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ABSTRACT
Bootstrap and permutation approximations to the distribution of

e

U-statistics are shown to be valid when the resampling is trom residuals in
the two-sample problem.

The motivation

fo~

using residuals comes from

testing for homogeneity of scale in the presence of nuisance location
Parameters.

New asymptotic results for U-statistics with estimated

parameters are key tools in the proofs.
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I.

INTRODUCTION
Suppose Xu,,,,X m and Yu...,Y n are independent samples from distribution

functions F 1 and F 2 and that we want to test Ho :

H.:

81

> 8 21

81

=8

2

versus

where 8 1 is some scale or variance parameter of F p

81 = 8dX lI ... ,Xm)
estimator for 8 2 ,

be an estimator for 8 1 and let

Let

82 = 82 (Y 11"" Yn)

be an

8t

is the

If for example 8 1 is the variance of F t and

sample variance, Box (1953) and many others have firmly established that the
classical normal likelihood ratio statistic

81 /8 2 ,

used with F(m-l, n-1) critical

values, gives a test which is very sensitive to the normal assumption.
Therefore, when normality is suspect it is natural to consider resampling
methods for choosing critical values.
In this paper we deal with the problem of obtaining bootstrap and
permutation critical values for a general test statistic of the form
%
Tmn = (:n] . [log

(1.1)

where

81

81

- log

82 ]

is of the form 8(F 1)' with 8(') a von Mises functional and F 1 and F 2

are the empirical distribution functions of the two samples.

From an

appropriate resampling plan we take a large number of resamples and
compute T~n (the resampled value of T mn ) and reject Ho if T mn is larger than
the (I-ex) quantile of the empirical distribution function of the T~n.
Naive intuition might suggest that one obtain critical values via
resampling with replacement (bootstrap) or without replacement (permutation)
from
(I)

the combined sample XU...,Xm, Yu...,Y n

or by bootstrap resampling from
(II) the samples Xu...,X m and Yu ...,Y n separately.
Assume that c¥ is the critical point obtained from resampling plan (I).
The following example shows that the level of a nominal level ex test based on

1

T111ft with cf as critical value need not converge to ex:
have P(T111ft

> c!)

-7+' ex as Iliin(m,n) .. -.

i.e., under Ho we

Hence (1) is an unacceptable

procedure.
EXAMPLE.

Suppose that we want to test Ho:

in the following semi-parametric framework:

= Fo«x-Pa)/az)

Fz(x)

with at

parameters PI and P2.

= 6 1,

81

and

moment.

8z

= 6 z versus

H.:

81

> 8z

= Fo«x-pd/ad,

unknown F o and unknown location

If F 0 has zero mean and unit variance, then Pi is the

mean of F 1 and ai is the variance of F I.
with

Fdx)

61

the sample variances.

Consider the statistic given by (1.1)

Suppose F 0 has a finite fourth

It is easy to derive that for m,n .. • with m/(m+n) .. A

It

(0,1), T lIln

has a limiting distribution which under Ho is given by N(O; lla(F o ) - 1), where

for any distribution function K we denote the kurtosis by
(1.2)

e

From Bickel and Freedman (1981) it also follows that the bootstrapped quantity
T~ft (obtained via resampling with replacement from the combined sample) has

a conditional limit distribution which, under Ho, is N(O; lla(G) - 1), where G(x)

= AF

1

(x) + (l-A)F z (x).

Therefore the (I-ex) quantile of the empirical

distribution function of the T~ft will converge almost surely to
Zl-cx(IlZ(G) - 1)%, where ZI-cx is the standard normal (1-ex) quantile.
1l2(G) can be quite different from Ilz(F o ), a nominal ex

different asymptotic significance level.
A

= %,

61

= 6 z = 1 and

PI - pz

=3

= 0.05

Since

test will have a

Take for example F 0 standard normal,

and use the fact that the mean of G is

ApI + (1 - A)P2 and, under Ho , the variance of G is 6 1 + A(1-A)(Pl-PZ)Z, to
obtain 1l2(G)
ex

= 0.05

= 2.04

:t:

Ilz(F o )

= 3.

It turns out that the level of a nominal

test based on T111ft with T~ft critical values converges to 0.12.

Let cfI be the critical point obtained from plan (II).

