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Abstract
We provide a new insight of the difficulty of nonparametric estimation of a whole
function. A new method is invented for finding a minimax lower bound of globally
estimating a function. The idea is to adjust automatically the direction to the nearly
hardest I-dimensional subproblem at each location, and to use locally the difficulty of
I-dimensional subproblem. In a variety of contexts, our method can give not only attainable global rates, but also constant factors. Comparing with the existing techniques,
our method has the advantages of being easily implemented and understood, and can
give constant factors as well.
We illustrate the lower bound by using examples of nonparametric density estimation as well as nonparametric regression. Concise proofs of the lower rates are given.
Applying our lower bound to deconvolution setting, we obtain the best attainable global
rates of convergence. With the existing techniques, it would be extremely difficult to
solve such a problem.

o Abbreviated title. Local I-d subproblems.

AMS 1980 subject classification. Primary 62G20. Secondary 62G05.
Key words and phrases. Cubical lower bound, I-dimensional subproblems, global rates of convergence,
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Introduction
Nonparametric techniques provide a very useful tool for investigating the structure of

some interesting functions. A useful mathematical formulation is to think of estimating
some function To f(x) (e.g., density function, regression function) based on a random
sample Xt. ... , X n , from a density f with a priori f E F, under some global loss functions.
The global loss functions are typically those induced by Lp-norm:

h
b
]l
L(d,Tof)= lITof(x)-d(x)IPw(x)dx
,
[

(1.1 )

where w(x) is a weight function, and d(x) is a decision function to estimate To f(x).
How can one measure the difficulty of estimating the function To

f under the weighted

L p loss? Our approach to the question is that

1. specify a subproblem -

given a set of densities Fa C F, estimating To f(x) with a

priori f E Fa; the geometry of Fa is typically hypercubical (Fan (1989b)).
2. use the difficulty of the subproblem as a lower bound of the difficulty of the full
nonparametric problem.
In the second step, we first formulate problems of estimating a functional T

0

f( xo) at each

location xo, then adjust automatically the direction at the location Xo to the nearly most
difficult direction of estimating the functional T

0

f(xo), and finally add the difficulties of

I-dimensional subproblems at all locations together, according to their weights, to find a
lower bound. A feature of our approach is to use geometric ideas, which can be easily
understood and implemented.
Our approach is related to the illuminating ideas of Donoho and Liu (1987a, 1988)
and other approaches (Farrell (1972), Ibragimov et al. (1987), Khas'minskii (1979), Stone
(1980), etc.) for estimating a statistical functional (instead of estimating a whole function).
In the context of estimating a linear functional, Donoho and Liu (1987a) shows that the
difficulty of the hardest I-dimensional subproblem is hard enough to capture the difficulty
2

e-

of a full nonparametric problem.

However, the hardest one-dimensional subproblem is

not difficult enough to capture the difficulty of estimating a whole function (e.g., the whole
density function). To bridge the gaps, we use a growing number of dimensional subproblem,
adjusting directions accordingly, to capture the difficulty of estimating a whole function.
Comparing with the existing methods of Stone (1982) (discriminant analysis based
method), Kha'sminskii (1978) (Shannon information based method), Birge (1987) (Assaud's Lemma based method), our approach is simpler in the second step above. In a sense,
the existing approaches attempt to count (see (2.9) of Stone (1982)) how many densities
that we can not distinguish at the same time, while our method adopts locally the idea of
the I-dimensional subproblem. Thus, our argument is simpler than the existing ones and
is expected to extend to find minimax risks within a few percents (Donoho and Liu (1988),
Donoho et al. (1987)). Compare also Efroimovich and Pinsker (1982), Nussbaum (1985),
where the exact minimax risk is found for the ellipsoid constmints under L 2 loss.
The paper specially focuses on finding global rates of convergence, and on introducing
the new methodology. As a byproduct, we will give constant factors in lower bounds as
well. However, the our primary goal of the paper is not to make much effort to get as sharp
constants in lower bounds as we can via our cubical approach. The reason is that doing so
might obscure the main idea of the study. Thus, it would be no surprise that one can sharp
our constant factors via the cubical approach. Indeed, we believe that the hypercubical
approach can be used to find minimax risks within a few percents of error, by a modified
version of the cubical approach together with the ideas of Donoho and Liu (1988), Donoho

