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Summary

The robustness of the power function of the standard one-sample
parametric test for the mean of the negative exponential distribution is
examined. The main form of departure from the exponential assumption is
a mixture of negative exponential components although an alternative Gamma
distribution is also examined. It is found that the test is sensitive to
these departures although the effect of mixtures with short-tails is less
dramatic than those with long-tails. An alternative test for large sample
sizes is given and shown not only to be robust but also asymptotically

efficient.



1. Introduction .
The usual parametric test that the mean 1 of a negative exponential -

(N.E.) distribution 1s equal to some prescribed value p . is based upon

0
the fact that x the sample mean then has a x? distribution. In fact

with probaebility density function given by

~x/u
e

f(x; u)=%; 3 X, >0 B¢Y)

the test apgainst the one-sided alternative p > uy_ relies upon the critical

0
region for sample size n given by

u
— 0 2
X 2 55 Xo,2n
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where Xi,Zn is the upper 100a Zpoint of the x? distribution with 2n degrees
of freedom. The critical region for the two-sided alternative u + Ho may
be cimilarly specified either using a central acceptance region with equal .
rejection probabilities in each tail or adjusting the tail probabilities
to achieve an unbiased test.

However one can seldom be sure of the precise form of the underlying
probability distribution and there are many instances with small or moderate
sample sizes where we would be unlikely to detect the difference betwecen
the sample generated from the assumed form or some similar alternative.
For the one-sample problem described above Zelen and Dannemiller [6]
have investigated the robustness of the test when the probability distribution
actually generating the data is of the Weibull form. In this note we examine
in detail the power function of the test when the deviation from the NLE.
assumption 18 in the form of a mixture of two N.X. components,
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and the parameter of interest, the weun, takes the form y = pO1 + q02.



In addition we examine the robustness of the test when the departure
from the N.E. assumption is in the form of a Gamma distribution with

shape parameter Y close to unity,

xy-l e—x/@

h(x; Ys 9) = s X, Y, 0 >0 V (l‘)
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where the parameter of interest is u = y6.,

In the case of the mixture of N,E. components, since we are concerned
with the sitﬁation when the investigator is unknowingly dealing with a
mixture, we have concentrated our attention on situations where a large
proportion of onec N.E. component is mixed with a small proportion of the
other (p £ 1 or g % 1). Without loss of generality we assume 62 > 01
leading to "long-tailed contamination' when p = 1 since the small
proportion of the second component has a larger scale parameter and
conversely "short-tailed contamination" when q = 1. It is in situations
like this with p close to zero or unity that it is particularly difficult
to detcet the presence of the mixture. In fact, with fegard to the
numerical results presented, it is generally true that much larger sample
sizes than those considered, would be needed in order to detect the
presence of the second N.E. component.

1t is perhaps appropriate at this point to make a general comment
about the accuracy of numerical results., We have relied upon numerical
integration, sometimes of complicated functions, using an iterative form
of Simpson's Rule with successively smaller step lengths until the
procedure converged. This was found to be quite cfficient for our purpose
and checks 1ndicate that results have an accuraey preater  than the three

decimal places presented in the tables of results.



2, Results for a mixture of two N.E. components

For a mixture of two N.E. cowponents the probability density £(x)
of the sample mean x is given in the appendix. A complete derivation
is given in Holt tB]. £(X) is a function of n, p, 61 and 62 and our
approach has been to use numerical integration techniques on it for given
values of the parameters to obtain points on the power function. For
the calculations it was assumed without loss of generality that the mean
of the distribution under the null hypothesis was Mo = 1. This is
poscible since if we consider the power function in the more general
case of u= u* when the underlying distribution is a mixture as in (3) and

the critical region is set as if for a N.E. distribution as in (2) then

the power of the test is precisely as if the mixture was

0 )

g(x) = p £(x; ——};) +q f(x; —-g‘- ) and the critical region was set to ‘ .
H H

test wo= g = 1.