Combining results

in Bickel and Freedman (1981) and the ideas in Section 2 of this paper, it is

2

not hard to show that P(T mn

> CII)

... ex under both Ho and H.; so also (II) is

unacceptable.
A possible solution to these problems is to adjust for the location

differences by centering the samples before resampling, i.e., by resampling
from
(III)

the location aligned and then combined sample Xl-Pu""Xm-Pu

Yl-Pu...,Yn-Pu where Pi is an estimator for the location parameter }Ii of

= 1,2.

F tI i

This means that both resamples are drawn from the same distribution
H..n(x)

= (m/(m+n))F\(x+pd

+ (n/m+n))Fz(x+pz).

For example, when comparing

variances, we will resample from Xl - X"",Xm - X, Y1
and

Y are

the sample means of the two samples.

-

Y,...,Yn

-

Y where

X

Results in Sections 2 and 3

show that the (I-ex) quantile obtained from the empirical distribution function
of the resampled values converges almost surely to Zl-ex(I1Z (H) - 1)%, where

= AFdx

H(x)

+ }It> + (1 - A)Fz(x + }lz)

= AFo(x/at>

+ (1 - A)Fo(x/az), a

distribution function which, under Ho , has the correct kurtosis
I1z(H)

= I1z(F o )'

Thus, under Ho , the asymptotic

l~vels

are ex as advertized.

Indeed, Monte Carlo results in Table 1 and in Boos and Brownie (1986) show
that the levels are close to ex even in small samples.

Moreover the results in

Sections 2 and 3 imply that under H. the power tends to one.
In this context we note that bootstrap resampling from the samples
Xl-Pu,,,,Xm-Pl and Yl-Pu...,Yn-Pz separately is exactly the same as plan (II)
since scale statistics are invariant to location shifts.

A valid plan, however,

is to bootstrap from
(IV)

the samples Xd8 u ...,Xm/8 1 and Yd8 z ,... ,yn /8 2 separately, where 8 1 and

8 z are the scale estimators to be compared.
This plan will have the correct level asymptotically (even without the

3

location-scale family assumption) and also appropriate power under
alternatives.
The pooled procedure (III) we are suggesting, however, has an important
advantage in small to moderate samples.

Table I illustrates with Monte Carlo

estimates of the true level of four tests based on the F statistic

8t/82 •

The

four rows of the table differ only in how the critical values were chosen.
Row 1 uses an F(m-l,n-l) critical value and is displayed to remind the reader
of the nonrobustness of the classical procedure.
permutation and bootstrap resampling from

Rows 2 and 3 pertain to the

{X1-X,...,Xm-X, Y1-Y,...,Yn-Y}

are studied in Sections 2 and 3 of this paper.

which

Row 4 is the separate

rescaled plan (IV).
At the normal distribution all four tests in Table 1 hold their levels well.
But at the Laplace distribution with density f(x)

= %exp(-Ixl)

Extreme Value distribution with distribution function F(x)
rows 2 and 3 are much better than rows I and 4.

and at the

= exp{-exp(-x)},

Apparently pooling is

quite useful for these sample sizes and distributions.

For this reason we

have chosen to focus on the pooled procedures.
Table 1.

Estimated levels of one-sided ex = .05 level tests based on the ratio
of sample variances. Samples sizes: (m,n) = (10,15).

Method of obtaining critical values

Note:

Normal

Laplace

Extreme Value

F table

.046

.156

.099

Permutation, plan (III)

.048

.054

.063

Bootstrap, plan (III)

.050

.055

.059

Bootstrap, plan (IV)

.059

.122

.100

Entries are based on 1000 Monte Carlo replications and have approximate
standard deviation «.95)(.05)/1000)% = .007. Permutation and
bootstrap procedures are based on 500 resamples for each Monte Carlo
replication.

4

From the above discussion it is clear that resampling from the location
aligned and then combined sample is favorable.

The basic results of this

paper are to give the relevant asymptotic normal theory for resampling Uand v-statistics from this plan (III).

We focus on U- and V-statistics

because they include the sample variance which was the original motivating
statistic and they often appear naturally in connection with other statistics.
The discussion is restricted to kernels of degree two.
Results for bootstrapping are given in Section 2 and permutational
results are in Section 3.