et al. (1987). In contrast, with the existing approaches, it would be very difficult to sharp
the constant factor.
We demonstrate within a few lines that our method can give the best attainable lower
rates in a variety of contexts. Examples are estimating density functions, estimating decreasing failure rates, estimating regression functions, estimating of conditional quantile
functions, etc. See Keifer (1981) for other combinations of problems. Thus, we provide a
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short and simple proof of these deep results, which can be understood at the level of second
year graduates.
The cubical method is especially useful for establishing attainable global lower rates of
deconvolution problem (indirect observations). We use this to solve the open problem of
the optimal global rates for deconvlution. In this context, the cubical method provides the
precise description of the difficulty, depending on the tail of characteristic functions of error
distributions (Fan (1988a)), of deconvolution.
The paper is organized as follows. Section 2 introduces the cubical lower bound. Section 3 illustrates the method by using examples of nonparametric density estimation and
nonparametric regression. Section 4 applies the lower bound to find a global rates of convergence for deconvolution models. Some technical arguments are stated in section 5.

2

Cubical lower bound of global rates
In this section, we give a lower bound for estimating a function To f( x). We discuss

the problem for the I-dimensional case. The higher dimensional results follow naturally.
Let [a, b] be an interval on the line, and Xn,j

= a + j(b -

a)/m n , j

= 1, ... , m n.

Denote

mn

f8 m Jt) = fo(t)

+ a~1 "LOjH(mn(t -

Xn,j)),

(2.1)

J=1

where fo(t) is a density function, H(·) is a bounded function whose integral on the line is
0, and m n and an are sequences tending to infinity. By suitable choices of m n , an, fa, and
H, the function f8

mn

will be a density function. Denote a class of densities by
Fn

= {f8mn

8 mn is a sequence of O's and I's}

and denote
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(2.2)

Suppose that an and m n are chosen so that
(2.4)

for some constant c, where X 2(J, g)

= J(J -

g)2 / f dx. Then, we have the following lower

bound of estimating To f( x).

Theorem 1. Suppose that T

0

f( x) satisfies

IToto.)(x)-TotO'
(x)l2: ITnH(mn(x-xnj))I,
0)1
'

(2.5)

for some function T nH , depending on nand H. Let w( x) be a non-negative, continuous
function on [a, b]. If the condition (2.4) is satisfied, then for any estimate Tn(x) based on
n i.i.d. observations from the unknown density f, we have
}nf sup EflbITn(X)-TOf(x)IPw(x)dx
Tn(x) fE;:n
a

>

~h - e2P+1(b _ a)

1-

C

l

a

b

w(x)dx

l

a

b

ITnH(X - a)IPdx(l

+ 0(1)).

(2.6)

Let's give a proof here to illustrate the simple and basic idea inside.

Proof. Assign the prior fh, ..., Onm to be LLd. with
P(Oj

= 0) = P(Oj = 1) = 1/2,

for j

= 1, ... , m n

Denote EOg(Omn) by the expectation of g(Omn) with respect to the prior distribution of

fh, ..., Om n • By Fubini's Theorem,
}nf sup Ef
Tn(x) fE;:n

> }nf EoEfe

l

l

b
ITn(x) - To f(x)IPw(x)dx

a

b

ITn(x) - To f(x)IPw(x)dx
Tn(x)
a
b
>
}nf EOEfeITn(x) - To f(x)IPw(x)dx.
a Tn(x)

l
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(2.7)

Let anj( x) = ITo f(J.)0 (x) - To t(J.)1 (x )1/2, where (Jjo, (Jj1 are given by (2.3). Then, it follows
that
}nf EeEfIJITn(x) - To f(x)IP

Tn(x)

>

max

(2.8)

.inf Ee {EeEfIJITn(x) - To f(x)IP}.