We now turn our attention to the numerical results of which only &
sample are presented for reasons of space. We will present results only
for tests which have a nominal size of a = 0.05, Other values of a have
been examined with a similar pattern of numerical values resulting. As
we stated before we have concentrated our effort on mixtures which are
particularly difficult to detect from the assumed single N.E. form. 1In
fact we have taken the set of values for p : {0.99, 0.95, 0.90, 0.1, 0.05, ©,01)
the first three values leading to "long~tailed contamination' and the
!

'short—tailed contamination"” under 6, > 0.. We have examined

remainder to ) 1

the set of values 02/0] : {3, 5, 10} for the ratio of scale parameters

of the two components.
Tables 1 and 2 present points on the power {unctions of the usual
one-sided test with alternative p > Mo based upon the N.E. distribution

and won the various mixture altrernatives we have examined. Table 1 deals



with samples of size n = 5 and Table 2 with those of size n = 20,

Points of interest are as follows:
(i) There is distortion of the power function both at the nominal
size level and at other points on the power function. For the
cases we consider actual sizes occur as large as 0.137 with
n = 5 and 0.185 with n = 20 {p = 0.9, 62/61 = 10} rather than the
nominal size of a = 0.05.
(i1) The overall distortion in the power function is to lessen
power causing estimated sample sizes for a particular test performance
to be too small. Of course locally near the null hypothesis power
tends to be increased since this is the effect on the actual size
of the test but for larger values of the mean u the actual power
function is uniformly lower than that based upon the N.E. distribution,

0)

s fle

(iii) As one might expect "short-tailed contamination" (p
is compavatively less of a problem, the larger distortions to the
actual size of the test and the remainder of the-power function
occurring in the cases of "long-tailed contamination'. Nevertheless
distortion of the size and power function does occur and it is
perhaps surprising to note that whether contamination is short or
long~tailed (p close to zero or unity) the effect on the actual size
is always to inflate it,

L(iv) Corresponding results for the one-sided case when the alternative

is u < Mg are similar in a qualitative sense to those for u > Hyo but

a larger percentage change in the mean of the distribution is neceded

before the loss in power shows up.



Tables 3 and 4 present results for the two-sided test corresponding
to sample sizes of 5 and 20 respectively where the acceptance region is
specified with equal prcbabilities in each tail (central interval), Here
we must cxamine the bias of the test as well as its actual size and the
effect on the remainder of the power function,

Points of interest are as follows:

(1) The standard N.E. test is slightly biased, although a comparison of
Tables 3 and 4 sugpests that the bias rapidly disappears. In the presence
of a wixture of N.E. componcents there 1s evidence that the range of y in
which the power funcfion is below 0.05 is enlarged and also shifted in an
upwards direction. For example for n = 5 the mixture p = 0.9 62/01 = 10
has power function below the actual size in the range of u(1.0, 1.59) with
a minimum value of 0.227 (93.0% of 0.244). Thus while the drop in power
is relatively slight it does persist over a wide range of p. Again

25 n increases this range shortens and the loss in power below the actual
size of the test becomes less, Table 5 presents for each mixture the
range of y in which the power function is below the actual size and the
lowest level reached as a percentage of the actual size,

(ii) It would appear that in other respects the two-sided test is
considerably less robust than the one-~sided version. The actual size of
the test rcaches sncﬂ extremes as 0.244 wvhen n = 5 and 0.383 when n = 20
/0

(p = 0.9, 0 = 10). For a nominal test size of 0,05 such results are

2771
dramatic and cven less extreme mixtures exhibit large distortions to the
nominal test size,

(ii1) As with the onc-sided test the overall effect for more extreme
valucs of § is to reduce the power of the test. Of course with such

Lovpe effects on the power functions in the neiphbourhood of the null

hypothesis it takes relatively larpge values of p in some cases before



the overall reduction in power is apparent. However the use of the
power function in estimating required sample sizes is frequently from points
on the power function in the range of power = 0.9 or 0.95 so that type I and
type I1 erxors aré similar in magnitude, By this stage the power function
is alnost always less than that for the N.E. distribution for the mixtures
we have considered.

