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ABSTRACT

n
The density estimator of Yamato (1971), f;(x) = n"1 Z h;lK(x—Xj)/hj), as
j=1

n
well as a closely related one f:(x) = n-lh;% Y hg%K((x-Xj)/hj) are considered.
j=1
Expressions for asymptotic bias, and variance are developed and weak consistency is

shown. Using the almost sure invariance principle, laws of the iterated logarithm
are developed. Finally application of these results to sequential estimation pro-

cedures are made.
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I. Introduction. Let xl’XZ"" be a sequence of i.i.d. observations drawn accor-

ding to a probability density, f. Rosenblatt (1956) introduced the kernel estima-
tor of the density, f£(x),

-~ 1 n X"X-
£, = .Z Kl g
n j=1 n

and, in a now classic paper, Parzen (1962) developed many of the important proper-
ties of these estimators. A closely related estimator
h,

h.
173 J

_ 1
f;(x) = E‘j

e~

was introduced by Yamato (1971). This latter estimator has thc very useful property

that it can be calculated recursively, i.e.

-X
_n-1 1 *n
B0 = a0+ g K[“"hn J

This property is particularly useful for fairly large sample sizes, since addition
of a few extra observations means %n(x) must be entirely re-computed - a tedious
chore even with a computer.

In this paper we shall explore some properties of f; as well as a related

estimator, f;, defined by

x-X.
f*(x) - Z 1 K ; J]
" nA j=1 A (D

This latter estimator can also be recursively formulated;

‘h x-X
t... _n-1 ‘‘'n-1 .t 1 n
fn(x) =n v/ h fn—lcx) * nhn K hn

In addition, we will give a law of the iterated logarithm for f;, a rate of con-

vergence for f; and some properties of both when used as sequential density esti-

mators.
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Throughout this paper, we shall deal with univariate estimators. The extension

to the multivariate case is straightforward. We shall assume throughout that
K is syrmetric about 0,
K(U) >0,

(1) J K(u)du < = ,

-00

sup K(u) < = ,
u

[ulK(u) >0 as u=> e,

and that {h } is a sequence of numbers such that
hn >0

(2)

nh_ -+ o ,
n

Other assumptions on K and {hn} will be made as needed.

2. Asymptotic Bias, Variance and Consistency: Throughout this paper, it will be

convenient to deal with the sum

nVE;-fi(x) = j

fl 1

U s
1 /Ay hy
We recall a useful lemma from Parzen (1962).
Lemma 1: Suppose K(u) is a Borel function satisfying (1). Let g(u) satisfy
@
[ tewia <,
and let {hn} satisfy (2). Then

%n J K[%—Jg(x—u)du + g(x) [ K(u)du as nie .
ns-x n -0
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Theorem 1: (a) Let K and {hn} satisfy (1) and (2). If f 1is a bounded

density,

nh_ var f:(x) > £(x) J N k% (u)du .

(b) Let us suppose K has Fourier transform K* so that K*(u) =

f e ™™ K(y)dy . Suppose further that for some r, 1im {[1-K*(u)]/|u|T} is finite
- u>0
and that f(r)(x) exists. Then

n
1 T
|E £2() - £ s oz I n) .
j=1
(¢c) Under the assumptions of (b), and choosing hn=bnfy,

£(x) .

Ef:(x) - 22
-7

Proof: Now

+ 1 B > x-X. ) x~-X.y12
nh var fn(x) = nhn 5 z " [. E K —H—l - {E K( T 1| :]
n“h_ j=1 7j j j o’
n ® ) oo 2
1 2{%x~u 1 X-Uu
=1 =* ] J Jy-= J

But making a simple change of variable

1
n

%J—( L, K[—’-(—'%]f(u)du]z = h, U-w K(u)f(x~hju)du}2 >0 as joo .

It follows that the Cesiro sum

=

n © 2
) hU K(u}f(xnh.u)du} >0 .
j=1 JU e J

Similarly,



1 2{x- 1 2
fw HT'K (EH%Jf(u)du = [ HT'K (ETJf(xnu)du .
| J =© ] J
Since K 1is a bounded function, Iw Kz(u)du < o, By Lemma 1,

f %7 Kz(fﬁg}f(u)du > £(x) f k% (wdu ,
-0 J J

-0

hence the Cesaro sum,

b e

j

The conclusion of (a) follows. Parzen (1962) shows

L.