1~)~mn Tn(x)

J

Denote Peo
and PeJ 1 by the probability measures generated by the density functions t(J.)0
J
and f(J. ,respectively. Then, the last quantity (2.8) is no smaller than
)1

1
.
max Eea~/x)-2 }nf [Peo{ITn(x) - To f(J. (x)1 ~ anj(x)}

Tn(x)

1~)~mn

J

)0

+PejdITn(x) - To f(Jj1 (x)1 ~ anj(x)}]

>

max

1~)~mn

a~j(x)/2Ee }nf [Pe o{ITn(x) - T

Tn(x)

0

J

f(J. (x)1 ~ anj(x)}
)0

+PeJdITn(x) - To f(JjJx) I ~ anj(x)}].

(2.9)

The terms in the square blanket can be viewed as the sum of type I and type II errors of a
testing procedure for the testing problem:

Ho:f=t(J.)0

~H1:f=t(J.·

(2.10)

)1

Since the X2-distance for the pair of densities is no large than

c/n, it follows

that (see e.g.

Lemma 1.3, Fan (1989), page 14)

PeJo{ITn(x) - To t(J.)0 (x)1 ~ anj(x)}

>

1-

VI -

+ PedITn(x) J

To t(J.)0 (x)1 ~ anj(x)}
(2.11)

e- C •

Consequently, by (2.5), (2.7), (2.9), (2.11), we have

l
l

b

}nf sup E f

Tn(x) fEFn

>
>

1-

1-

VI2 -

e- C

VI -

e- C

2V+!

ITn(x) - To ho(x)IPw(x)dx

a

b

max

a 1~)~mn

a~/ x )w(x )dx

L lxnj+1
. ITnH(mn(x nJ
mn

;=1

x
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Xn,j))jPw(x)dx.

(2.12)

Now, we need to calculate the summation in the last expression is no smaller than the
quantity indicated in the Theorem 1. By the uniform continuity of w( x), it follows that for
any given

£,

there exists an no such that when n
~

w(x)

inf

~

no,

(1- £)w(xn,j).

xE[xn,J' Xn,j+l]

Consequently, when n

~

no, the summation in (2.12) is no smaller than

(1 - £)jm n

mn
l
L
w(xn,j)

j=l

(1 - £)j(b - a)

b

ITnH(x - a)IPdx

a

mn
L
w(xn,j )(X n,j+l -

Xn,j)

j=l

The conclusion follows by letting n -

l

b

ITnH(x - a)IPdx.

(2.13)

a

and then letting

00

£ -

O.

Specially, when To f = f(k)(x), the kth derivative of the unknown density function, the
condition (2.5) (fo and H are chosen to have the k th derivative) satisfies with
(2.14)
We have the following lower bounded for estimating f(k)(x).

Corollary 1. Under the assumption of (2.4),

Efl
l

b

Jnf sup
Tn(x) fE:Fn

/1 - e> 12-p +l(b
_ a)

ITn(x) - f(k)(x)IPw(x)dx

a

C

b

a

w(x)dx

(m~jan)P(l

l

b

a

IH (k) (x -

+ 0(1)).

a)IPdx
(2.15)

One may wonder whether condition (2.4) is easy to check or not. The following Lemma
gives an easy sufficient condition for (2.4).

Lemma 1. If H has bounded support on [0, b - a]' then
(2.16)
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where

D

= a~x~b
min lo(x) -

max

O~x~b-a

IH(x)l/a n .