The bootstrap results rely on techniques found in

Bickel and Freedman (1981) and on some new theorems in the Appendix
concerning almost sure convergence of U- and V':'statistics with estimated
parameters.

The permutational results require additional theory along with

standard permutational limit theorems for U-statistics (Puri and Sen (1971).
Section 4 gives further insight into the motivation and need for our approach
and Section 5 has a numerical example.

A short summary with possible

extensions is given in Section 6.
We end this Introduction with a Proposition on T mn and its associated
V-statistics.
YU""Yn

...

For the two independent samples Xu""Xm

...

F i and

F z with empirical distribution functions F i (x) = m-it'r=lI(X.

i x)

and Fz(x) = n-itY=lI(Y. i x), consider the standardized V-statistics
Vi = m%[8(Fd - 8(FdJ and Vz = n%[8(F z ) - 8(F z »), where 8(·) is a simple
von Mises functional of the form
(1.3)

8(K)

= JJh(x,y)dK(x)dK(y)

for symmetric kernel h and any distribution function K.

The limiting

distribution of these standardized V-statistics can easily be derived via the

5

differential approach (Sertling (1980»
8(F t;F i

by approximating 8fF 1) - 8(F 1) by

F t> where

-

and

(1.4)

= 2[fh(x,y)dK(Y)

1(x,K)

- 8(K)] •

This approach leads directly to the asymptotic normality of (V l 'Vz) with
asymptotic variances cr Z(F 1 ) and crZ(F z ), respectively, where

From this joint asymptotic normality and assuming h (x,y)
Ho :

e

= 8(Fz )

8(Fd

PROPOSITION.

limiting distribution of T mn •

Assume that for i

ffh2 (x,y)dF (x)dF (y)
i
i
~

• such that m/(m+n)
(Yl'Y2)

~

Further, if h(x,y)
T

mIl

2.

-

we can get the

Formally, we have

Let XlJuo,Xm and YlJuo,Y n be iid with respective distribution

functions F 1 and F z.

If m,n

> 0,

~

< .,

= 1,2

f h2 (x,x)dF (X)
i

A " (0,1), then

2
2
N(Q, di&g(cr (F ), cr (F
l
2

> 0,

[_
)%
iii+ii log

<•

».

then
2
(l-A)cr2 (F )
Acr (F )
[
8(F1 ) d
1
2
+
8(F ) ~ N 0,
[8(F )]2
[8(F )]2
2
l
2

I

LOCATION ALIGNED RESAMPLING WITH REPLACEMENT (BOOTSTRAP)
Consider the combined sample, aligned for location:

where N

=m

+ n.

Denote

6

B

(x)

= N-1

lID

N

I(ZNi i

I

i=1

x)

xlu...,xlm, Ylu...,Yl n be conditionally independent
Yu...,Y n) with common distribution function Hmn •
Let

(given

xuo",x m,

The idea is to compare the limit law of T mn (see the Proposition in
Section 1) with the conditional limit law of

r:n = (;oj " [log

8(Ff) - log 8(F~)]

= m-1 £1=1 I(XI. i x)

where Ff(x)

Ff(x) = n- 1 £1=1 I(VI. i x) •

and

As in the Proposition, it is easiest to work with the standardized
V-statistics.

*=n

Vz

IW
II

Here we denote them by

*

[8(F... z ) - 8(H mn

»).

vf = m"[8(:Ff) - 8(Hmn»

and

Let P*, E*, Var*,... denote probability, expectation,

variance,... under Hmn •
The following set of assumptions will come into play in this section and
in Section 3.
ASSUMPTIONS (A)

(A.O)
(A.1)

mIN

(A.2)

p.

...

~

For some d

~

A a (0,1)

a.s,

i

p.,
1

> 0 and

i

88

m,n

~

•

= 1,2

= 1,2:

(A.3)

(A.4)

f

2

sup
h (x-y,x-y)dF (X)
i
I,Pili d

<•

7

(A.5)
where 2
at M

= (71'72)

and D(M,d) is a sphere with radius d centered

= (1'1,1'2)

(A.6)

(A.7)

J[

lim
~

2
sup
Ih(x-7,X-7) - h(x-Pi ,x-Pi) I] elF i (x) = 0
I,Pi li d

(A.8)

for some 6
Remarks.

e

>1

(1) The above conditions are natural in the context of U- and

V-statistics with estimated parameters, see e.g., Randles (1982).
(2) Conditions (A.5) and (A.8) can be slightly modified in the sense of the
moment condition in Theorem I of Sen (1977).