Tahles 6 and 7 correspond to Tables 3 and 4 except that following
Ramachandran [4] the teil arcas of the test have been adjusted to yield
an unhiased test of size a = 0,05 for the case of the N.E. distribution
(which previously showed bias below u = D. For the less extreme mixtures
the effect appears to be to reduce the bias. However for the more
extreme nixtures the range of values in which the test is biased is
increased and the percentage of the actual size to which the power function
falls at its nminimum is lower too. Thus for p = 0.9 62/61 = 10 the range
of bias is now (1.00 ~ 1.8) and the lowest value of‘the power function
is 87,97 of the actual size. -In other respects the results are similar
to tbose¢ in Tables 3 and 4 and the main points are still appropriate,

3. Results for the Gamma distribution

When the actual distribution is of the Gamma form (4) then X the
sample mean also follows this same form x ~ h(x; ny, 0/n) and it is
straipht forward using numerical techniques to examine the power function
of the test., 7Table 8 presents points on the power functions derived {rom
a variety of Gauma distributions y = {0.5, 0.8, 0.9, 0.95, 0.99, 1.01,
1.05, 1.1, 1.2, 1.5} for samples of size 5 and 20 for the one-sided
test (p > po) and Table 9 presents the corresponding results for the

two-sided test.



The main points are as follows:

(1) Unlike the mixture situvation the actual size of the test can be

inflated or reduccd depending on whether y is less than or greater than

one,

(i1) The value of y also determines the overall effect on the extremes

of the power function., Thus for vy > 1 the tendency is for the actual
<

power to be greater than that indicated under the N.E. assumption

vhereas for vy < 1 the reverse is true, (but this does not actually

show up in the two-sided results for n = 5 for the range we have

presented).

(iii) Distortion to the nominal size of the test can be great. In

the one sided case u > for example, actual sizes range from 0.024

uo’
0.5) for n = 20.

(v = 1.5) to 0.112 (y
(iv) As in the mixture case the cffect on the two-sided test seems to be
worse than that for the corresponding one-sided procedure. For example

the test sizes corresponding to those in point (iii) above are 0,016 and
0.167 rcspectively for the same sanmple size.

(v) Whilst the test procedure in the two-sided case is biased the evidence
is that this remains virtually unchanged over the range of y which we have
cousidered. For samples of size 5, the range of u for which the power
function is below the acfua] test size is frow 0,87 ~ 1,00 for all Gamma
distribarions considered. Whilst the percentage which fall below the actual
test size varies from case Lo case it is never less than 89.6% (y = 1,5).
The N, case is bilased over the same raange with a minimum percentage of
95,27 of the actual r;iz«;. For samples of size 20 the range Lhas shortenced
to 0.96 ~ 1,00 and the lowest point of any of the power functions is

Y7.07 ot the actual size Cy o+ 1.9)e I the case of the Gmoma distribution




the procedurc of Ramachandran will remove the bias of the test not only
in the H.E, case but also to a very large extent in the test based upon
the Camma distribution, leaving the rest of the conclusions for the

biased test practically as they stand.

4, The two-sample test

The test corresponding to (2) for the equality of means based
upon samples from two N.E, distributions is based upon x/y the ratio of
the sample means. This ratio has an F distribution with 2m and 2n degrees
of freedom on the null hypothesis where m and n are the sizes of the two
independent samples. Gehan and Thomas (1969) have examined the robustness
of the procedure apainst the Weibull alternative.

When the two samples are actually drawn from mixtures of N.E.
components the ratio of sample means has a very complex distribution.

In the case when both samples came from the same mixture (a special case

of the null hypothesis) the distribution of the ratio has been derived

by Holt [3] and is given in the Appendix. Again using numerical techniques
we are able to examine the actual size of the test in this special
restricted case of the null hypothesis.;

