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ABSTRACT

For generalized linear models with multivariate response and natural link functions,
likelihood ratio test of one-sided hypothesis on the regression parameter is considered under

rather general conditions. The null-asymptotic distribution of the test statistic turns out to be
chi-bar squared. The extension of the above results to include quasi-likellihood ratio test to
incorporate over-dispersion when the response is univariate is also discussed. A simple
example illustrates the application of the main result.
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1.

INTRODUCTION

Let us consider a set of n observations (y I' Z\), ... ,(Yn, Zo), where Yi is a q-dimensional
random vector, usually referred to as the dependent variable, and Zj is a p x q matrix of associated
explanatory variables, i= 1, ..., n. We assume that YI' ... , Yn are independent and that the
explanatory variables are nonstochastic. We shall also assume that, for i=I, ..., n, the density of

(1.1 )
and that
( 1.2)

where 130 is a p x 1 vector of unknown parameters and bO is some function. Clearly this belongs to
the class of generalized linear models with canonical link function (1.2) (see, NeIder and Wedderburn
(1972), McCullagh and NeIder (1983, Chapter 2), and Fahrmeir and Kaufmann (1985)). Usually the
A

parameter 130 is estimated by 130, the maximum likelihood estimator.
Likelihood ratio test of hypotheses of the fornl R130 = 0 against R130

* 0, where R is a given

matrix is discussed in McCullagh (1983). Often in practice, the possible directions of the effects of
explanatory variables on y are known, and hence the alternative hypothesis tend to be one-sided, for
example R130 ~ O. It appears that this problem, for the generalized linear models, has not been
investigated adequately in the literature. Obviously, when the null and alternative hypotheses are of the
form HI: R130 = 0 and H2: R130 ~ 0 respectively, it is desirable to use a test that makes use of the
information contained in the alternative hypothesis than to simply apply a test that is designed for
testing R130 = 0 against R130

* O.

In this paper, we derive the asymptotic distribution of the likelihood

ratio statistic under the null hypothesis, when the alternative hypothesis is one-sided. The hypotheses
are stated in a rather general form. An example in Section 4 illustrates the application of the main
results.
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2. PRELIMINARIES

We will use some of the results in Fahrmeir and Kaufmann (1985), and therefore, it is
convenient to use some of their notations as well. So, let In(P) be the log-likelihood corresponding to
(1.1) and (1.2), Fn(P)

=cov (oloP)ln(P)} = _(o2/opoJ31)ln(J3), and Fn =Fn(J3o).

Thus, Fn is the

information matrix. In general, Fn is positive defmite, and therefore we may write Fn

=F~I2F:~2, where

F~ = (F~/2)1 with t denoting the transpose as usual. Let us now define two regularity conditions:
(D):

The smallest eigen value of Fn
For every 0> 0, Max {

(N):

where Nn(O) = (13:

~

00

as n

~

00.

II F~II2F n(J3)F~l/2 - I II : 13 E Nn(o)} ~

°

as n ~

00,

11(13 - (30) IFn112 II ~ OJ.

The above conditions (D) and (N) are the same as (D) and (N) in Fahrmeir and Kaufmann (1985).
The following formulation of the hypotheses is essentially the same as in Kodde and Palm

(1986). Let h be a k x 1 vector function of 13 where k ~ p. Assume that (o/aJ3)h(J3) is continuous at
130. and that rank {(%13)h(Po»)

= k.

Let h be divided into two subvectors, h I and h2, consist ing of the

first ki and the remaining (k - kI) elements of h respectively. Now, let us defme the null and
alternative hypotheses as follows.

(2.1 )

and

Let Co and CI be the closures of the null and alternative parameter spaces respectively, and assume
that they are convex. For most practical applications, it suffices to restrict h to linear functions only.
1
For large n, since (~n - (30) - N(O, F- ) we have (h(~n) - h(J3o)} - N(O, On> , where On =
n

On(J3o), and nn (13)

=

1
(%J31)h(J3)F- (J3)( (%J3)h(J3)}. Let nn be partitioned to conform with the
n

partitioning of h into hI and h2; let us write the two rows of the resulting matrix as [011 n 012n] and

For any given covariance matrix A of order j x j, let w(j, i, A) be the probability that exactly i
components of a j-dimensional N(O, A) random variable are positive. For discussions on the
interpretation and computation of w(j, i, A) see Gourieroux eLaJ. (1982), Wolak (1987) and Shapiro

(1988).
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3. THE MAIN RESULTS.