=71

K[iﬁz}f(y)dy-f(x)
n

T
h
n

> krf(r)(x)

where k_ = lim {[1- K*(u)]/lulr}. Clearly, there exists c_ such that

I fm T K( ]f(y)dy - f(x)

But

1

|E £5(x) - £(x)| < ;- 2 | fw %- ( ]f(y)dy - £(x)

To observe the result for f;(x),

£(x) - c_h_ s f %T K(;Hlﬁ}f(y)dy £(x) + c_hl
e 15 j

s

e
Multiplying by ‘}%l-, dividing by n and summing yields

g KR
Wt < E Elx) s
1 j

53
ne~13
‘\'..“
=
h
r~
>
-
]
[um—
(¢]
I e~—s
=R
i} M:S

j=1 /ﬁ;'n j 1

hr for all n.
Cr'n

n 00
1m%§%{:2%ﬂmmwwm[mﬂmm.

n

n

/E‘]‘()'*““"‘-_c/;;_ Xh

j=1

j



Under the assumptions of (c),

1y 4v/2
1 B . n,tJ
Ly _J_=J_~_1__7~,
M j=1 hy a2

Using integral approximations,

Similarly, using integral approximations

r+$'

>0 .
"F m g1 J
Thus
11mEf(x)-£%‘%§. 0

nre

Using the integral approximation, it can be shown that if hn=bn'Y, then
n
%- Y h; = O(n-Yr) = O(hz). Thus for hn=bn'Y, the Yamato estimator has the same

rate of convergence for the bias term as the Parzen estimator. However this need

not always be the case. For example, if r=1 and h = b(lgg—ga, then

n
%-.z (log log g log n) = 0(log log n ° h ). Thus the Yamato estimator may
J—

have worse bias properties than the standard kernel estimators.

3. An Almost Sure Invariance Principle. Strassen (1964, 1965) introduced the idea

of an almost sure invariance principle ans’°  his notion has been developed by Jain,
Jogdeo and Stout (1975). Briefly put, we will use the almost sure invariance prin-

ciple by showing that the sum,



noy x-X, x-X,
y — Kl—3| - F x|l—2
jal m— h hj
is with probability one close to Brownian motion in a sense made precise below.
The asymptotic fluctuation behavior of Brownian motion has been investigated and by
use of the almost sure invariance principle, we may transfer results about Brownian
motion to our density estimates.
We first shall reproduce some rele-ant results from Jain, Jogdeo and Stout

(1975). Theorem 2 represents a less general version of Theorems 3.2 and 5.1 of

Jain, Jogdeo and Stout (1975). Let Yl""’Yn"" be a sequence of zero mean
random variables with finite second moments. Let Sn = 2 Yj and

n ) J=1
Y = L EDGL Sge0ev,

Theorem 2: For a fixed o20, assume
(3) V »
and

I < ®© a.S§.
k Vi 2(a+1),

V1o og v, (1o82")

(log,V, )"

(4) ——-Tflli—— E{Yz
k=1 k

Let S be a random function defined on [0,») obtained by setting S(t)=Sn for

te[Vn,V Then, redefining {S(t), t2C}, if necessary, on a new probability

n+1)'

space, there exists a Brownian motion £ such that
(5) Is) - £e)] - 0(t¥0g,) 1"/H) ais.

Here log7t = log log t.

In particular, if (4) holds with a=2 and ¢>0 is a nondecreasing function,

then



P[Sn > vﬁ¢(vn) i.o0.] =0 or 1

according as

[ ¢(§) exp(-¢2(t)/2)dt <® Oor = o,

1
1 x-X. x~-X.
Let us identify Yj T i K(-H_AJ - E K[ T J] . Thus we have,
"hy j j
n 2 n 1 x-X. x=-X 2
o= L EY5=E ) rl_"[h.]'”[h.]j
j=1 i=1 3 J J
n x-X. x-X. 2
- 1 J J
=h B L g K( iy ] - E K[ 7y } :]
j=1 'nj J J

.'.
hn var nfn(x) .
But under the assumptions of Theorem 1

nh_ var £1(x) > £(x) f K% (w)du ,

v . ™
so that —%—= hnn var fg(x) + f(x) [ Kz(u)du. Thus for ¢>0 and for n suffi-

ciently large,

en = (£(x) I_m k*(u)du - €)n < Vo< (£(x) I-m K%(u)du + €)n = c,n .

