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Summary

The two-period change-over design is often used in clinical·
trials in which subjects serve as their own controls.

This paper is

concerned with the statistical analysi-s of data arising from such sub-

·e

jects when assumptions like variance homogeneity and normality do not
necessarily apply..

Test procedures for hypotheses concerning direct

effects and· residual effects of treatments and period effects are formulated in terms of Wilcoxon statistics as calculated on appropriate within
;sJlbject linear functions of the observations.

Thus, they may be readily

applied to small sample data.
1.

A TWO-PERIOD CHANGE-OVER EXPERIMENT

Let us consider the data from an experiment undertaken at the Dental
Research Center, University of, North Carolina and reproduced here with the
kind permission of Dr. William J. Waddell and Dr. Eugene Howden.
sign was as follOws:

e

The de-

n=IO children were randomly assigned to two groups,

each of size n =n =5. All of the children were observed at two different
l 2
time periods which were separated by one week. The two treatments which
were applied were
1.

The child first drank 100 ml. of grapefruit juice followed
by an elixir of Pentobarbital; this treatment has been called
G.
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2.

The child first drank 100 ml. of water followed by an elixir
of Pentobarbital; this treatment has been called H.

For both G and H, the amount of the Pentobarbital elixir given to a
specific subject was proportional to the child's body weight.

The

subjects in Group 1 received G at the first time period and H at the
second time period

w~ile

those in Group 2 received H first and then G.

The data resulting from the experiment were measurements on the amount
of drug in a 10 ml. sample of blood taken 15 minutes after the elixir
was administered and were expressed inpr,/ml.
the 3rd and 4th columns of Table 1.

The data are displayed in
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2.

THE MODEL

Following Grizzle [1965], we will assume that an ~dequate model for
the data is
(1)

j=1,2, • • • , n ;
i

k=1,2; 1=1,2;

i=1,2;

where}t is a general mean, b ij is the random effect for the j-th subject
within the i-th sequence ,Ilk is the effect of the k-th period, (}!. is the
direct effect

of the ~th drug,

Il! is the residual effect of the l-th

drug, and e ijk reflects random error in the measurement of the response.

For the case in which the
as H( 0,

2.

crb)

l bij )

and the (eijk~ are each normally distributed

z-

and N( 0, O'"e) respectively and are mutually independent, Grizzle

discusses tests of 'hypotheses pertaining to the fiirect ertects, residual

-e

effects, and period effects.

In this paper, we shall be concerned with

these same questions except normality will not be assumed.
3.

THE ANALYSIS

In this section, we shall describe certain non-parametric methods
based on ranks which can be applied to the data in Table 1.
cedures are similar to those described in Koch [1970] for

These pro-

a complex

split-

plot experiment; hence', they are formulated by identifying within subject
fUnctions of the data to which the null distribution theory of an appropriate non-parametric rank test is applicable; here, suitable modifications
of the Wilcoxon statistic are used.

These tests are pertinint to the data

in Table 1 because of the different patterns of variability at different
factor combinations and because of the presence of certain extreme valued
refiPonses.
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3.1.

Testing the equality of residual effects

From (~), it follows that the sum of the two observations on the
same subject is given by

Yijl + Yij2

= 2(;., + b ij )

+

Cni

+112 ) + (~l +;2) +i\i + (e

ijl

+ e

ij2

)

(2)

where A i represents the residual effect of the i-th drug in the. sequence
il'.

Hence, under the hypothesis of no residual "effects

(3)

the within subject sums satisfy the same model for the subjects in the two
different sequences.

As a result, a non-parametric statistic for testing

(3) is obtained by ranking the 10 sums and adding the ranks in the smaller

sample; i.e., applying the Wilcoxon test to the ·sums.

The appropriate

sums are displayed in Column 5· of Table 1 and the appropriate ranks of sums
are displayed in Column 5 of Table 2.

The statistical significance of

the resulting rank sum T=22 may be determined by referring to exact tables
of the Wilcoxon statistic;
are not significant.

see Owen

[1962]. Hence, residual effects
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e

Table 2

Sequence

SUbject

Day 1

Day 2

Sum

Difference

Cross-over
. Difference

G:H

C11

6

4

5

6

10

G:H

C12

2.5

6

3

3

7

G:H

C13

4

5

1

4

9

G:H

c14

1

8.5

4

2

6

G:H

C15

2.5

9

1

1

H:G

C21

10

2.5

8

10

2

H:G

C22

9

8.5

10

9

3

H:G

C23

5

1

2

5

8

H:G

c24

7

2.5

6

7

5

H:G

C25

8

7

7

8

4

e
3.2.
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Testing the equality of direct effects when residual effects are absent.
If there are no residual effects in the sense of (3), then (1)

implies

tha~

the difference between the two observations on the same sub-

ject satisf'y the model

(4)

where (_1)i+1=1 for the sequence G:H and (_1)i+1= -1 for the sequence
H:G.