Let LR be the likelihood ratio statistic fortesting HO against H I. SO, we have
LR = 2 [sup (In(~) : ~ E CI} - sup (In(~) : ~ E Co}].

(3.1)

For c > 0, let
k-kl

L

lln(~' c) =
j

pr{x 2(kl + i) ~ c} w{k - k\, i, n22n(~)}.

(3.2)

= 0

The main theoretical result of this paper is the following:
Theorem. Assume that conditions (D) and (N) are satisfied. Then, for a fixed c > 0, we have
pr(LR ~ c I Ho) - lln(~o' c) ~

°

as n ~

00.

The proof of the theorem is given in Section 5. It will be clear that, for the above testing problem,
the Wald statistic and the likelihood ratio statistic have the same asymptotic distribution under the null
hypothesis. However, this does not mean that the properties of the two statistics are the same. In
contrast to the likeliood ratio statistic, the Wald statistic is not invariant to the choice of the function h
which defmes the null and alternative hypotheses. Further, Hauck and Donner (1977) show that, in
logistic regression, the Wald statistic may behave rather erratically compared to the likelihood ratio
statistic. For more discussions on this issue see V'fth (1985) and Phillips and Park (1988).
Often in empirical studies involving the generalized linear models, the data exhibit overdispersion. To incorporate this phenomenon, we may adopt the quasi-likelihood approach ( see,
McCullagh and NeIder (1983, Chapter 8

».

For more discussions on other appoaches to dealing with

over-dispersion/extra-variation, see Wilson (1989) and the references therein. Assume that the
response variable is of one dimension; that is, Yj is a scalar. Let

Ili

and v(lli) be the mean and

variance corresponding to (1.1). In the quasi-likelihood approach, we do not assume that the response
variable Yi follows a specific distribution such as (1.1). Let us assume that the mean and variance of Yj
are respectively Ili and cr2 v(lli) for some cr > 0; cr > I correspond to over-dispersion. The quasilikelihood K(Yi'

Ili) for the i th observation is a function satisfying

(a/all i ) K(Yi' Ili) =

{(Yi - 1li)/v(lli)}' One such function is K(Yi' Ili) = log f(Yj; OJ) since v(lli) is the variance function
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for f(Yi; OJ) in (1.1) (see, Wedderburn (1974, 'nlcorem 2». Although,the quasi-likelihood approach
allows a wide variety of choices for

v(~i

) in general, our results here are applicable only to those

situations where v(Jli) is the variance function corresponding to (1.1). However, these special cases
are wide enough to incorporate a substantial proponion of pmctical situations.
TIle maximum quasi-likelihood estimator ~ of f30 is the value of P that maximizes the quasilikelihood

L K{Yi' Jli(P)}.

Thus,

~n is the same as the maximum likelihood estimator corresponding

to (1.1) and (1.2). Funher. we have. n II2(Bn - Po) is asymptotically N(O,

a2F~I) ( see, Fahrmeir and
1\

Kaufmann (1985», and the quasi-likelihood ratio test statistic for testing Ho against H I is a- 2LR,
1\

where a is a consistent estimator of a and LR is the same as in (3.1); for a discussion on consistent
estimation of a. see McCullagh and NeIder (1983, Section 8.5). Now, we have the following from the
above tJleorem.

1\

Corollary Suppose that Conditions (D) and (N) are satistied. Let a be a consistent cstimator of a.
1\

Then, for c > 0, pr(a- 2LR > C I Ho ) - lln(Po. c) -7 0 as n -7

00.

It follows from the definition ofw{k - klo i, n22n(p)} and lln(P' c) that they are continuous in p.

~o,l1n(Po, c) may be e~timated consistently by lln~n, c).