Table 10 presents the actual sizes of the nominal a = 0.05 test for
varjouvs mixtures of N.E. compoucnts and sample sizes, Whilst we have not
cxamined the whole of the power function nor samples from different mixtures
having the same wean the results are not encouraging in terms of the
robustuess of the nominal test size, 1t scems reasonable to conclude that
the power function will also be distorted at least in the immediate
neighbourhood of the null hypothesis. In view of the complexity of the

calculations involved and the discouraging results obtained we have not
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pursucd this study. OQur experience would suggest that a better method
of attack for a fuller ivvestigation would be using computer simulation
techmiques but our fecling is that the few results we have obtained are
enough to indicate that the two-sample test is no more robust than its

one=sample counterpart,

5. Allcrnative test statistics

In view of thé seusitivity of the N.E, tests to even slight departures
frowm the basic assumptions one is led to leok for alternative approaches.
Gehan and Thomas [2] investigated the performance of certain non—parametric
alternatives for Weibull departures and found them to be clear improvements.
It seems likely that suitable non-parametric competitors would also be
satisfactory for the two alternative distributional forms which we consider,
and for small samples there seems little else to reconmend. However for
lJarpe samples we can take advantage of an optimal parametric test statistic
which remains the same function of the data for samples from the single

exponential, a mixture of ¥ N,E. components or even a mixture of K Gamma

distributions., It may be argued that robust large sample tests are of little

value here since as the sample increases the form of the underlying distribution

will becone clear. However as we have pointed out, mixtures are usually
difficult to detect even for large samples unless the components are quite
dissimilar and also in substantial proportions, For this reason we feel
that a discussion of Jarge sample sizes is far from being valueless. We
consider here the theory for the one-sample problem but that for the two-
comple case 1s sywilor,

The basis of an optiwal parametric test for all of distributions

mentioned above is the fact that x the sample mean is the maximum likelihood
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estimate of the mean of the distribution in all cases. A proof of this

is given in Fryer and Holt (1970), Thus the Wald [5] large~sample

f

statistic for the hypothesis p - u 0 takes the form

¢

n(x - uo)z
t = P

g2

and t has an asymptotic x? distribution with one degree of freedom on HO.
Here 62 is the maximum likelihood estimator of the variance of the
distribution and in general depends upon the form of the distribution and
the value of any parameters involved. However the replacement of o2

by s° the sample variance gives a new statistic t, which is asymptotically

equivalent to t. Clearly appropriate one-tailed tests can be based upon

1/
t{z if it is properly signed.
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APPENDIX

Distributicen of y = x the sample mean of a mixture of two negative
exponential components.

Frow ilolt (1969) the probability density function is given by

n" Yn_l —ny/el ") ner v
EQy) = —mafomee @ I [ ] p; P, K(r,n,ny¢)
I'(n) r=0
N . 1 1
where p. = p/6. 3 p, =4q/8, ;3 ¢ = |= = -=| and K(r, n, nyd)
1 1 2 2 Gl 02

is Kuemer's confluent hypogeometric function

® (1) P
K(r, n, ny¢) = I THT&- Sﬂ%$l~
i=0 ) *

(r)p = r(r +1) o0 (£ +2-1) for example,
Distribution of u = x/y the ratio of sample means for two independent
samples of size m and n from the same wmixture of two negative

exponential components, also from Holt (1969}.

npl nn m n m|n m+yp =~ r-s r+s
¢ = Ty Ty b [rJ [s] P Py Ky (s Sy w835 0))
=0 s=0
where " . 81 m+n+t
T A . F(m#ntt) K, (t, u, v, s)
t=0
£4m— t—4
SETC AL R RN (r), (8) g
and B, = 1}

2 'mv(m)g (“)1_--2[! (t-2y !
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Table 2. Poiuts on the Power Function of the One-Sided Test for u = 1,0

for Mixtures of MN,E, Components, Sample sizceot 20, Neminal size of test u = 0,05,

Paramecter Values Mean of Distribution
P 82/01 1.0 1.2 1.4 ] 1.6 1.8 2,0
Negative Fxponential 050 223 478 701 846 926
3 056 225 472 693 839 921
0.99 5 066 223 457 675 825 913
10 085 205 406 618 781 883
3 073 233 458 667 816 905
0.95 5 107 241 422 607 758 861
10 164 260 365 482 605 720
3 085 243 452 649 795 888
0.90 5 128 264 423 580 715 818
10 185 295 403 504 592 673
3 051. 224 478 700 845 925
0,01 5 051 225 478 699 844 924
10 051 225 478 699 844 924
3 053 227 477 696 | 840 921
0.05 055 229 477 694 837 918
10 056 231 477 692 835 916
3 057 231 476 691 834 916
0.10 5 060 235 476 686 828 911
10 063 239 476 683 823 906

Decimal points omitted: entrics should be divided by 1000.