Remark 2.1. Geometrically speaking, if we take {H(mn(t-xn,j)): j

(H has the support [O,b -

aD

= 1, ... ,mn }

as a part of the orthogonal basis, then our class of densities

F n corresponds the vertices of an mn-dimensional hypercube centered at the point ()o, the
Fourier-Bessel coefficients of the density 10, in Roo. The condition (2.4) essentially says that
any two vertices of the hypercube can not be tested consistently. Thus, the X2-distance in
(2.4) can be replaced by Hellinger distance, and Theorem 1 holds by replacing (I-VI - e- c )
by (1 - VI - e- 2c ) (see (1.3.9) of Fan (1989a), page 46-47, 475-477 of Le Cam (1985)). We
state Theorem in terms of X2-distance because the condition 2.4 is easier to verify (see
Lemma 1).

Remark 2.2. Comparing with the approach of Donoho and Liu (1987a), we use
the difficulty of I-dimensional subproblems locally (see (2.7)) as the difficulty of the full
nonparametric problem. The idea of our approach adjusts automatically (see (2.8) and
(2.9)) the direction of a I-dimensional subproblem at each location to the direction of the
nearly hardest I-dimensional subproblem at that location, and then add the difficulty up

according to the weight of each location (see (2.12)). The notion here is also different from
Donoho and Liu (1987b), Bickel and Ritov (1988) and cubical method of Fan (1989b), where
only two highly composite sets of densities are tested. Our idea here is to test a variety of
simple hypotheses.

Remark 2.3. Discrimant analysis based methods (Stone (1982)), Shannon information
based methods (Khas'minskii (1978)), and Assouad's Lemma (Lemma 9, P524, LeCam
(1985)) based methods (Birge (1987)) essentially count how many densities totally we can
not distinguish at the same time. Thus, the analysis would be more complicated than ours.

8

e·

Our method does not try to count the number of densities that we can not distinguish, but
adjust directions of pairs of densities accordingly.

Remark 2.4. Choose an = m~+c>, and the functions H,fa(t) so that they have
bounded m+l derivatives. The class of F n defined by (2.1) will be a subset ofthe smoothness
constraints:
(2.17)
for some 0

~

a

< 1. Thus, (2.6) is also a minimax lower bound for Fm,c>,B.

Remark 2.5. It is not hard to get a lower bound of the minimax risk
.inf sup E
Tn(x) JE:Fn

b

(

lITn(X)-TOf(x)IPw(x)dx

)lh

(2.18)

a

(Direct use our method would fail). By normalizing of w( x), without loss of generality,
assume that the total weight of w( x) on [a, b] is 1. Thus using the fact that

b )lip
( lITn(x) - T 0 f(x)IPw(x)dx
for p

~

~

b
lITn(x) - T

0

f(x)lw(x)dx,

1, we can easily get a lower bound of (2.18).

Remark 2.6. We attempt only to sharp the lower bound in terms of rates of convergence. However, taking any function H and fa would give us a constant factor in the lower
bound as well. Nevertheless, our method can provide a nonasymptotic lower bound, if we
bound (2.12) from below by using the minimum of w(x). To find a sharper constant factor,
we adopt the same idea by using the difficulty of the whole I-dimensional (0
subproblem instead of only a 2-point (0 = 0,1) subproblem locally.

9

~

OJ ~ 1)

3

Applications to N onparametric regression and density estimation
In this section, we apply our lower bounds to the setting of nonparametric regression

and density estimation. For the simplicity of notation, we use 1-dimensional version of our
Theorem 1 again.

3.1

Density Estimation
Suppose that we have n Li.d. observations Xl, ""X n based on an unknown density

function f, with a smoothness priori Fm,Ot,B defined by (2.17).
Let an = m~+Ot, and choose the densi ty function fo( x) and the function H (x) supported
on [O,b-a] such that F n C Fm,Ot,B. With m n
(2.4) is satisfied with
c =.

d fi ()

mzna$;x$;b 0 x

= (njd)2(m+a)+1

l

a

b

IH (x -

a

and Lemma 1, the condition

Wdx,

by Lemma 1. Thus, by Corollary 1, the minimax lower bound is as follows.