Thus, denoting the observed value. ofthe

test statistic }2LR by c "', "n(~n, c "') provides an estimate of the p-va]ue, pr(~-2LR > c'" I H o ).
Therefore, the above theorem and corollary provide the basic asymptotic resl:llts for testing Ho against
H} in (2.1) using likelihood ratio or quasi-likelihood ratio statistics. if h = hi, then our results for ihe

testing problem (2.1) reduce to the corresponding two-sided ones in McCullagh (1983).
Computation of the weights w (k - k I, i, n22n(P)} when k - k I is larger than 4, is not trivial.
Therefore, prior to computing these weights, it would be desirable to obtain upper and lower bounds
for the approximate p-vallle lln(Po. c*), where c* is the observed vallie of the test statistic. By
arguments similar to those for Lemma 6.1 and Theorem 6.2 of Perlman (1969), (see also Kodde and
Palm (1986) ) it may be shown that
k-k}

infA

L

pr{x 2(kl + i) ~ c} w{k - kJ, i, A} = O.5[pr{x 2(kl) ~ c} + pr{x 2(kl + 1) ~ c}]

i=O

= PL(c), say

(3.3)

e

5
k-kt

SUPA

L

pr(x 2(kl + i) ~ c} w(k - kIt i, A}

=O.5[pr{x 2(k

-1) ~ c}

+ pr(x 2(k) ~ cll

(3.4)

i=O

= Pu(c), say
where inf and sup are taken over positive definite matrices, {A}, of order (k - kl). Thus, PL(c*), and
Pu(c*) are lower and upper bounds for the p-value. Therefore, in general, we need to compute the
weights and then the approximate p-value 1l n (J3n, c*) only when the lower bound is 'small' and the
upper bound is 'large'. Obviously, the above upper and lower bounds provides a reasonable 'safetynet', but it should however be recognized that these bounds could be quite far away from the true
value.

4. AN EXAMPLE

In this section, an example is discussed to illustrate a practical role for the main theoretical results
in the earlier sections. Therefore, no attempt is made to provide a complete statistical analysis of the
data. This example is taken from Koch et aJ (1985, Section 3.5.5). Standard errors and p-values
quoted in this section are all based on asymptotic results, and hence they are approximations only.
The presence or absence of coronary artery dcsease, as based on angiographic evaluation as the
standard diagnostic test, is analyzed in relationship to Age, Sex and an Electrocardiogran1 (ECG)
screening outcome during exercise. On the basis of prior preliminary data and other relevant literature,
the prevalence of coronary artery disease was expected to have a non-decreasing relationship with Age
and severity of ECG, and maks were expected to be at least as much prone to coronary artery disease
as are the females. A test of whether or not at least one of these three factors had an increasing
relationship with coronary artery disease was an object of the study.
Since the response variable is binary, let us consider the logistic regression model,
P(xi'

~) = { 1 + exp (-~l - ~2xi2 - ~3xi3 - ~4xi4)

r1

(4.1)

where, for the ith patient, P(xi' ~) is the probability of current coronary artery disease, xi2 is the age in
years, xi3 is 1 for males and 0 for females, and xi4 is an ECG score which takes the values 0, I or 2
according as ST-segment depression is less than 0.1, between 0.1 and 0.2 and above 0.2 respectively.
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Thus, the null and the altcrnative hypotheses may be stated as
H o : P 2 = P 3 = P4 = 0

and HI : P 2, P3' P 4 ~ 0, and (P2' P 3, P 4 )

In the notation of (2.1), we have h(P)

= h 2(P) =

* O.

(4.2)

(P2' P 3, P4 )t, k = 3 and k i = O. Note that the

fonnulation in (4.2) is different from the usual testing problem,

Ho : P2 = P 3 = P 4 = 0 against

H2

: (P 2' P3, P 4 )

* O.

