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O.

INTRODUCTION

This collection of research problEtms n8S1:>een prepared as a result of attending the lSI "Satellite Conference on Point Processes" held at IBM Watson
Research Labs 2-6 August, 1971, and an invitation to speak at the 1971 Annual
meeting of the Institute of Mathematical Statistics.

The problems described

arose from a great deal of stimulating formal and informal discussion at the
Point Process Conference and it seemed desirable to give them wider dissemination.

They are not in general due to me and nor can I be certain to have

formulated all of them accurately as originally posed.

But I hope that the

spirit will be adequately conveyed.
For convenience, the notation of Daley and Vere-Jones (1972) (abreviated
D & V.J.) is used freely.

I,

GENERALIZATI~ OF A THEOREr·1 OF RENvI

It seems worthwhile starting with a problem whose solution has been (more
or less) given.

In the usual notation

with sample realization N(A)
A ~ B = B(R) ,

will denote a point process,

defined (and finite a.s.) on bounded

the family of Borel sets of the real line

denote the family of finite intervals in
by

(n,F,F)

R,

and

R(F)

R.

We use

F to

the ring generated

F.
Renyi (1967) showed that any point process for which all the distributions

IP{N(A)

= k}

(A~R(F), k~z

= {O,l, ••• })

are Poisson-distributed with mean

B, finite on bounded
(i

= l, ••• ,r)

A~8

~(A)

(1.1)

where

~

is a non-atomic measure on

is necessarily a Poisson process, i.e.,

are independent random variables for disjoint sets

N(Ai )
Ai~R(F).

3
Counter examples due to Shepp (in Goldman (1967», Moran (1967) and Lee (1968)

4It

show that the
sets

distributions at (1.1) can be Poisson on the smaller class of

AfF without the process itself being Poisson.

Professor Matthes reported

at the IBM Point Process Conference that a student of his has generalized
Renyi's result in the following manner.
Let

(O,F,F ), (o,F,F )
1
2
point processes with
F1{N(A)
Then

= k} =

P1

= F2 ,

F2{N(A). k}

be two a.s. orderly (Definition 3.3 of D & V-J)

(all AfR(F),

k~z).

(1.2)

i.e., all the finite-dimensional distributions of the two pro-

cesses coincide.
It is worth noting in this result that orderliness is assumed, and that
orderliness plays an important role in Renyi's proof of his results using indicator random variables in a fashion akin to the technique in Leadbetter
(1968).

Without this assumption it would seem that Renyi's result, and a

fortiori the one quoted by Matthes, can no longer hold, for the counter-example to Renyi's question (relaxing (1.1) to AfF) shows that Poisson random
variables

X, Y, Z may have X+Y

=Z

without being independent.

The result quoted by Matthes also provides a partial answer to the fo1lowing question which I first heard from Dr. A.J. Lawrance and given succinctly
by Cox and Westcott at the Point Process Conference:

Does there exist a simply

stationary point process which is not strictly stationary, i.e., is it possible that the condition,
IP{N(Ai+t)

= ki ,

can be true for

i
r

= 1, ••• ,r}
= 1 without

is independent of t,
being true for all integers

(1.3)
r > 1?

4

~AT IS A 2-D RENEWAL PROCESS?

2.

There exist in the literature various multidimensional renewal theorems
(e.g. Bickel and Yahav (1965 a,b), Farrell (1964-1966) and Mode (1967»

that

are more one-dimensional in flavour as far as we are concerned here, for what
is done is to investigate e.g. first passage problems for sums of independent
identically distributed (i.i.d.) vector-valued random variables.

When the

mean is non-zero (which is the case with a univariate renewal process), these
sums are (roughly speaking) contained within a cone whose axis has the direction of the mean vector, so that in any region far away from the origin, there
will not any point of the process unless the region is in the neighbourhood
of the cone.

By the question which heads this section, we mean that we seek a

point process in R2 constructed via one or more sets of i.i.d. random variabIes such that all parts of

R2

are likely to contain points of the process.

(In the language of the rain-drop problem, if each point is taken as the centre
of a sufficiently large circle (= rain-drop), then there is to be positive
probability of being able to pass through circles without jumping from any such
circle to infinity in any direction: see e.g. Roberts (1967).)
In constructing realizations of a stationary point process in

R,

it is

often simpler to condition the process on having a point at the origin and
then to use non-negative random variables as the distances between consecutive
points.