Theorem 2. For estimating the kth derivative of the unknown density, we have

Efl
l

b

jnf sup
Tn(x) fEF n

>

1 - V1 - e- C
2p +l(b - a)

ITn(x) - f(k) (x)IPw(x)dx

a

a

b

w(x)dx

l

b

m+a-k
~m+a-k)
IH(k)(x - a)I Pdxd 2 m+a)+l n- Ym +a )+l.

a

Thus, we give an short and easily understood proof of global lower rates. A byproduct
of our proof is that we could give a constant factor of the lower bound. To find a sharper
lower bound in constant factor, we may want to maximize the last term over d > 0, and
the function H subject to fO

E Fm,Ot,B.
mn
Specially, for estimating density function, we have

10

(3.1)

and

where c = dJ~ H2(x)dxjmino~x~1 fo(x).
Remark 3.1. Taking fo(x) to be a strictly decreasing function as Kiefer (1981) (e.g.

fo(x) = L(1

+ x)-L-\x

~

0), and H(x) to have a small first derivative, then the class of

F n is a subclass of decreasing densities. Thus, the rates above are also the lower rates for
estimating a decreasing densities as well as decreasing failure rates (Kiefer (1981)).

3.2

Nonparametric Regression
A useful mathematical model of nonparametric regression is to think of estimating a

conditional mean

To f(x)

+00 yf(x, y)dyj 1+00
-00 f(x, y)dy,

= 1-00

(3.3)

using the random sample (XI, Yd, ... ,(Xn , Yn ) i.i.d. from the density f(x, y). To find a
lower bound, we use a simple normal submodel:
1

f(x,y) = ro= exp( -(y - m(x))2 j2( 2)fx(x),
y21l"a

(3.4)

where fx is the marginal density of covariate X.
Define
fo m • (x,y)

~ ~u exp ( - [y -

mo(x) -

.;1 ~ 8;H(m.(x -

x. J ))] ') fx(x).

Then, the condition (2.5) is satisfied with
IT

0

fo.)(x)
- T 0 10. (x)1 = IH(mn(x - xnj))lja
n.
0)1
'
11

(3.5)

For this model, it is more informative to compute directly the sum of type I and type II
errors instead of computing the X2-distance defined by (2.4).

Lemma 2. Suppose that the function H(·) is bounded and squared integrable. Then
for testing procedure Tn of the testing problem (2.10), we have
min

[PO. (Tn> 0)

1~)~mn)O

provided n/(mna~)

:s d,

+ PO.

(Tn

)1

where

Ojo

and

:s 0)]

~ 2<P( -cH)(1 + 0(1)),

(3.6)

are defined by (2.3)

Ojl

+00

CH = (20")-1

dmaxfx(x)

1

-00

H2(y)dy.

(3.7)

Thus, by Corollary 1 and Lemma 2, we have for regression estimator Tn ( x) of estimating
the kth derivative of the regression function m(k) (x),
.inf sup E f

Tn(x) fE:Fn

>

2~~;~Hl)

l

l

b

ITn(x) - m(k)(xWw(x)dx

a

b

w(x)dx

where Tn is defined by (2.2) with

l

b

IH(k)(x -

aWdx(m~/an)P(1 + 0(1)),

(3.8)

fo m n (3.5). Specially, with an = m~+Cl<, Tn is a subset

of the constraint

(3.9)
provided H(m)(x)

:s

Band H(m+l)(x)