Table 2. DPoirts cn the Power Function of the Twu—-S8ided Tesc for u = 2.0

S

for Mixtures of N.I. Components

Sample size of 5, Nominal Test Size o = 0.05 (Central Intervalj)

Parameter Values | Mean of Distributicn
i i H 1 i . .
P L 0,/8,  ]0.3[0.4 0.5 10.6 0.7 6.8 0.9 |1.0 }1.1 11,2 1.3 {1.4 (1.5 ;1.6 1.7 1.8 1.9 .0
, . I DU B
Negative Exponential | 629 | 383 | 228 | 138 | 087 [06C {048 |05C 063 [065 116 {153 194 1239 285 331 377 <2l
: | ! ] i H :
: j 7 i T 1 ;
3 633 | 389 | 234 143 1092 | 064 {053 {054 (067 1083 1118 |134 1164 1257 |282 1327 1372 416
: ! I
0.99 5 644 | 402 | 245 | 153 | 101 1072 {360 | 060 {071 [090 |118 |151 |189 231 |274 |316 !361 405
i i ! ! ’
10 678 | 440 { 279 | 181 | 124 |CS1 [075 {076 (076 {090 [111 1139 {172 1209 /248 {285 330 371
r t ;
3 647 | 412 1255 [ 161 | 108 | 080 [ 068 {070 ;081 100 | 127 [155 |185 ;234 ,275 1317 1353 400
0.95 5 682 | 462 | 303 | 203 | 145 {114 {100 |098 |104 |117 | 136 1160 1188 1219 | 253 }288 1325 1361
10 759 | 590 | 437 | 324 {249 {202 {174 | 159 {152 {151 | 156 {164 176 %191 L 210 1231 1253 279
H ! i
U DU U S DU
3 655 | 432 | 275 1179 | 123 {094 |083 | 084 1095 | 114 | 138 1167 {200 :236 1273 312 '350 389
0.90 . 5 694 | 504 | 352 | 249 {186 |151 ;135 {132 {137 {148 | 163 [183 |205 1230 ‘257 1285 (314 1344
i : | ! i i ; i ) _d . .
10 741 | 637 | 527 1430 | 354 1301 | 266 | 244 1232 227 | 227 [231 | 237 ;245 |55 1265 ;27¢ 292
! 1
3 629 1384 | 229 |140 |088 |061 {049 | 051 1064 1086 | 117 154 1195 {240 {285 '331 1377 421
1 ‘ ! : ! : :
0.01 5 628 | 384 | 230 | 140 | 089 1051 | 050 | 052 1064 {087 | 116 |[154 196 1240 @235 332 ;377 42l
! ! : i ! i ;
: 10 l625 384 {230 141 | 620 1062 1051|052 1065 1086 | 118 (155 1195 241 135 332 1377 &Il
! 1 | e
3 628 388 | 235 | 145 {093 1065 {053 1055 {068 |091 {121 {158 1199 |242 1287 /333 1377 420
0.05 5 628 {390 | 238 1149 {097 | 058 |057 lcss lo71 jos4 1124 161 1201 245 185 334 373 4nl
10 627 |31 1241 152 100 {072 |C50 | 061 1074 (097 | 127 164 1204 27 0182338 530 L2l
] i : i !
:‘ P o |
3 626 {393 | 242 {152 1093 |O7L | 055 | 060 [073 096 ; 126 1163 1203 1246 230 '33: 1377 Ll
.10 ; 5 627 1307 1249 160 {107 (077 lc65 1087 fosc {102 | 133 %163 L2090 1251 SI4 0337 ad0 4al
; , i i | ' : | ; o
! 10 525 1399 1234 185 '113 log4 o7z ic73 1087 'icy 5139 1175 1214 ‘03¢ L8E 341 3En 423

Decimal points omitted: entries should be di
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Table 5.