The probability measure of a point process conditioned in this way is

the so-called Palm measure:

the stationary point process corresponding to it

can be obtained by relocating the origin at random on a large interval
and taking the limit T

~

2

00.

For a stationary orderly process in R

(-T,O)
with a

finite mean number of points in any bOlmded region the same remarks apply

e

(c.f. Papangelou (1972», except of course that in order to be stationary, we
need

5
=

ki~

i = l, •••

~r} is independent of t€R2
2
Ai€B(R)

to be true for all bounded

glecting the degen.erate case that

(2.1)
2

and (let it be emphasized)

Ne-

t€R •

lP is a zero measure (and hencen.otna15rob;.;.

ability measure), we cannot obtain (2.1) from the

2-D renewal processes

indicated above.
A construction that is commonly used for homogeneous Poisson processes in
2
R is to locate the points at the origin and at points with polar coordinates
(r ,6),
n n

where

distributed on

(n =

{6 }
n

and

(0 ,21T) ,

1,2, ••• )
r

2
n

are i.i.d. random variables uniformly

= Xl+ ••• +Xn

gative exponential random variables.

where

{X}

are i.i.d. ne-

n

In other words, points are located at

random on the perimeters of concentric circles, the annular areas between
neighbouring circles being i.i.d. exponential random variables.
generalization of this construction is to allow the

{X }

A possible

to be any family of

n

i.i.d. non-negative random variables with finite mean, but unfortunately appealing to Grige1ionis' (1970) theorem on superpositious of point processes
indicates that the distribution of N(Ai+S)

as

(i=l,. .. ,r)

t -+

00

""

con-

verges to Poisson (a proof of this assertion is, I suspect, messy).
Another possible construction which does lead to the required stationarity
properties in
(m, n
{y}

n

= 1,2, ••• )

2
R

without being Poisson is to locate points at

where

S

m

= Xl + ••• +Xm

T = Y + ••• +Y
n
n
l

and

(8

where

,T )
m n

{X } and
n

are independent sets of i.i.d. random variables, but of course this pro-

cess is degenerate in that points are located at the vertices of the rectangles
defined in the plane by the lines

x

= 8m

and

y = T
n

(m,n

= 1,2, ••• ).

It

could be called simply the direct product of two renewal processes.
A third possibility is to use independent sets of i.i.d. non-negative randorn variables and let the points be

e

8

mn = Xmn1+" .+Xmnm ,

T
mn

= Tmn 1+"

(8

nm

.+Tmnn

, T

mn
and

)

(m,n

= 1,2, ... )

{X
},
mni

{Y

mnj

}

where

6

(i

= 1, ••• ,m;

= l, ••• ,n;

j

m,n

= 1,2, ••• )

are the i.i.d. variables.

However,

appeal to Grige1ionis' (1970) results again appears to show that, provided X
and Y have non-arithmetic distributions, the distribution of N(A+t}
large

t

for

is again Poisson.

It is perhaps appropriate to comment on the non-negativity of the random
variables.

I have tried (Daley (1970}) to look at the distribution of the

distances between points in a point process with sample realizations conditioned by having a point at the origin and defined by the points

x1+•••+Xn and Tn = -(X- l+."+X-n ) and {X},
{X }
n
n-n
are two independent sets of given i.i.d. random variables. (Given a plant at
(n

= 1,2, ••• )

{S }u{T }
n
n

where

S =

the origin, a daughter plant is located at
S2' ••• ,

(Le. ,

while the mother plant is at T-1'

Sl'

grand-daughter plant at

the grand-mother plant at

Only in the case of a two-sided exponential distribution for X
n
ax
8X
pr{X > x} = (1_p}epr{X < -x} = pe- ,
for x > 0 with
n

n

a8E(X } = (l-p}a-pS 1 0) were'exp1icit formulae obtained.
n
One of the nice features of the
reproduce in

2

R

1-D

renewal process we should like to

is that a renewal process (in

VaJl.(N (I»

E(N(I»

'"
'"

VaJl.(X}

R)

has

(large intervals

I)

(E(X}) 2

where the random variable

X has the distribution of times between events. A
2
construction whiCh at least allows VaJl.(N(A})/E(N(A}} (A€B(R }) to take any
prescribed value for large circles A (or more generally, convex sets in R2

with large minor diameter::

.6up{d:

:3

a circle of diameter d ::. A}) is to

start from a lattice array of points (e.g., all points
or negative integers

(m,n)

for all positive

m, n) and, with these as centres, assign a cluster inde-

pendently about each centre (i.e., a randomly dispersed collection of a finite
random number of points).