However the present conditions

are more attractive to check.
(3) If 8(·) is the variance functional, then (A.3)-(A.8) hold if F 1 and Fa have
finite 4 +

2

moments for some

2

> O.

In that case, though, a direct proof

shows that the following Theorem I is true with only the assumption of finite
41: h moments.
(4) The results of Theorem I are also true if (Vf,V~) are replaced by the
corresponding U-statistics.
TBEORBM L

Assume (A).

Then almost surely (with respect to XU... ,X m,

Y1 , ... ,Yn )

where 0'2(H)

= J 1 2(x,H)dH(x)

and H(x)

= AFdx + PI) +
8

(1 - A)Fa(x

+

1'2).

If

h(x,y)

> 0,

then almost surely

Since the convergence of T~n follows directly from

PROOF OF THEOREM 1.

that of (Vf,VI), we only show the convergence of (Vf,VI).
conditional limit law of vf

(2.1)

m' [8(F*1) - 8(H

= m'[8(Ff)
)

JIIl

- 8(Hmn»)' we would show that

_! I1(X*.,H )].
II

To get the

i=1

N1

DID

R

p*)

0

DID

(2.2)

(2.3)

.e

_,JI[
I 1(X:.,H) - J
1(x,H)dH

m

~1

1

JIll

(x) ]d*
~ N(O;u2(H»

•

The joint convergence of (Vf,VI) is only slightly more work.

First, the

analogues for (2.1) and (2.2) for vf will follow the proof below for vf.
the left-hand side of (2.3) L... and the analogous vI quantity Ln.

Call

Then the

joint convergence of (Vf,Vf) follows from the Cramer-Wold device if

for every pair (cucz)

2

RZ.

But since L.. and L n are conditionally

independent, we need only show (2.3) and its vI analogue.
PROOF of (2.1):

As in Bickel and Freedman (1981, p. 1202) we have, for some

constants C 1 and C Z

To show (2.1) it suffices to establish that E* (~n) ~ O.

9

This is obtained

bY' proving that

and

(2.5)
To show (2.4), note that

*[h 2 (XNl,lL~2)
* -~* ] = N-2 i=l
N
I

E

N
I h 2 (ZN' ,ZN')
j=l
1
J

The first two terms contain one-sample V-statistics with estimated parameters
and the third term contains a two-sample V-statistic with estimated
parameters.

Their a.s. convergence can be established bY' using Lemma I in

the Appendix.

As an example we show that

The conditions (i) and (ii) of Lemma I are satisfied bY' (A.2) and (A.5).
Condition (iii) follows from the inequalitY'

10

together with Halder's inequality and (A.5) and (A.B).
Similarly we obtain (2.5).
PROOF of (2.2):

To establish (2.2) it is easily seen that we only have to show

the a.s. convergence to zero of

Under (A) it can be shown that B t

~

0, i

= 1,2

(see Lemma 3 in the

Appendix).
PROOF of (2.3):

Using the Berry-Esseen theorem, it follows as in Singh (1981)

that (2.3) holds if we show

<2.6)

m-% {E*11<X:l,H)1 3 + IE*[1<X:l,H)]1 3} a.sO) 0

and

11

Under (A), LeImna 1 of the Appendix can be applied to get

and

Hence (2.7) is valid.

To get (2.6), it remains to show that

m-% B*11(Xl u H)13 ~ O.

•

=i

e

Finally, D t

Therefore note that

-3/2
m

~ 0, i

=1,2,

by an application of Lemma 2 in the Appendix

(Marcinkiewicz's strong law of large numbers for sums with estimated
parameters), since it can be shown that the conditions of Lemma 2 are
satisfied under (A).

3.

LOCATION ALIGNED RESAMPLING WITHOUT REPLACEMENT (PERMUTATION)
As an alternative to the resampling scheme of Section 2, we now consider

resampling without replacement from the combined sample, aligned for
location.