Lowest Value of Power lFunction as a Percentage of the Actual

Size of the Test and Range of Values for which Test is Biased

Under a Mixture of N.B. Components

r Parameters Sample Size
% 20
| Minimum % Minimum %
1 5 . - Yor e
% ! 82/01 Range of size Range of size
| Nepative [ixponential | (.6/-1.00 95.2 0.96-1.00 98.8
r i
3 (,88-1.00 95.8 0.96-1.00 99,0
0. 99 5 0.89~1.00 97.7 0.98-1.00 99.6
10 0.99-1,00 100.0 1.00~-1.05 99.1
0,95 5 0.95-1.00 99.7 1.00-1.01 100.0
3 0.87-1.00 97.4 0.97-1.00 99.6
10 1.00"1 059 93.0 1.00"1.30 95.7
3 0,.87-1.00 95,3 0.96-1.00 98.8
0.01 0.87-1.00 95.2 0.96-1,00 98.8
10 0,87-1.00 95.4 0.97-1,00 98.8
005 5 0.87-1,00 - 96.0 0.96-1.00 99.0
10 QO c87~1000 96.1 O 096-1000 9900
3 0.87-1.00 95.9 0.96-1.00 98.8
O t]() 0 088_1 .OO 96.4 0 .97""1.00 99.1
10 (.88-1,00 96.7 0.97-1.00 99.2
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Table 7. Poinis cn the Power Functon o tie Two-Sided Test for o o= 1.0

3 i

for Mixtures of N,.E. Components — Tail Areas Adjusted to Meke N,E., Test Uabizsed

Sample Size of 20. Nominal Test Size a = 0.05

' Parameter Values Mean of Distribution
. ’ 1 1
P 8,/3, { 0.3 0.4 10,5 (0.6 {0.7 [0.8 [0.9{1.0 {1.1 1.2 {1.3 {1.4 [1.5{1.6 [1.7 {1.8 ‘1.3 i2.0
H ! . . :
Negative Exponential | 1000 | 986 | 861 §592 328 |157 |074 | 050 071 | 133 {227 |342 | 461 | 574 1674 1756 <321 {871
: : } } : :
i f Y i i M H ; g ] o - i : . ca
11000 | 982 | 856 {596 1336 |166 | 081 | 657 {078 | 138 ;229 |340 ;456 | 567 | 666 ' 748 1s ;564
| 997 | ‘ * Do een i opn |
0.99 i 997 1971 1852 1609 {356 {184 098 : 072 090 | 144 1228 {331 {442 | 550 {648 {731 79% 852
' ; ; i 5 l ;
10 982 | 947 | 856 1660 [427 (249 150 | 111 '114 | 149 [211 [ 295 392 | 453 1590 (677 750 811
! ! 1 B { N H i t B
| — T L RN D 5
; 998 | 970 | B4l 1605 ' 362 {192 {105 | 080 ;100 | 156 238 {338 443 | 547 (641 722 78S ,8i2
: | i : | } i ! : :
0.95 5 991 | 939 | 818 631 | 426 [264 |171 138 |148 |188 1250 %326 | 411 | 498 | 582 | 660 729 :787 |
: i ; ; ! ! i _ - ;
10 | 959 i882 784 (680 | 570 |458 1363 | 301 {272 1273 [292 325 {367 : 415 1468 523 353G €35
' f . ’; ‘ | 5 i | :
998 | 961 | 829 | 606 380 (215 (126 039 ;119 | 172 {249 341 :439 | 533 623 702 &8 ‘S22
{ | 3 i | | | ; : s
0.90 -5 988 1925 | 794 ;623 | 451 |312 {223 §186 1191 {226 | 280 !345 §a16 489 1560 627 89 744
H ! i i i ) I 1 ! ' :
10 959 | 869 | 752 | 639 | 545 [473 | 421 %387 |370 {368 [379 402 |432 0466 503 |S41 379 616
j ' i i i ! i i ! ! | !
- T T T T T :
11000 | 986 | 860 592 1329 1159 {075 051 (072 134 1228 (342 (461 574 673 .755 520 870
i ! ! i i : i : : i : .
0.01 5 1000 | 986 | 859 {592 {329 :159 {075 {G51 1073 {135 :229 1342 ‘461 574 :672 " 754 319 '869
; ? | ' ' : ; s z ‘
,10 1000 | 985 | 859 | 592 {329 160 | 076 | 051 1073 {135 1229 [ 343 {461 1574 | 672 75. 315  &63
;’ ‘ , { ! i ,ﬁ f f ! ! ;
b3 11000 | 984 | 856 | 591 | 333 164 | 079 | 055 1077 §139 1232 1344 1461 ' 572 665 '75C U131 EES
0.05 ' 5 1000 | 984 | 854 | 591 | 334 %167 082 1 057 ;079 il&l [ 234 2345 461 0571, 667 748 12 862
10 1000 | 83 | 852 %590 336 1169 ;085 | 060 [082 144 !236 | 347 1461 ' 576 | 666 /746 310 859
3 1000 . 622 0351 1581 1337 ;170 (023 (80 1032 144 236 545 1460 . SE% | 664 744 305 1333
‘ | : ; z ' ' :
¢.10 5 1000 | 981 ig47 [ 590 | 341 ;176 [ 091 | C%6 [C88 1150 | 241 i349 iwc; 587 1 661 ;735 303 . 833
! | : i ! :
! 10 11000 | 950 | 844 ! 525 | 344 l181 ‘096 5071 093 1155 [245 1352 1462 585 658 735 798 1343
! ! v : ' i ¢ k | ] N