If ~(A)

denotes a generic

sample realization

7

of a cluster (and the clusters will be assumed to be i.i.d.), then
VM(N(A»
E(N(A»
However, the underlying regularity of the lattice location of the parent
process would still be present (it may not be apparent to the eye, but it
would be revealed by spectral analysis: see Example 7 and equation (53) of
Daley (1971) for

3.

l-D

analogues).

CoNceRNING POSITIVE, POSITIVE-DEFINITE MeAsURES

Let N(o)

be a weakly stationary point process, i.e. it has finite
second moment M2 (A) = E(N 2 (A»
(bounded A€B) which, along with the first
moment measure M(A) = E(N(A»
(bounded A€B) is invariant under translation
of the set A (M(A+t)-M(A)

= M2 (A+t)-M2 (A)

known (see e.g. §3.l of D & V-J) that M(A)

a

0

(bounded A€B».

= mlAI

(IAI

= Lebesgue

A) and M2 (o) is determined by the reduced covariance measure
in the simplest case where A is an interval, is
V(y)

=

= J

VM(N(O,y])

(y-Iul)+ C(du)

R

=

ay+2

a

measure of

C(·)

which,

JY

(y-u) C(du)
0+
Further, the measure

= C({O}) = VV(O+) = limh~O h-~2(0,h].
2
C(du)+m du = Cl(du) is easily shown to be positive

where

Then it is

(for Cl(du)dt

(3.1)

=

E(N(dt)N(u+du») and positive-definite in the sense that for every bounded
Borel function
Let

P+

$ of compact support in R,

denote the class of all positive, positive-definite measures.

the properties of P+

known to us are the following (and we use

the class of all test functions
xn$(m)(x)

JRCl(dX)f R $(X+u)$(u)du

-+-

0

(Ixl

-+- co)

$ infinitely differentiable with

for all m,n € z).

~

O.
Then

S to denote

8

(1°)

Given y€P+

all

there exists one and only one measure

~

such that for

$€S,

fa ~(x) y(dx)

=

fR ~(e)

~(de)

(3.2)

where

fR eixe ~(x) dx.

$(e) =
(2°)

This

(3°)

y

~€P+.

need not be totally finite but

y(x,x+l)

is uniformly bounded on

x€R.
-1

0:

.v\.mx+oo x

exists and equals

y(-x,x)

2~({0}) •

Returning to the point process context, such properties as we know for
V( 0)

or

C(·)

are consequences of C (0)
1

being in P+

with the exception of

the inequali ty

(equality holds if

N(o)

is orderly).

If we allow N(o)

to be a (non-nega-

tive) random measure then all of the preceding remains true with the possible
exception of (5°).

We therefore arrive at the questions implicit in Daley

(1971) and Vere-Jones (1972):
subsets of

P+

point processes with
A = pN +(1-p)N 2 (0 <
1
o:~
-1 v~(A(O,h])
~lIh~O h
not satisfy (5°).
+

P+

RM

and

P+

PP

the

arising from weakly stationary random measures and point pro-

cesses respectively.

P PP

to state them we denote by

c

By taking N and N to be orderly weakly stationary
l
2
E(N (A» = E(N (A»
and defining a random measure by
2
1
P < 1) we find that

= p2m+(l-p) 2m < m = pm+(l-p)m = E(A(O,l), so A does

Thus,

P+RM

_c

P+'

The questions are as follows.
(1)

•
GJ.ven
any

yE. P+pp

how can we construct a point process or

random measure respectively with

C1

= y7

9

(ii)
(iii)

Is

If not, how is

~fuat

p+RM

characterized?

criteria (if any) other than (5°) can be used to distinguish

between

P+

RMPP
and P+ ?

There are some examples of the effect of operations on point processes on
C(·)

and its related

2

m o{O}(A»
of

P+PP

spectral measure (this is essentially

in Daley (1971).

v(A)

= p(A)-

Perhaps the nicest characterization of a subset

is due to Milne and Westcott (1972) who show via the class of Gauss-

Poisson point processes that to any totally finite symmetric measure
with an atom at

0

process with

= Po

m

Po

equal to
and

C

C-mo{O}

R

= p.