In this case XNu.",X Nm are sampled without replacement from

ZNu""ZNN and YNu".,Y Nn denote the remaining ZNt'S after selecting
XNU".,X Nmo

Our interest is now in the conditional limit law of

where

12

U'

mn

= (-2)-1

u~ = (~J

I I
l,ii< j,i-

-1

h(i_.,xN.)
J

-""N1

I I
h(YN·,YN·)
l<i<j<n
1
J

We will use the notation

P, :8,

Var,... for probability, expectation, variance,...

under the above resampling scheme.
Note that if h(x,y)
the

XNi

and

YNtr

= (x-y)2/2,

U;'n and

U;'~

are the sample variances of

respectively, with divisors m-l and n-l.

Here we are giving

a theorem about U-statistics because the notation is easier, but Theorem 2
holds for the related V-statistics as well.
limiting distribution of U';'n and

Tmn

Note also that we only give the

since U';'n and U';'~ are functionally

dependent.
The following notation will be used in the statement and proof of
Theorem 2.

I I
h(Z ZN· )
8N = (NJ-l
2 l<i<·<N
N·'
1
J
_ J_

8

N

N
= N-1i=l
I

?D(Zxi)

Jh(ZN.,y)dH(Y)

= 21~1

1

J~l h(Zxi'ZxJ) j=i

THEOREM 2.

Assume (A).

Then

_%(U~ - 8N) ~ N(O, (1-A)a2 (H»
and, if h(x,y) > 0, then

where a 2 (H) is as in Theorem 1.

13

8N]

i = 1, ••• ,N

PROOF OF THEOREM 2.

First, let R;'n and

R;'~

be defined by

and

By adding and subtracting and Taylor expansion, we have

+

(Umn
' - 8NJ(8~

-

~.J

-l'f

m

e

where

8m lies

between U';'n and 8 N and

8n

- (u"mn -

LJ

8 J(~ N 8
8N
D

lies between

U.;.~

and 8 N •

The key step

here is to Dote that
N

(3.1)

I

. 1
1=

Tmn
where

Rmn

"N(ZN')
1

=

=

(!]%
L [.-%
n
8
N

I

i=l

,,(Xu.)]
N -""N1

•

mn

is the collection of remaining terms.

m"<U;'n - 8 N) follows if we show that

(3.2)

+ R

R'

lID

40

(3.3)

14

The convergence of

(3.4)

-%

2m

•I [J i=I

-]d~ N(O;

h(~i,y)dH(Y)

- 8

N

2

(I-A)a (H»

The convergence of n%(U';'~ - 8 N) follows similarly by showing that R.;.~
and that the appropriate analogues of (3.3) and (3.4) are valid.

....!....+

Using (A),

an application of Lemma 1 in the Appendix shows that 8 N ~ 8(H).

(For a

very similar argument, also see the end of the proof of Lemma 3 in the
Appendix.)
R mn - R';'n

Hence Rmn

....f-.+

....!....+ o.

Finally since 8 N(n/N)%

Tmn

- m%(U';'n - 8 N)

0 and using again that 8 N ~ 8(H), the result for

=

Tmn

follows.
PROOF of (3.2):
analogously.

We only give the proof for R';'n since

Since R.;.n

1+

R';'~

is treated

0 follows by showing that E(R.;.~) ~ 0, the

following inequality which can be obtained by straightforward but. very
tedious calculations, is basic.

1
+ N(N-I)(N-2)

For some constant C

I

I

I

_ J _
I<i~'~k<N

h(ZN° ,ZNo)h(ZN° ,zNk)
1
J
1

Now argue as in the proof of (2.1), using Lemma 1 in the Appendix, to show
the B.s. convergence of each of the three terms within square brackets in
the right-hand side of the above inequality.
PROOF of (3.3):
that E[WN(X N1 )]

With WN(X N1 )

=0

= 1N(XN1 )

and that

15

- 2{fh(X N1 ,y)dH(y) - ON}' we have

0

Hence, we only have to show that

E[7I'i(X Nd]

~ O.

Therefore, note that

The result follows since, given the regularity conditions, it can be shown
that P t LI.I...r+ 0, i
PROOF of (3.4):

= 1,2

(see Lemma 4 in the Appendix).