:s

B. Consequently, with m n = (n/d)I/(2m+2Cl<+I),

the condition of Lemma 1 is satisfied, and the optimal rate of estimating m(k) (x) is n-

m±a-k

2(mt a )+1

with the constant factor (see (3.8)) specified by

<p( -CH)
2P(b - a)

l
a

b

w(x)dx

l

b

IH ( k)(x -

(m±a-k)p

a)IPdxd 2mt2atl

•

(3.10)

a

Thus, our cubical method can not only give an attainable lower rate, but also can give a
constant factor in the lower bound. Perhaps, the constant factors are the first one we know
of.
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Theorem 3. The minimax lower bound of estimating a regression function m( x) is
.inf sup Ef
Tn(x) fErn

>
where w

=

f: w(x)dx, and

~( -CH)W

2P (b _ a)

CH

I

a

I

b

ITn(x) - m(x)IPw(x)dx

a

b

p(m+o)

IH(x - a)IPdx(djn)2(m+o)+!,

(3.11)

is defined by (3.7).

Remark 3.2. For the normal submodel, the conditional quantile functions of Y given

x = x is a constant multiplying m(x).

Thus, the lower bounds above is also applicable to

the conditional quantile functions.

Remark 3.3. Constructing mo(x), and H(x) similar to Remark 3.1, the lower rates
above is applicable to estimate the conditional mean and conditional quantile functions
under additional monotonic constraints.

4

Optimal global rates for deconvolution
In this section, we use our cubical lower bound to find attainable global rates for

deconvolution problems. An advantage of our method is that the underlying structure of
the problem can be easily seen.

4.1

Introduction
The deconvolution problem arises when direct observation is not possible. The basic

model is as follows. We want to estimate the unknown density of a random variable X, but
the only data available are observations Y1 ,
additive error

€,

... ,

Yn , which are contaminated with independent

from the model
Y = X

+€.

(4.1)

In density function terms, we have realizations YI, ... , Yn from the density

fy(y) =

J

fx(Y - x)dFe:(x),
13

(4.2)

and we want to estimate the density

Ix

of the random variable X, where Fe is the cumulative

distri bution function of the random error

E.

In practice, it may be more interesting to understand how to estimate a whole density
function and how well an estimator behaves. A kernel type of estimate is typically used to
estimate the unknown density. The global rates of the kernel density estimator have been
derived for some special cases (e.g., the error distribution is normal, Cauchy) (Fan (1989a),
Zhang (1989)). The question arises whether these rates are the best attainable ones. Based
on a Farrell-Stone type of argument, Fan (1989a) and Zhang (1989) prove that the best
attainable rate is achieved by a kernel density estimate for supersmooth errors (see Fan
(1988a) for a definition), the rates of which are extremely slow (O((1ogn)-k), for some k
depending on the smoothness of the unknown density and the error distribution). Thus, it
is impractical to deconvolve an unknown density with supersmooth errors (Fan (1988a)).
A more practical question is how well we can deconvolve a whole density when the error
distribution is not too smooth: the tail of characteristic function of E satisfies

(4.3)
which is called an ordinary smooth distribution of order f3 (Fan (1988a)). The examples
of distributions satisfying (4.3) are double exponential distributions, gamma distributions,
symmetric gamma distributions. However, the approaches of Fan (1989a) and Zhang (1989)
fail to answer the above question.

4.2

Lower bounds for Deconvolution
Suppose that we have

n LLd.

observations from the model (4.2) with

nonparametric constraint Fm,cx,B defined by (2.17). Take Io(x)
and a (k

+ I)-time

Theorem 4), an

Ix

satisfying the

= Cr (1 + x 2 )-r (r

> 0.5),

bounded differentiable function H(x) (to be specified in the proof of

= m~+cx.

By Remark 2.4, F n C Fm,cx,B. By corollary 1, if

(4.4)
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then (2.15) holds with f == fx. It will prove by Lemma 3 (Section 5) that under the
assumptions of Theorem 4, when m n = n 1/[2(m+o+,6)+l], the condition (4.4) is satisfied for
some H(x) (see the proof of Theorem 4 for detail). By Corollary 1, we have the following
lower bound.