In particular then, any non-negative inteC(·)

of a point pro-

is absolutely continuous with respect to Lebesgue measure,

its density function

c(·)

4.
Suppose that

on

(say), there is a stationary orderly point

grable function can be the covariance density function
cess (when

P

N
1

is the covariance density function of the process).

CHARACTERIZATION OF SuPERPOSITICJ.JS
and N
2

are independent Poisson processes: then it is

well known that their sum or superposition

is also a Poisson process.

A natural question to ask is whether there are any

other families of point processes whose type is preserved under superposition
(assuming independence of
of N , N
l
2

or

N
l

and N
2

of course).

As far as characterization

N by means of independence (or Markovian dependence) of the

intervals between points is concerned, it seems that the Poisson is the only
possibility.

Vinlar (1972) has reviewed the literature in the area.
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e

The problem which remains is that of proving (or disproving) the result
making minimal assumptions on N1 and NZ•
Conjeatupe: Let N and NZ be independent stationary orderly point
1
processes with their stationary superposition process having its Palm measure
characterized by its intervals being Markov-dependent of finite order.

Then

N1 , N2 and N are Poisson processes.
The tast result to date appears to be that of Mecke (1967) who shows that
if N and N are stationary renewal processes and the distributions of the
1
intervals between points have continuous density functions which are rightcontinuous at the origin, then the conjectured statement is true.

Earlier,

McFadden established the result assuming N , N and N to be stationary re1 2
newal processes with finite variance for the intervals between points, and
Ambartzumian weakened these assumptions by allowing

N to have Markov-depen-

dent intervals.
Notice that since a Poisson random variable
dependent random variables

Z which is the sum of in-

X and Y necessarily implies that

X and Y

are Poisson, assuming N to be Poisson implies, by Renyi's (1967) result,
that

N and NZ are also Poisson processes (and for this, there is no need
1
to assume stationarity).
A problem related to the above is to assume that

random proceks (or, process without after-effects):
Professor Matthes) that

N is a completely

Does this imply (asks

N and N are also completely random processes?
Z
1
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5.

THE OuTPUT PROCESS OF A STATIONARY GI/G/l QuEUE

The final area to be discussed here is at first sight hardly point pro-

A queueing system

cess theory, yet its interest lies deeper than its title.

can be regarded as an operator for point processes, transforming the input process to the output process.

From this point of view, an infinite server sys-

tem is the same as random translation of all the points.

The case of a single

server system is more complex, and in Daley (1968), we attempted to review as
much as was then known.

Here we shall extend that slightly and indicate what

seems to be the main unsolved problem.
We take a conventional stable

GI/G/l

system (renewal input process,

i.i.d. service times independent of the input process, single server, service
in order of arrival (though this is not necessary),
E(inter-arrival time)
tionary state.

<~)

E(service time) <

and assume that it is specified to be in its sta-

In order to discuss inter-arrival and inter-departure inter-

Co

vals, we condition the system to have an input -- customer
time

t

= 0,

inputs of

and it is then convenient to denote by
and
S

n

Cn+l ,

and by

D

n

n

the time between the

the time between the departures of

denotes the service time of

It has long been known that when

T

say -- at

C.
n

{T } are i.i.d. negative exponential
n

random variables (i.e., the input is Poisson), the same is true of
and only if

{S }
n

{D }
n

if

are also i.i.d. negative exponential random variables (i.e.

the output is Poisson).

More generally, we conjecture that

{D }

n

are inde-

pendent random variables - hence the output process is a renewal process and
if the system is part of a series of queues with the output feeding into
another system as an input, some closed form algebraic results for the latter

e

system may possibly be obtainable - if and only if either

{T }
n

and

{S }
n

are independent sequences of i.i.d. negative exponential random variables, or

12
else there is a constant
pr{T ;::c}
n

= 1-

c

such that

pr{S DC}
n

In the latter event, if N (0)
I

and output point processes respectively, then

=1

(all

and N (.)
2

n) and
denote the input

:IP {N (A)=k} = IP{N (A+c)=k}

2
I
So far as attempted proofs of this conjecture are concerned,

(all AeB, kez).

we have tried as a first step to show by using Wiener-Hopf decompositions (see
Kingman (1966»

that

{D }
n

and

{T}
n

must have the same distribution.

