

IFI = (qk-v+u_l)/(q_l),

contains at least a u-flat so that

nnl ~ (qU+l_l)/(q_l).
The

remainder of the proof is by induction on u.

reduces to Theorem 2.
a proof for

We assume that it is true fer

=0
u* ~

For u
u* if

u.

Let us assume that either

or
(b)

IFI

=

(~-v+U_l)/(q_l) and F 1s not a (k-v+u-l)-flat.

the theorem
u-l, and give

Then, by the inductive hypothesis for
(v-I)-flat

L

common with

u* = u-l, there eXists at least one

which has fewer than (qu*+l_l)/(q_l)

= (qU_l)/(q_l)

:points in

F.

By formula (2b) there are (qk"V...J.)/(.q_l) distinct v-l1ats
v-flats dave one point in

ot!:.€l'. than tile points of L.

COi,liJlOD

00;

No two of t~lese

L.

Since by

the assumption of the theorem every v-flat has at least (qU+l_l)/(q_l) points
in common with

F, we have

IF I

>

=

q

k-v

u+l

-I

q

q-l

[

k-v 1

q

q.. l

q k-v .. 1 - 1

q-l

=

-

The inequality is strict since
with

-l

q-l

q

k-v+u

J

_

.. 1

q.. l

L has fewer than (qU_l)/(q_l) points in common

Hence either of the assum~tions (a) or (b) leads to a contradiction, and

F.

the proof of the theorem is complete.
Corollary.

S

If

does not have more than
(v > u), then

S

(~i:._ql~-v+U)/(q_l) points in PG(k-l,q) which

is a set of

(qV+l_qU+l)/(q_l)

points in common with any v-flat

is the complementary set of a (k-v+u-l)-flat.

(qk_qk-v+u)/(q_l), then there exists a v-flat such that

Is nnl >

This is just a restatement of the theorem in terms of
set of

Is I

>

(qv+l_qU+I)/(q_l).

S, the complementary

F.

II.

APPLICATIONS 'ro CODES

Let V be an (n,k) code, that is, a subspace of rank
of all n- tuplettr;;f'ilt=J: GF(q).
matri:;~

If

k

of the vector space

V may be specified in terms of a II:·x n generator

G who6c rows are a basis for V,. oJ;' in terms of an r x n parity check

matr1x H where r

= nook.

A vector

~

H x = O.

belongs to V if and only if

8.
From (3) we see that if no d-lcolumns of H are linearly dependent, then
every non-null vector in V has at least d non-zero coordinates.

That is, the

code V is of minimum weight (or distance) at least d.
Consider the case d
we may consider the

~

3.

Then no two columns of H can be proportional, so

n columns as projective coordinates of n distinct points

in PG(r-l, q).
q = 2 so that there are 3 points on a line of PG(r-l,2).

Suppose
d

= 4,

the set

contain a line.

Then for

S of points whose coordinate vectors are columns of H must not
We want to maXimize the number

n of columns, and, by the

Corollary of Theorem 1, the only way to do this is to let S be the complementary
r l
set of a hyperplane in PG(r-l,2) so that n = 2 - • These are the distance 4
Hamming codes described in Hamming (1950) or Peterson (1961).
Now let us consider an (n,k) code
G.

A vector

~

belongs to V if and only if
~

where

c

V defined in terms of a generator matriX

is some row k-vector.

= .£

(4)

G,

If there are n-d columns

~i

of G such that

the scalar product
c • ~i

whereas £·~i ~ 0 for the other

=0

(5)

,

d columns of G, then ~ is of weight d.

(Scalar products and other matrix operations are to be taken over GF(q).)
If the i-th column .§i of G is replaced by

a~i

where

a

is a non-zero

element of GF(q), then the weights of the code vectors are unaffected since
.£.a~i

= 0

if and only if .£ •..§r = O.

coordinates of points in PG(k-l,q).

Hence the columns of G may be regarded as
(In fact, replacing ~i by a ~i has no effect

on the distribution of coset weights and hence on the probability of correct decoding,

cf. Burton (1964a) p,p., 24-25).

9.
Now let us note that if' b

is a non-zero element of G:F(q), then the code

vector
bx=bcG
~.

has the same weight as

Hence there are q-l code vectors corresponding to

under the different choices for

b.

c •Z =

If we regard the equation

°

n in PG(k-l, q), and the columns

as the equation of a. hyperplane

Eo

coordina.tes of points Pi of PG(k-1,q),

~i of

G as

then a necessary and sufficient condition

that the q-l code vectors corresponding to

c

be of weight at least

d

is that

n should not contain more than n-d of the points Pi.
Suppose we seek to find a code with parameters
k-1 u+1
d = q
-q
,where

u

is some integer in the range

Then in the Corollary of Theorem 3, let
and the v-flat be

k,

n= (qk_ qu+2)/(q_1), and
u

= -1,

0, 1, 2, ... , k-3.

S be the set of points

Pi'

181 = n,

n With v = k-2. Then n-d = (qV+1_ qU+1)/(q_1) so that
k

u+2

d = q -q

-

q

k-1

u+1

- q
q - 1

q - 1

and the code is possible if and only if

8

11';'1· u+l
= q
- q
,
is the complement of a flat of· dimen-

sion
k-v+u-1 = u + 1.
It is easily seen that

d

cannot be increased for the given nand k.

Corollary tells us that even if

n

is increased to n+1, then

d

In fact, the

cannot be in-

creased.
We have glossed over one pol.nt.
case the points

Pi

That is, the Corollary was only proved in

are all distinct which means that no two columns of the gener-

ator matrix are proportional.

What we have shown then, is that if the columns are

not proportional, they lll11St be the complementary set of a (u+1)-f1at.

10.
MacDonald (1959) and McCluskey (1959) give a description of these codes for
the case q

=2

which is equivalent to omitting a particular (u+l)-f1at.

See also

Peterson (1961).
The geometric theorems find other uses in coding theory in the papers by
Burton (1964a)" (l964b).

In the second of these, we must face squarely the problem

ot proportional columns or even

e~a1

columns, and further discussion is deterred

to that paper.
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