Theorem 4. Suppose that the tail of the characteristic function 4>e of the random
variable c satisfies
It

13+j 'l'e
A-.(j) (t)1

<
- d·J' J'

where dj is a nonnegative constant, and

-- 0 , 1 , 2 , (as t

-+

00) ,

(4.5)

4>ij ) is the lh derivative of 4>e. Then no estimator

can estimate To f(x) = ff)(x), under the constraint that fx E Fm,Ci,B defined by (2.17),
faster than the rate O(n-(m+Ci-k)/(2m+2Ci+2,6+l)) in the sense that for any 0 ::; p < 00,

(4.6)
where D p is a positive constant.
Remark 4.1. Combining with upper bound results (Fan (1989c)), we have demonstrate

that the global rates in Theorem 4 are the best attainable ones for the ordinary smooth
error distributions under Lp-norm (1 ::; p < 00). Specifically, for estimating flk)(x) under
the constraint Fm,Ci,B, we have the following rates of convergence (l = m

error distributions

c

f"V

Gamma(,B)

c

,B

- 2(1+19)+1 )
I-k

optimal global rates

O(n

1: 2j + 1,
O( n -

f"V

+ a):

symmetric Gamma(,B)

(j integer)
I-k

2(1+13)+1 )

,B = 2j

+ 1,

O( n -

(j integer)
I-k

2(l+J9)+3 )

Thus, the optimal global rates for estimating ff) (x) is O( n - i,+~), when error is double
exponential.
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Remark 4.2. For deconvolving with a supersmooth distribution (e.g. normal, Cauchy),
the difficulty of estimating a whole density function is captured by a 1-dimensional subproblem (Fan (1989a)). In contrast, for deconvolving with an ordinary smooth error distribution, a 1-dimensional subproblem is not difficult enough to capture the difficulty of the
full nonparametric problem of estimating the whole density. Our arguments indicate that
the difficulty is captured at a growing number mn-dimensional subproblem. Moreover, our
results indicate that the difficulty of deconvolution depends on both smoothness constraints
and the smoothness of error distributions.

5

Proofs
Proof of Lemma 1. As H vanishes outside [0, b - a]' it follows that

where C

= maxo~t9-a IH(t)l.

The conclusion follows.

Proof of Lemma 2. Denote

Hj(x)

= mo(x) + L OjH(mn(x -

Xn,i))

+ jH(mn(x -

Xn,j)) (j

= 0,1).

i:f;j

Then, the log-likelihood ratio test statistics is

(5.1)
The sum of type I and type II errors of the best testing procedure for the test problem

(2.10) is
(5.2)
where

PHa

and

PHI

HI, respectively.

are the probability measures generated under the hypotheses Ho and

Note that under the hypothesis H o, given Xl, ... ,Xn , the conditional
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distribution of (f2Tn is

Similarly, under the hypothesis HI, given Xl, ... ,Xn , the conditional distribution of (f2Tn is

Thus, by (5.1),

PHo{Tn > 0IXt. ... ,Xn } + PHI {Tn < 0IXI , ... ,Xn },

2'1> (-(2<7)-1

~(HO(Xi) -

H , (Xi))'

,

(5.3)

where cP(·) is the standard normal distribution function. Note that the expected value of
the above quantity is
n

E'2)Ho(X i ) - HI (Xi))2 =
I

(5.4)
and the variance of the above random quantity is
n

var(~(Ho(Xi) -

HI (Xi))2)

I

n
< mna~
maxlx(x)
~

where

Ix

0,

1+

00

-00

4

H (y)dy
(5.5)

is the marginal density of the random variable Xl. Consequently, combining the

last three displays (5.3), (5.4), and (5.5), by Lebesque's dominated convergence theorem,
we have

The conclusion follows.
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Proof of Theorem 4. We only prove the case that m

+ a > 1; the other case follow

the same idea expect more detailed technical arguments are required. We first construct
the class of densities F n defined by (2.2). Take a real function H(·) satisfying the following
conditions:
1. H( x) ¢ 0, having all order bounded derivatives,

2. J~: H(x )dx = 0,
3. H(x) = O(x- 4 ),as x ~
4. ¢>H(t)

00,

= 0, when ItI ~ [1,2], where ¢>His the Fourier transform of H.