acimal points omitted: entries should be"vided by 1000.
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" . N LS S - Ay v Treingr v o~ ~ Yes o Y A QT ‘o~
Yable o, D2ints on Lhg Power Funcrfion ¢i oae One=Yidged Test faor

Size o

jo

for Gamma Distributions with Sawple Sizes of 5 and 20, Nomina

Parameters ¥Yean of Distributiocn
: ' ! ! .
% Semple size n ! 1.0 | 1.2 | 1.4 | 1.6 { 1.8 i 2.0 | 2.2 i 2.4 i
Negative Expomential S | 050 | 123 , 219 | 324 | 426 | 518 | 597 | (63 ;
| 1.0l | 049 1122 0 219 | 324 | 426 | 518 | 556 | 666 CeCs
1.05 L 047 1119 216 ¢ 323 | 427 | 521 | 603 | 672 £14
1.10 5 L 043 1114 212 | 321 (428 | 524 | 608 | 678 s22
1.20 : | 038 1107 268 | 318 | 429 | 530 | 617 ! 690 gz
1.50 025 ;087 7305 1433 1 545 L 642 77 SEH
| 0.99 st L1264 1220 0 326 1425 | 517 | sgs o gsh 803
0495 | 054 [ 128 {223 | 326 {425 | 514 {592 ! 658 AR
L 0.90 5 058 1132 227 | 327 1423 ! 510 ! 586 @ 851 L 785
| 0.80 . 066 | 142 [ 234 | 330 420 | 502 {574 @ 636 . 770
| 0.50 ! 103 1178 257 | 334 1406 : 470 | 527 1577 651
| | . , : T | j
| Negative Exponeatial 20 | 050 | 223 478 | 701 | 846 | 926 | 566 , 584
é 1 ; ; t ? ;
| 1.01 ! L cag 222 478 1702 848 | 927 | 966 ' 985
i 1.05 | ;G461 219 - 479 | 707 1853 1 931 | 969 | 935
 1.10 { 20 | 043 1214 1 4BO | 712 : 859 | 936 | 572 | 988
1.20 5 ] 037 {206 . 481 ! 723 ! 871 | S45 ;978 991
1.50 i { 024 {184 485 | 751 . 900 . 964 983 | 995
: , ‘ ; | i i
0.99 i L osL 226 1478 | 700 | 845 | 925 1955 | 654
0.95 : | 0S4 1228 1477 | 055 ) 839 620 1962 982
0.90 20 . 058 f233 L 476 1 689 831 © 914 1957 | 979
0.80 | 068 | 243 1 474 i 675 i 815 | 899 | 946 | 972
! i [P oo H My
0.50 ! | 1L {277 1463 1625 748 | 534|831 1929
t N ' ! i ' i
Decimzl points omitted: entries should be divided by 1000.