Writing
N

= . I 1 bN'('N'
1
1
1=

it is clear that we have to deal with a linear permutation statistic as defined
e.g. in Puri and Sen (1971, p. 73), where (using their notation)
. (3.5)

(3.6)
Therefore (3.4) follows from Theorem 3.4.1 in Puri and Sen (1971) if we show
that BN satisfies their relation (3.4.6) (the Wald-Wolfowitz condition), that AN
satisfies their relation (3.4.8) (Hoeffding's form of the Noether condition) a.s.
and that

;1

as defined in their relation (3.4.21) tends to (1 - A)cr 2 (H) a.s.

direct calculation we get for B N given by (3.5) that
P-r,N(B N)/[P2,N(B N)]T/2

= 0(1),

T

= 3,

4,....

16

To get (3.4.8) of Puri and Sen

By

(1971) tor AN defined in (3.6), we have to show

(3.7)

a.s.

We first show that
(3.8)

a.s.

We therefore rewrite the left-hand side of (3.8) as
• m
1 i:l
:
N

) ()
- 2+&
If
h(XA
i - PItY dB y - 8 N I

Bence, using Minkowskits inequality, it follows that for (3.8) to hold, it is
sufficient to show that
-

(3.9)

•

2+&

-

2

2+&

(3.10)

n-

T

JD

I

. 1
1=

I

j=l

Ifh(X. - Pl,y)dB(y) 12+& a.s.) 0
1

Ifh(Y . - P2,y)dB(y) 12+& a.s.) 0
J

and to note that, under the assUDIed regularity conditions,

by an application of Lemma I in the Appendix.
Lemma 2 in the Appendix with

T

= 2/(2+&).

To get (3.9) and (3.10), apply

Using similar arguments it is

easy to show that the denominator in (3.7) is a.s. convergent.
order bound noted in (3.7) is valid.

Hence the

From Theorem 3.4.1 in Puri and Sen

17

(1971) it tollows that the variance of 2m- 1

E'I'=1 [/h(X Nt

,y)dH(y) -

8N ]

is given by

.r

1 N

2

4D

-N-l u... N(BN) -N . I A-"':.; = N-l
. ~,
~=1 -~...

Ii=l'"
AN2.; +!!!
~ A2]
N
j=m+l

[!!!
N.

D

DJ'

which converges a.s. to (1-A)cr Z(H).
4.

COMPARISON OF ASYMPTOTIC VARIANCES

The Proposition in the Introduction shows that TIItn converges under Ho
to a normal distribution with variance cr Z(F u F z )/[8(F.)]Z, where

(4.1)
Under the bootstrap and permutation resampling schemes, T~n and

Tmn

each

converge to a normal distribution with variance cr Z(H)/[8(H)]Z, where

= AFdx

H(x)

+ p.) + (1 - A)Fa(x + Pa), and

a Z (.) is given by (1.5).

We now

illustrate two cases where these asymptotic variances are equal under Ho and
therefore justify the use of the resampling schemes.
Case 1.

The variance kernel, h(x,y)

= (x

- y)Z /2.

If PI and PZ are the

means of F l and Far respectively, and Ho holds, i.e., variance of

= 8(Fa ) = variance

of Far then

(4.2)
where fla(·) is the kurtosis functional (1.2).
8(H)

= A8(F I ) +

(l - A)8(F z )

= 8(F I )

Also, we have

and

(4.3)

Thus, (4.2) and (4.3) are equal iff A
sample sizes (A

= %)

= % or

flz (F.)

= flz (Fa).

Apparently equal

give extra robustness against unequal kurtosis.
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Case 2.

most well-known examples are Gini's mean difference,
obvious extensions to Ix - yiP, P ) O.

that (4.1) is just cr 3(FS>.

5.

= q( Ix - yl). The
h (x,y) = Ix - YI, and

Functionals having kernels of the form h(x,y)

Also, 8(H)

In the location-scale model

= 8(F I )

and cr 3(H)

= cr 3(F I )

so that

EXAMPLE

A new drug regimen (B) was given to 16 subjects and a second
independent group of 13 subjects received the standard drug regimen (A).
At the end of one week each subject's status was assessed and a baseline
measurement subtracted off yielding the raw data A:

-1,-3,

e

6,-1,12,21,2,0,16,10,-1,-1,10,4,-22,-11,2,4.