It is easy to argue (Fan (1988a)) that such a function does exist.
Let I

= m +a

and fo(t)

easy to see that with an

= Cr (1 + x 2 )-r(1.5 > r> 0.5) be a density function.

= m~,

Then, it is

the class of densities defined by (2.1) is a subset of Fm,Ct,B,

when n is large enough. Thus, by Corollary 1,
(5.6)

for some constant Co > 0. To complete the proof, we need only to check that the condition

(4.4) is satisfied when m n =

Cl n- 1 /(21+2,6+I)

for some Cl > 0, which will be proved in Lemma

3. The basic ideas of proving Lemma 3 are that the X2-distances for pairs of densities in

(4.4) are equivalent to L 2-distances, and then use Parseval's identity to conclude the result.

Lemma 3. Under the assumptions of Theorem 4,
(5.7)

•

Proof. By changing variables,
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(5.8)
where gn(x)

= [Jo(x) '+ m:;;l Li#j B;H(mn(x -

* Fe,

Xn,j))]

and l

= m + a.

Note that the minimum value of fo(x) on any bounded intervals is positive, and the
function H is bounded. Hence, it follows that when n is large
(5.9)
Let It be the integration of (5.8) over x E [-1,1], and h be the integration of (5.8) over

Ixl > 1.

Then, by Parseval's identity and (5.9), we have

It <

00
C211:00 [1: H(x _ y)dFe(y/mn )]
00
1

c2

2c2"

1:

1

2

dx

I¢>H(tWI¢>e(mntWdt

1

21 ¢>H(tWI¢>e(m tWdt,
n

(5.10)

as I¢>H(t)1 is symmetric, having a bounded support. By the assumption (4.5), we conclude
that

Now, let's evaluate

hi the Lemma follows if we show that h = O(m:;;2 f3 ). Denote

It follows by the Fourier inversion and the integration by parts that

+00

1

-00

H(x - y)dFe(y/mn)

-1
211"

1+-0000

- -122
1I"X

exp( -itX)¢>H(t)¢>e(mnt)dt

f

Jl~ltl9

exp( -itX)¢>n(t)dt,

(5.11)

because ¢>H(t) vanishes when It I ¢ [1,2]. By the assumption (4.5) and (5.11), we have that
when n is large enough,
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for some constant c3 > O. Thus (see (5.8)),

(5.12)

•

As the sequence of Xn,j is bounded, by the property 3 of the function H(·), there exists an

M such that when Ixi > M,

fo(x)

+ m;;l 'L8iH(mn(x -

x n,;)) ~ C r(1

+ x 2 )-r -

C4m;;I+1(mnx)-4,

itj
for some

C4

> O. When Ixl < M

+ m;;l 'L8iH(mn(x -

fo(x)

x n,;)) ~ C r(1

+ x 2 )-r -

m;;l+lC,

it)

where C is an upper bound of the function H. Thus, when n is large enough,

fo(x)

+ m;;l 'L8iH(mn(x -

x n,;)) ~ fo(x)/2.

itj
Hence,

Note that g(x) ~ min{cs,c6x-2r}, for some CS,C6 > 0, as when x is large, the convolution
I

above is of order x-

2r

,

and when x is bounded, g(x) is bounded away from O. By (5.12), it

follows that
-(3

h ~ 2(C3 m n
as 4 - 2r

)

21

Ixl~l

4 (

/

dx

x 9 x m n + Xn,j

_-(3
) - O(m n ),

> 1. The conclusion follows.
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