(4.3)

The set of data in Koch et a/ (19R5), consists of 7R observations. To illustrate the main
theoretical results in Section 3 and to highlight some of differences between one and two-sided tests,
we found it convenient to use a smaller sample than that contained in Koch et al (1985). So we chose a
subsample ( not a random sample) of size 38, and for this subsample the results are given below.
For the logistic regression computations reponed below, we used the statistical package SAS, but
one could use almost any st:mdard statistical package. The unrestricted estimate of (P 2 , P3' P4 )
togcther with their st:U1dard errors and individual p-valucs bascd on two-sided likelihood ratio statistics
are 0.12 (se=0.07, p=0.08), 1.51 (se=0.90, p=0.09), and 0.91 (se=0.5, p=0.07) respectively. The
standard errors are quoted for completeness. Since HI is one-sided, these p-values need to be divided
by 2; the reason for this would be trivial had the p-values been based on t-statistics, but not so trivial
for the above ones based on two-sided likelihood ratio statistics. The justification follows from the
fQllowing two point~: Let LRj be the one-sided likelihood ratio statistiG for Hjo : Pj =

x

Hj I : Pj >0; then (1) pr(LRj > c) -+ O.5pr( 2(l) > c) as n -+

00,

a against

for any c > 0 since w(1, 0, a) =

wO,I, a)= 0.5 for any a> 0, and (2) the unrestricted maximum Iikeliho~ estimate of Pj falls in the
one-sided parameter space for Hj I' and hence the one-sided and two-sided likelihood ratio statistics .
have the same numerical value. If we test for each coefficient separately, and adjust the overall p-value
to account for the multiple tests, evidence in favour of H I in (4.2) is very weak.
Now, let us apply the one-sided likelihood ratio test to (4.2). To compute the likelihood ratio
statistic, we need to compute sup (/nCP): P e C I) which is sup {/nCP): P2' P3' P4 ~
to

a ).

Usually,

compute this, we need a constrained optimization routine similar to, for example, BCOAH in the

IMSL (Version 10) package. However, for our example, the unrestricted estimates of P 2, P 3 and P4
are positive, and hence sup (lnCP): P2, 13 3, P4 ~

a )=

sup /n(13)

= 22.2 ( SAS and many other

•
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packages do provide the value of -2sup In(13) ). This is an important observation since in most practical
situations, the unrestricted estimates do satisfy the inequalities in the alternative hypothesis, and hence
there is no need to use a constrained minimization routine. It is easily seen that sup {In(13) : Ho ) =
sup {In(13): 132 = 133= 134 = O} = [ r log(r/n) + (n-r) log( l-(r/n») ] = -26.3, where n and rare
respectively the total number of patients and those with coronary artery disease. Therefore, by (3.1)
the likelihood ratio statistic, LR

=2(26.3 -22.2) =8.1H.

By (3.3) and (3.4), lower and upper bounds

for the p-value are

and

PL= 0.5pr{x 2(0»8.18) + 0.5pr{x 2(l) > 8.18}

= 0.002

Pu = 0.5pr{x 2(2) > 8.18) + 0.5pr{x 2(3) > 8.18}

= 0.03

(4.4)
(4.5)

respectively. Since the upper bound for the p-value given above is 'small' it is reasonable to conclude
that there is sufficient evidence in favour of the alternative hypothesis. However, to find the strength
of this evidence we need to compute the weights.
In view of (4.2), it is easily sean that

1122n(~n) is the submatrix of F~t(~n.> obtained by deleting

A

the fIrst row and the first colunm. Since (13n -130) is asymptotically N (0, 0- 2 F~}(13o»), most statistical
packages provide

F~t(~) as an estimate of the covariance matrix of ~n. The weights

Wi

=

A

w (3, i, 022n(13n») for i = 0, 1,2,3 were computed rather easily by using the expressions derived by
Kudo (1963).: these expressions are also given in Wolak (1987)-in our notation. The computed values
of Wi for i=O, 1, 2, and 3 respectively are ()'()62, 0.297. 0.438 and 0.203. So, an estimate of the pvalue for the one-sided likelihood ratio test is { 0.297
2

.

pr<x~ > 8.1~) + 0.438 pr(x~ > 8.18) +
.

.

.