Table 9.

Points on the Power Function of the Two-Sided Test for u

for Gzmma Distributions with Sample Sizes of 5 and 20.

Mominal Size of Test a = C,05.

Parameters Mean of Distribution
T ! : T
Y n © 0.4 | 0.5 | 0.6 | 0.7 | 0.8 § 0.9 {1.0 % 1.1 ] 1.2 ) 1.3 1 L6 {15 e 1.7
Negative Exponmential 5 383 | 228 | 138 | 087 | 060 | c48 | 050 | 063 | 085 | 116 | 153 | 194 | 239 |285
; H i : H H )

1.01 381 ; 226 | 137 | 086 | 058 | 047 ' 049 062 | 084 ! 115 152 | 193 ;238 {284

1.05 377 | 220 | 131 | 081 | 054 | 043 ' 045 . 057 | 079 | 110 : 147 | 189 | 255 1282

1.10 5 © 371 ¢ 213 | 124 | 075 | 049 ! 038 . 040 052 . 074 ! 105 : 142 1 185 | 231 ! 27

1.20 361 | 199 | 111 | 064 | 040 | 030 | 032 - 043 . G65 | 095 , 133 | 176 | 223 ¢ 274

1.50 334 | 164 | 081 | 041 | 023 . 015 1016 © 026 - 045 { 073 110 {155 | 235 . 259

T ] e % ; : ; 1 .

0.99 384 | 229 | 140 ! 089 | 061 | 050 : 051 ; 064 | 087 ! 117 i 154 | 195 | 240 | 285

0.95 389 | 236 . 146 ! 094 | 066 , 0S4 | 056 065 ' 0$2 ! 122 - 159 | 200 | 243 ! 28S

0.90 5 395 | 245 | 155 { 102 ; 073 : 061 : 063 076 . 099 , 12§ . 165 . 285 2:8 !291

0.80 408 | 264 | 174 | 121 1 091 @ 078 ; 080 093 : 116 ; 145 ' 180 218 | 258 ! 299

0.50 459 1339 | 259 | 209 | 180 | 169 , 170 : 181 = 200 221 | 250 - 278 : 308 ;333

: | | | C | T

Negative Exponential 20 983 | 841 , 561 : 301 | 141 . 066 1 050 £ 080 ; 150 @ 251 © 389 | 490 | &i2 }699

1.01 983 | 842 | 561 | 300 ; 140 | 065 | 049 ' 078 : 148 | 250  3£9 [ 4SC | 5C3 1700

1.05 985 | 846 | 562 | 296 @ 134 | 061 : 045 ' 074 | 144 . 246 ' 367 | 491 i 5C5 | 704

1.10 20 986 | 851 | 562 | 290 . 128 : 055 | G40 068 | 13 242 ' 365 1492 ¢ 813 1710

1.20 989 | 860 | 562 0 280 | 116 © 046 | 032 © 059 | 128 ¢ 23% 382 434 17 70
1.50 995 | 884 | 563 | 252 ; 088 ; 028 ; 016 © 039 | 104 , 212 352 3500 [ (35 [ 743
a R » T
0.99 | 982 | 840 | 561 | 303 | 14 068 | 051 © 081 | 151 . 252 @ 370 490 !-sl1 ! 6973
¢.95 930 | 836 | 561 | 207 | 149 ¢ 073 | 056 | C86 | 156 ! 255 i 371 | 489 | 393 | 693 |
0.90 20 978 | 820 | 551 | 314 ; 156 , 080 | C63 | 093 | 163 ) 260 . 373 1483 1 Zts 636 |
C.80 | 571 | 820 | 562 | 327 | 174 | G597 | 080 ; 110 | 178 | 271 ; 378 | 485 | Sio 1675
0.50 | $38 | 776 | 565 | 379 | 251 | 183 | 167 ' 193 | 247 | 320 | 400 | 481 ! 533 627!

Decimal points omitted: entries should be divided by 1000.
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