Hence, under the hypothesis of no direct effects

6

e,

the within subject differences satisfy the same model for subjects in the
two respective seq"2.~nces. As a result, a non-parametric statistic for
testing (5) is obtained by ranking the 10 differences and adding the ranks
in the smaller sample; i.e., applying the Wilcoxon test to the differences.
The appropriate differences are displayed in Column 6 of Table 1

and

the appropriate ranks of differences are displayed in Column 6 of Table
2.

The statistical significance of the resulting rank sum T=16 may be

determined by referring to exact tables of the Wilcoxon statistic; see
Owens [1962].

Hence, direct effects are significant at the

Cl=.05

level.
3.3.

Testing the equality of period effects when residual effects
are absent.

If there are no residual effects in the sense of (3), then differ-

·e

ences between the observations on the same subject satisfy the model (4).
Let us consider the set of cross-over differences obtained by using
(Yij~ - Yij2) for the sequence G:H, but the differences

for the sequence H:G.

Under the hypothesis of no period effects
H

• ,..,Jl,

of

the within

~ubject

(Yij2 - Yijl)

(6)

_,....J

1 - 112

cross-over differences satisfy the same model for

subjects in the two respective sequences.

As a result, a non-parametric

statistic for testing (6) is obtained by ranking the 10 cross-over differences and adding the ranks in the smaller sample; i.e., applying the
Wilcoxon test to the cross-over differences.

The appropriate cross-over

differences are displayed in Column 7 of Table 1 and the corresponding
ranks are in Column 7 of Table 2.

e·

The statistical significance of the

resulting rank sum T=33 may be determined by referring to exact tables
of the Wilcoxon statistic.

Hence, period effects are not significant.
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3.4.

Testing the equality of direct effects and residual effects
simultaneously.

Another hypothesis of interest is

When (7) holds the bivariate
response . (Y"jl'
Y"j
) has the same distri.
1
1 2
bution for subjects in the two sequences.

Hence, an appropriate non-

parametric test is the bivariate Wilcoxon statistic (see Chatterjee and
The appropriate ranks for the responses

Sen [1964], or Koch [1970]).

within each period are displayed in Columns 3 and 4 of Table 2 (where midranks have been used in case of ties).

·e

The resulting normalized statistic L=5" 97;

under the hypothesis (7), L has approximately the chi-square distribution
with D.F. = 2.

In very small samples, the statistical significance of

L can be determined by working out the permutation distribution of L
under the randomization model associated with all possible ass;i.gnments of
subjects to the sequence groups.

In this case, there areo(\O)= 252 such

assignments of which the one observed here is the most extreme.

Since

the two-tailed conditional randomization model probability for an event
at least as extreme as observed here is (2/252)

< (0.01),

the data are not

consistent with (7). °Other aspects of this test have been recently discussed by
Bhattacharyya, Johnson, and Neave [1971].
It is appropriate to note here that if the residual ef"fects cannot be .
deleted from the model, then the test procedures described in sections 3.2
and 3.3 are no longer valid.

The hypothesis (5) for equality of direct

8

T=16, which is significant at the ex

= .05

level.

This result is' analogous

to that quoted by Grizzle [1965] for the case of unequal residual effects
when the ( b ij

1and

[e ijk) were normally distribut.ed.

ference between the two period effects
this situation.

711

-

17;

He also noted that the dif-

is not estimable in

Hence, no non-parametric test-is given for

HO~

under

these conditions.
Finally, if one can assume that both residual effects are equal
and both periods' effects are equal, then the hypothesis (5) of equality of direct
effects can be investigated by applying a sign test (or Wilcoxon signed
rank test) to the cross-over differences •. Hence, since H exceeds G for

9 out of 10 subjects, we conclude again that direct effects are significant
at the 0(=.05 level.

This test is more general than the previous ones

described since it requires only an ordinal scale for data obtained from
the same subject whereas the other tests considered require a measurement
scale in which sums and differences (or alternatively product~ and quotients if the logarithms of the observations are analyzed) have a meaning:f'ul interpretation and can be ranked.

On the other hand, this approach

is not valid with respect to (5) if either residual effects or period effects
are present.

Since the bivariate Wilcoxon test only requires an ordinal

scale for ranking across subjects, it should be used instead of the sign
test for general situations in which residual and/or period effects are
unequal and within subject linear functions are invalid.

The principal

disadvantage which this procedure has is that the tests of direct and
residual effects are confounded.

~

However, if only one of them is sig-

nificant,L can be partitioned into components which reflect this.

Thus,

9

non-parametric methods can be used to interpret data from two:-period
change-over designs under a broad range of conditions.
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