B:

0,8,1,-1,-3,-7,6,-1,14,0,-1,

Primary interest was in

location differences but a secondary concern might be with differences in
variability.

The sample variances are 29.7 and 104.2 and the usual F

= 3.50

has a two-sided p value of .034 from an F table with 15 and 12 degrees of
freedom.

Since normality is suspect, we proceed to get an estimated p value

from resampling.

The means .92 and 3.19 were subtracted off and the set

(-0.92,7.08,...,-1.19,0.81) used for resampling.
samples of nl
and p

= (I

= 13

and n3

= 16

For the bootstrap, 10,000 Pairs of

random variables were drawn with replacement

of sets with Ilog 6(FA*I )/8(FA*3 ) I l log 3.50]/10,000

is the variance functional.

= 0.13,

where 8(')

For the permutation approach, 10,000 pairs of

samples were drawn where the first sample of size n I

= 13

is drawn without

replacement and the second sample consists of the remaining 16 members of
the set.

Here the two-sided

p = 0.14.

Another spread functional covered by Theorems 1 and 2 is Gini's mean
difference 8(F)

= iilxl

- x3IdF(xI)dF(x3)'

Assumption (A) of Section 2 is

satisfied for any distribution with r ) 2 finite moments.
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The estimated

bootstrap and permutation two-sided p values based on 10,000 resamples were

p = .ll

and

p = .12

for this functional.

6. SUMMARY AND EXTENSIONS
We have provided asymptotic normal theory for resampling U- and
V-statistics from aligned and pooled two-sample data.

A key motivation was

to provide consistent critical value estimates for tests of scale homogeneity.
The theorems we have proved, however, cover only a small fraction of
possible applications and here we would like to mention a few others for
which the theory can be extended.
1)

Many types of functionals can be used for the scale problem.

These

include classical L-, M-, and R-functionals such as the interquartile range.
Each type functional will entail different technical details but the same

e

general approach.
2)

Two-sample test statistics for scale need not be of the form

log[8(1~\)/8(F2)]' For example, consider Lehmann's (1951) U-statistic

or Mood's rank test for scale based on aligned samples.

Neither is

asymptotically distribution-free and resampling could be useful.

Note that

our Theorems 1 and 2 do not cover two-sample U-Statistics but Lemma 1 in
the Appendix does.

See Boos (1986) for a recent discussion of Mood's test

and a method of proof which can be extended to resampling.
3)

Location-scale alignment is of interest when testing equality of skewness

or kurtosis parameters.

rl~~ , ... ,
CT

1

Xm-p1
..
17

1

For example one could resample from

Y!-P2
CT

2

, ... ,
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Y -j,
n 2
.
17
2

l

where Pt and

at

are estimators for location and scale of F t , i

= I,

2.

It is easy to see how Assumption (A) of Section 2 would need to be modified

in order to get a theorem for U-statistics in this situation.
4)

The basic theory can be extended to k-sample statistics such as Bartlett's

test for homogeneity of scale.

The details and conditions, though, can get

quite cumbersome.
APPENDIX
Some results on the almost sure behavior of sums, having terms with an
estimated parameter are given in the first part of this Appendix.

Lemma I

generalizes the strong law of large numbers for one-sample U-statistics with
estimated parameters (Theorem 2.ll of Iverson and Randles, (1983» to the
k-sample situation.

Lemma 2 extends the classical Marcinkiewicz strong law

of large numbers (see e.g. Theorem 3.2.3 in Stout (1974» to the case where
the terms in the sum depend on an estimated parameter.

A second part of

the Appendix (Lemmas 3 and 4) deals with the details of the almost sure
convergence to zero of B t and P t , i

= 1,2,

as defined in Sections 2 and 3.

Let X ll ,m,X ln, ;...;X kl ,...,X kn • denote k independent samples from F l ,... ,F k
and let, with mJ .5. n J' j

= l,...,k

where h is a kernel depending on a (possibly multivariate) parameter "/ and

E

= (F"...,F k).
k

U!!(,,/)

= (n"m,nk)'

With!!

= [n
j=1

the corresponding U-statistic is

-1

(DJ)
mJ

] I ... I h(X , , ••• ,X ,
j ••• jXk , , ••• ,Xk , j,,/),
1111
l 11m l
(1) (k)
1kl
1km k

where E(J) extends over all
taken from {l,... ,nJ}' j

(:~)

ordered mJ-tuples 1 .5. i JI

= l,...,k.
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DJ

The following lemma gives sufficient conditions for Un (A) to converge to
8,f(A), where
LEMMA L

i

is an estimator for the true parameter A.