Theorem 3: (a) Let K satisfy (1) and {hn} satisfy (2). Let f satisfy the
conditions of Theorem 1. If in ﬁidition,
n

(6)
log n(logzn)2(a+1)

diverges to w,

then (5) holds for Sn defined ab.-e.
(b) 1In particular, if

ah
diverges to =, then

log n(logzn)



P[Sn > Vﬁ (vn) i.o.] =0 or 1
according as
[w 2EQE-)—-exp(wz(t)/Z)dt <® or = ® ,
1
(¢) For a20

nh_ % .
(18535] (oo - & fg(x)) > (2£(x) f_w K (u)du) ¥

(d) For oa>1,

+ %
f (x)-Ef (x) w 2
lim p{: LU LI :} = 2m) % f e gy

e Yvar f;(x)

Proof: Consider first

2

E Yk 1 vV
(Y2 k i)
log Vk(logzvk) @
Now
Vk N Clk
2(a+1) ~ 2(a+1)

log Vk(1°g2vk) loy czk(logzczk)

k

z c* s
log k(log,k)? (1)
where c¢* is some constant. Thus
2 2
E Yk I v < E Yk I 2, X
vz k ] Y, ze ACTHE
< 2(a+l) log k(logzk)

log Vk(logzvk)
But



Y2 > ok k
log k(logzk)

[: K(x-xk] o K{X—Xk] :]2 o hkk
hy hy log k(logk)*(**1)

Since K 1is bounded and (6) holds,

x-X x-X h k
k k k
[: [: hk hk log k(logzk)2(°+l)

is an impossible event for k sufficiently large. Thus

2(a+l)

if and only if

v

E Yi I v = 0 for k sufficiently large. It follows that
2 k
[Y>— ]
k 2(a+l)
log Vk(logzvk)
(log,V)*
_~_v3_5__ E{Yi I v } < ® a,s,
k=1 k R k :
k™ 2(a+1)

log Vk(logzvk)

Hence the conclusion of (a) holds. Part (b) is immediate. To see part (c), divide

7

(5) by (2 log, t - ),
%
S(t) £(t) g O(t (logzt)
Z E
(2b10g2t=t)2 (2°10g2t°t)2

(2°1og2t°t)%

- o((logzt)'“/z)

But e(t) prig 1 a.s. as t+o, hence for a20,
(2°log2t°t)2
5(t) + 1 a.s. as toe
(2°10g2t°t)2
Thus
1
° 2
Sn (logzn n)

-+ 1 a.s. as meo .

% %
(Zologznon) (logZVn Vﬁ)
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But
( log,n°n }% R [ 1 }%
10820 Vn £ /" X (u) du
Hence
Sn ® 2 1
(7N — (Zf(x) f K (u)du)2 a.s. as mre ,

(log2n°n)2
Finally noting that n/F; (f;(x) - E f;(x)) = Sn’ we have

00

nh_ 1%
(log];n] (£00 - B £0) » (2200 f K2 (wdu)? .

-0
Hence part (c). For part (d), we observe that since §&(t) is Brownian motion

£(t)/vt is normal mean zero variance l(n(O,l)). But

1-a
|§£El._ Eiili < 0((10g2t) 2 ) a.s.

/t /t

For a>1,
5(t) is asymptotically n(0,1).