A simpler result shown in Daley (1968) that lends credena to the conjecture is that when

{S}

are negative exponential variates,

n

{D}
n

are i.i.d.

if and only if the input is Poisson.
As for second-order properties, with

{S} negative exponential variates,
n
{Dn } may be uncorrelated without necessarily being independent, while with
a Poisson input process and no assumption on {s }, {D } are uncorrelated only
n
n
if they have a negative exponential distribution, when necessarily so do
and the output is Poisson.

{s }
n

Since then, we have shown in unpublished work that

if the input process is a stationary renewal process (as distinct from an interval stationary input process as above - see §2.2 of D & V-J) then if

{S }
n

follow the negative exponential distribution, the output process

has

COV(N (A) , N (B»

2

2

Poisson (when also
possibilities for

= 0

for disjoint

N (o)
2
T

n

when

A,BeB

is Poisson).
{D}
n

N (o)
2

if and only if the input process is

This is in strong contrast with the

are uncorrelated.

On the other hand, we

have not yet been able to show that a similar assertion holds true with a
Poisson input and arbitrary distribution for

{s }.
n

I thank various people for discussion, in particular David Vere-Jones.

13

REFERENCES

e

BICKEL, P.J. & YAHAV, J.A. (1965a)
Statist. 36, 946-955.
(1965b)

IsraeZ

J.

Renewal theory in the plane.

Ann. Math.

The number of visits of vector walks to bounded regions.

Math. 3, 181-186.

yINLAR, E. (1972)

Superposition of point processes.

Point Proaess Conf. (ed. P.A.W. Lewis), Wiley.)

{To appear in Proa.

DALEY, D.J. (1968) The correlation structure of the output process of some
single-server queueing systems. Ann. Math. Statist. 39, 1007-1019.
______ (1970)

Random walk point processes

(unpublished manuscript).

_ _ (1971)

Weakly stationary point processes and random measures.

J. Roy. Statist. Soa. Sere B 33, (to appear).
DALEY, D.J. & VERB-JONES, D. (1972) A summary of the theory of point processes.
"(To appear in Pl'oa. Point Proaess Conf. (ed~ P".A.W. Lewis), Wiley.)
FARRELL, R.H. (1964-1966)

Limit theorems for stopped random walks, I, II, III.

Ann. Math. Statist. 35, 1332-1343; 37, 860-865 & 1510-1527.

GOLDMAN, J.R. (1967)

Stochastic point processes: limit theorems.

Ann. Math. Statist. 38, 771-779.

GRIGELIONIS, B. (1970) Limit theorems for the sums of multidimensional stochastic step processes (Russian; Lithuanian and English summaries).
Litov8k. Mat. Sb. 10, 29-49.
KINGMAN, J.F.C. (1966)

The algebra of queues.

J. App. Probe 3, 285-326.

LEADBETTER, M.R. (1968) On three basic results in the theory of point processes. Proa. Amel'. Math. Soa. 19, 115-117.
LEE, P.M. (1968)

Some examples of infinitely divisible point processes.

Studia Sai. Math. Hung. 3, 219-224.
MECKE, J. (1967)
zuf~11iger

Zum Problem der Zerlegbeit station~rer rekurrenter
Punktfolgen. Math. Naahr. 35,311-321.

MILNE, R.K. & WESTCOTT, M. (1972) Further results for Gauss-Poisson processes.
Adv. AppZ. Probe 4 (to appear).
MODE, C.J. (1967) A renewal density theorem in a multi-dimensional case.
J. AppZ. Probe 4, 62-76.
MORAN, P.A.P. (1967)

A non-Markovian quasi-Poisson process.

Studia sai. Math. Hung. 2, 425-429.

14
PAPANGELOU, F. (1972) On the Palm probabilities of processes of points and
processes of lines. (To appear in Random Geometry: RoZZo Davidson
Memorial, Vo l,ume. )
RENYI, A. (1967) Remarks on the Poisson process.
Studia Sen. Math. Hung. 2, 119-123.
ROBERTS, F.D.K. (1967) A Monte Carlo solution of a two-dimensional unstructured cluster problem. Biometrika 54, 625-628.
VERE-JONES, D. (1972) An elementary approach to the spectral theory of stationary random measures. (To appear in Random Geometry: RoUo Davidson
Memorial, Vol,ume.)