Assume

> 1:

~

and for some
(ii)

(iii)

for

SoDle

sphere D(A,d) with radius d, centered at A,

Then, as min(n1 ,...,nk)

RBMARKS.

~

• ,

(l) The proof is similar to that of one-sample U-statistics with

estimated parameters as given in Iverson (1982).
~

> 1 is

In that case,

~

can be

taken to be 1.

Taking

in Sen (1977).

Therefore, slightlY' weaker versions of (ii) and (iii) are

possible.

sufficient to meet the condition of Theorem 1

We could, for example, replace E I h I ~

E(h(1og+ I h I )C-1]

< .,

<•

in (ii) bY'

etc.

-

(2) The conclusion of Lemma 1 also holds if we estimate 8 F (A) bY' the
corresponding V-statistic, provided we allow in (ii) and (iii) that the mJ
arguments in the jt:h block of h are not necessarilY' distinct, j

= I,... k.

Our next lemma gives an extension of the Marcinkiewicz strong law of
large numbers for sums of the form

EY=l g(X 1 iA), where XU""Xn are

independent and identicallY' distributed and
parameter A.

22

A is

an estimator for some

LEMMA 2.

Assume

Aa.s.)

(i)

for some sphere D(A,d) with radius d, centered at A,

Then, as n

~

-,

-liT n

I

n

i=l
PROOF.

n ~ -

88

<T <1

and for some 0

(iii)

A

•
a s
Ig(X.;A)1 ~ 0
1

It. is sufficient to show that Qn CA

- A) ~ 0, where

n

Q

n

= n- l/T i=l
I

(s)

[g(X.;A + s) - g(X.;A)]
1

1

For C a sphere centered at zero and with radius less than d, we have
P(/Q
n

(A -

A)I ) c i.o)

~ P(sup IQn(s) I ) s i.o) + P(/A - AI ~ C i.o)

ssC
The second term is 0 since

A is

a strongly consistent estimator for A.

Since

n

sup IQ (s)1

ssC

n

< n- l/T I

sup Ig(X.;A + s) - g(X.;A)1

i=l ssC

1

1

and since (iii) allows us to apply the classical Marcinkiewicz strong law, we
get Qn(A - A) ~ 0 as n ~ -.
We conclude this Appendix with two lemmas on the quantities B 11 B 2 in
Section 2 and PI' P 2 in Section 3.
LEMMA 3.

Under (A):

B 1 .!!....L1..!.). 0, i

= 1,2.
23

PROOF.

We only show that B 1

~

0 since the proof for B2 is similar.

have

4 m { 1 mID
D
I
~N - I h(X.-Pl,x.-Pl) + -N - I h(X.-Pl,Y.-P2)
m i=l
m j=l
1
J
D j=l
1
J

=-

2

mn ) - Ih(Xi-Pl,y)dB(y) + 8(B)}

- 8(B

24

We

For each of the one- or two-sample V-statistics in square brackets one can
verifY' that theY' converge almost surelY' using Lemma I and Condition (A).
The sum of the first six terms converges almost surelY' to
2

4A B[h(Xl-~ltX2-~1)h(Xl-~ltX3-~1)]
2

+ 4(1 - A) B[h(Xl-~ltYl-~2)h(Xl-~ltY2-~2)]

- 8AB[h(Xl-~ltX2-~lfJh(Xl-~ltY)dR(Y)]
- 8(1 - A)B[h(Xl-~ltYl-~)Jh(Xl-~ltY)dH(Y)]
+

4B[(Jh(Xl-~ltY)dR(y»2]

and a straightforward calculation, using the definition of H, shows that this
is equal to zero.

Each of the four remaining terms tends to zero almost

surelY' since the factor 8(Hmn) - 8(H)

~

25

OJ indeed

LEMMA 4.
PROOF.

Under (A):

Pi.l..L!..? 0,

i

= 1,2

•

We can restrict to P 1 since the proof for P z is similar.

From here we proceed similarly as in Lemma 3.

26

We have
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