7t
Letting t=V
n S

no. .
—— is asymptotically n(0,1).
N

n

Yt i (£ - £ ()

o~

- n2 T - Y =

But Vn =1 hnvar fh(x) = var nvh fn(x). Also Sn =
+ + !
£ (x)-E £ (x)
15 asymptotically n(0,1). a

Y var fz(x)

L -
While we know the exact order of f:(x) - E f;(x), the fact that f;(x) is a
biased estimator and the fact that we do not have any rate on the bias term limits
the usefulness of f;. Of course, ¥y 1is a parameter of hn and hence known to

us. We could therefore consider (l-y)f:(x) which would be asymptotically unbiased.
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Combining this.result with Theorem:1l.part (a) and Theorem 3 part (c) yields a weakly
and a strongly consistent estimator respectively.
Results for fg can be translated to results for f; by the next two very
useful lemmas. These were suggested by the Toeplitz Lemma and the Kronecker Lemma.

See Lodve (1963).

Lemma 2: Let bn 4 o, c, te and s be sequences such that sn/cn + 8, Let

n-1
. 1
a.=b.-b. ,, 3j22 with a,=b,, then —— a.s. - s.
J) i1 171 by jo1 7
.n
Proof: Note that b, = ) 2. Let e>0. There is N_ such that n>N_  implies
j=1
*n
$-g £ — < s+g,
c
n
1 n-1
Let s! = Z a.s Then
bc .57
N B j=1 N
1 ZS 1 nil 1 26 1 nil
a.s. + — a.(s-g) £ sf < a.s. + — a. (s+e)
bncn j=1 )] bn J=Ne+1 ) n-b “n j=1 )] bn j=N€+1 J
Taking 1im inf and 1lim sup,
s-e £ lim inf sé < 1lim sup sg < s+e, 0

Lemma 3: If %—

y. s and b_ 4+ o, then
. j n
n j

it~

1
n
L ¥ by »o.

bncn j=1 )3

n
Proof: Let S, = Z Yis sO=O and aj=bj-bj-1 with a1=b1. Then

j=1
n n
1 z 1

I, b.y_ = z b.(S."S._ )

bncn j=1 17 bncn j=1 173 -1
Sn 1 nil

= — - (b.-b )S

ch bncn j=1 Jj 1
s n-1
o 1
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Using Lemma 2, 2 byy; * s-s = 0. 0
n n j=1
Theorem 4: Let K satisfy (1) and {h } satisfy (2). Let f satisfy the conditions of
™ nh
Thecorem 1. If in addition, L diverges to «, then
log n(logzn)
nh n ]
% - *
logzn (fn(x) E fn(x)) + 0 a.s. as nro .

lioreover if the conditions of Theorem 1 part (b) hold and hn=bn~Y with 7255%13

then

1-v 1%
[logzn] (f;(x) - f(x)) + 0 a.s. as nw ,

Proof: We observe that

n /ﬁ; x-X, x-Xj
iy e -5 men) = B [ - e x5 ]

Identify c¢_ = (n log n)% b - 2 y S [:?[X-Xn} - E K[X-Xn} :] in Lemma
n 22 n ‘/}-1-;; n /—- h hn

3. The result follows from (7) and Lemma 3.

Notice that E f;(x) - f(x) = O(n-Yr), hence,

l-y LY (@r+l) %
[log n] |E £2(x) - £()| s 0 [—————-—-—10g2n ]

Since yz—l——, 1-y(2r+1)<0, so that
2r+1

21T Y
% .o
[logzn] |E fn(x) F(x)| >0 as m . 0
It follows that the Yamato estimator, f;(x), while possibly somewhat worse in
terms of bias is better in terms of variance. In fact, Yamato (1971, p. 6) concludes

under suitable conditions that if 11n = Z EE-= a, then 1lim nhn var[f;(x)] =
n—-)oo : n--e

of (%) f k2 (y)dy .



n h
In fact, we can apply Lemma 3 again to the expression %- 2 ﬁgu Let C,=1s
.21 .
b=l and yz1. Clearly, L ] y,=L.n- 1P
nh o an Yn— . early, E_'.z yj =5 ° n=1+-1., Hence ﬁ'.X HT'* 0, so
n n j=1 j=1 3

that a=0. Hence for the Yamato estimator,

lim nh_ var[f*(x)] = 0.
e D n

5. A Seouential Procedure. One particularly useful application of recursively

formulated density estimators is to sequential procedures. Davies and Wegman (1975)

introduce sequential density estimation, studying in some detail rules of the form:
Stop if I%n(x) - %n_l(x)|<e, otherwise continue.