0.203 pr(X3> 8.18) ) = 0.017. Therefore, based on the one-sided test, we conclude that· there is
strong evidence in favour of H}. On the other hand, if we carry out a likelihood ratio test of the twosided hypothesis in (4.3), p-value =

pr(x~ > 8.18) = 0.043. Thus, the two-sided test does not provide

as much evidence in favour of H t as does the one-sided test.
In summary, we see that the implementation of the one-sided test is not all that difficult provided
that the number of restrictions in the alternative hypothesis is not 'large'; as the number of restrictions
increase, computation of the weights w(k, i, A) becomes non-trivial, but algorithms are available.
However, lower and upper bounds for the p-value may be obtained quite easily. It is rather easy to
see that, when the unrestricted estimates of the parameters satisfy the inequality restictions in the
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alternative hypothesis (frequently, this is the case), the p-value and its upper bound in (3.4) for the
one-sided likelihood ratio test are smaller tllan the p-value for the corresponding two-sided test. Since
tlle lower and upper bounds in (3.4) and (3.5) respectively are very easy to compute, perhaps we
should consider computing them as a genaral rule whenever the alternative hypothesis is one-sided.

•

Thus. it appears reasonable to conclude that the one-sided likelihood ratio test discussed in this paper
would be useful whenever the alternative hypothesis is one-sided and the sample size is not large
enough for the two-sided likelihood ratio test to detect the departure from the null hypothesis.

5. PROOF OF THE THEOREM

Let us fIrst state and prove a lemma. The proof of the Theorem in Section 3 follows easily from
this lemma and the main results in Koddc and Palm (986).
Lemma. Assume that Conditions (0) and (N) arc satisfied. Let C be a closed convex set in the
p-dimensional Euclidean space, Po E C. and
inf (II

F~(P - Pn) II : P E

(i)

II

F~(iln

In(P)

- Po)ll2 = 0pO);

(ij)

F~(i3n - Po) = 0pO);

1\

= In(Pn) - 2- 111 FnI12 (P - Pn) 11 2 + Un(P),

where sup ( IUn(P)1 : P E Nn(~)}
(iv)

P

- n) II =

C} and In(Pn) = sup (In(P): P E C}, respectively. Then, we have

1\

(iii)

~n and i3n be defined by II F~(Pn

In(Pn> = In(Pn> - 2- 1sup {II

-?

..

0 in probability;

~(P - Pn)1/2 : PE C) + op(l).

= Op(l).
(ii) By Theorem 3 of Fahnneir and Kaufmann (1985), Ft/2(Pn - Po} is asymptotically normal.
n

Further, since (In(P) - In(Po}} is concave, given" > O. there exists ~ > 0 such that

.
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prl sup{ 'n(P) -In(Po) : P E aNn(o)nC } < 0) > (1 -11)
for large n, where a stands for boundary. Now, since Nn(o)nC is a convex set and In(J3) -In(~o) is a
concave function of [3. we may verify that pr{i3n

E

Nn(o)} > (1 - 11), for large n. To see this, assume

that the event E occured, where E = 'sup ( ' 11 ([3) - ' 0([30) : [3

E

aNI\(O)flC } < 0 '. Suppose that

~n E NI\(o). Let the line segment [Po, ~n ) intersect aNn(o)nC at p*. TIlcn, we have '0([3*) < ' 11 ([30)
since E occured, and In$n> > 'o(Po) by the defmition ofi3n. This is a contradiction since 'n(P) is

-

-

concave along the line segment [Po, 1301. Therefore, Pn E Nn(o).
_

(iii)

A

Given P E C, we can find P lying between P and [3n such that
'n(P) = ,n(B) -

2-1IlF~(P - Bn)1I 2 - Un(P)·

where U n([3) = 2- 1([3 - Bn)IF ~/2

{F~ 112Fn(~)F~1/2 - I} F~2(p - B).

By Condition (N),

sup{ IU n([3)I: P E Nn(o)} ~ 0 in probability.
(iv)

This part follows from (i), (ii) and (iii).Now, if the null hypothesis is tme then by the above

lemma and the fact that (In(P) - '1\([30) } is concave, we have LR = D + op(l), where
A

D = inf ( IIF;[2<P - Pn)1I 2 : h(P) = O} - inf

A

(IIF~(P - [3n)1I 2 : h2<P) ~ O}.

Clearly, D is a Wald-type statistic. Kodde and Palm (19H6) referto D as a Distance statistic and
D-statistic. Now, the proof of our theorem follows from Kodde and Palm (1986, Case 1).

Acknowledgment: I am grateful to Professor G.G.Koch for very helpful discussions on some aspects
of the example in Section 4.
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