In this section we shall discuss briefly a rule suggested by the recursive estimator

itself. For both the Yamato estimator, f;(x), and the estimator introduced in this

- x-X
paper, f;(x), the correction term due to observation, Xn, is T KLTTI%' A
n n

x-X
reasonable stopping rule might be to stop when E%«-K[ P ] gets ''too small".
n n

x-X
Unfortunately, since nhn—>°° and K 1is bounded, ﬁ%— K[ B J gets '"too small"
n n

independent of the observations. Thus we choose a stopping variable NE such that
1 x-X
First n such that T KL7;~J <€
n n

o if no such n exists.

Theorem 5: We assume (1) and (2) hold for K and {hn} respectively.
(a) P[N€<w]=1, i.e. NE is a closed stopping rule.
(®) ENk<°° for every k. Moreover there is a number, p, with 0<p<l such

tN
that Ee ° exists for t<-log p.
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(c¢) If K(x)>0 for all x, then Ne+w in probability as ¢+0.
(d) If K(x)>0 for all x, then Ne*w a.s. as e+¥0.
(e) Under the hypotheses of Theorems 3 and 4 and if K(x)>0 for all x,

f§ (x) » £(x) a.s. as e+0
€

and

(l-y)fg (x) » £(x) a.s. as €40,
€

Proof: Let X have density, £. We first observe

1 x-X 1 x-X 1 ., rx-X
P[N_=n] = P[i— K(——h——]ze] o Plp— K(E-——)ZQ]P[B— K(F) <e]
1 1 n-1 n-1 n n
=Py e+ Py (AP
1 rx-X :
where Py = P[ET~RC§ET)2€] .
J J
PIN_<=] = jzl P[N.=j] = 1-p; + p;(1-py) + ... +p; ... p (1-p ) + ...
=1.
. . 1 x-X . .
Since |ulK(u)»0 as wu*to, it follows that P[E—-K(—E—JZE]+O as jo», i,e.
j j

pj+0 as jo=., Let 0<p<1l, for j sufficiently large, say jan, pj<p .

K v ok K v ok Mim
Hence E N = Z n P[N€=n] < z n o+ z np Pew, Similarly
n=1 n=1 n=n +1
\ n
tH o P t{l+n ) o n-1-n
Ee ©= ¥ eth P[N_=n] < ) e+ o y (etp) " P,
n=1 n=1 n=np+1

This latter sum will be finite provided etp<1 or t<-log p.
To show (c), we note that pj+1 as e+0. But P[NESn] = l-pn + 0 as e40.

Thus P[N€>n]+1 as €+0 for fixed n. Hence N€+m in probability as €+0.
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Next let « be any point in the basic probability space. We have

1
ho K(x-X(m)) > 0. Let N, be any positive integer. Choose

n h 0
n
e < min 1 K(X'X(N)] (e may depend on w ). Thus N_(w)>N,. Taking 1lim inf
. h. h. € 0
ISJSNO j j
e¥0,

lim inf N =2 N0 a.s.
>0 €

But N0 was arbitrary

1im inf Ne = ® 3,5,
e+0

Part (e) follows immediately. O

A slightly more general stopping rule might be

1 X'Xn
First n such that > K( } < g
gh ) "% b

o if no such n exists .

Were g{(x) 1in some monotone non-decreasing function of x. To illustrate consider

the rule
1 Xn
First n such that —-K(——J <Ee
2 ‘h
h n
n
N =
o if no such n exists .
In this example, we presume Xl,...,Xn,... is a n(0,1) sample and we are esti-
mating £(0). Let us assume that K(x) = 1 _ , =% < x < o, Ye observe then

n(1+x2)



16

1 X
n = p[;l-z— K(Fr-l-) > 8]

n s
S S,

i
2P[0<X<h f2s.1]
n 4eh2

n
2(@'(‘}% - h) - 2(0))
2@()% ~h) -1,

In this case, we notice that o 4 ZQ(VE%J - 1. Thus P[N€=n] is very close to a
geometric disttibution.
We also note here that, in general, we can compute the exact distribution of NE

given the knowledge of K, {hn} and f.
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