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Abstract. The likelihood ratio test (LRT) method is a commonly used method
of hypothesis test construction. The intersection-union test (JUT) method is
a less commonly used method. We will explore some relationships between
these two methods. We show that, under some conditions, both methods yield
the same test. But, we also describe conditions under which the size-a JUT is
uniformly more powerful than the size-a LRT. We illustrate these relationships
by considering the problem of testing Ho : min{1J.lll, 1J.l21} = 0 versus H a
min{lJ.lll, 1J.l21} > 0, where J.ll and J.l2 are means of two normal populations.
Keywords and phrases: likelihood ratio test, intersection-union test, size, power,
normal mean, sample size.

1.1

•

Introduction and Notation

The likelihood ratio test (LRT) method is probably the most commonly used
method of hypothesis test construction. Another method, which is appropriate
when the null hypothesis is expressed as a union of sets, is the intersectionunion test (JUT) method. We will explore some relationships between tests
that result from these two methods. We will give conditions under which both
methods yield the same test. But, we will also give conditions under which the
size-a JUT is uniformly more powerful than the size-a LRT.
Let X denote the random vector of data values. Suppose the probability
distribution of X depends on an unknown parameter (). The set of possible
values for () will be denoted bye. L( ()I:z:) will denote the likelihood function
for the observed value X = :z:. We will consider the problem of testing the null
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hypothesis Ho : B E 0 0 versus the alternative hypothesis Ha : B E 0g, where 0 0
is a specified subset of 0 and 0g is its complement.
The likelihood ratio test statistic for this problem is defined to be

A(:V) =

sUPOEeo L( BI:v) .
sUPoEe L( BI:v)

A LRT rejects Ho for small values of A(:v). That is, the rejection region of a
LRT is a set of the form {:v : A(:V) < c}, where c is a chosen constant. Typically,
c is chosen so that the test is a size-a test. That is, c = C a is chosen to satisfy
sup PO(A(X)

< ca ) = a,

(1.1)

OEeo

where a is the Type-I error probability chosen by the experimenter.
We will consider problems in which the null hypothesis set is conveniently
expressed as a union of k other sets, Le., 0 0 = Uf=10i. (We will consider
only finite unions, although arbitrary unions can also be considered.) Then the
hypotheses to be tested can be stated as
k

k

Ho : () E

U0i
i=l

versus

Ha : BEn 0i·

(1.2)

i=l

The IUT method is a natural method for constructing a hypothesis test for
this kind of problem. Let Ri' i = 1, ... , k denote a rejection region for a test
of HiO : B E 0i versus Hia : B E 0i. Then the IUT of Ho versus Ha, based on
R 1 , ••• , Rk' is the test with rejection region R = nf=l Ri. The rationale behind
an IUT is simple. The overall null hypothesis, Ho : B E Uf=l 0i, can be rejected
only if each of the individual hypotheses, Hio : B E 0i, can be rejected.
An IUT was described as early as 1952 by Lehmann. GIeser (1973) coined
the term IUT. Berger (1982) proposed IUTs for acceptance sampling problems,
and Cohen, Gatsonis and Marden (1983a) proposed IUTs for some contingency
table problems. Since then many authors have proposed IUTs for a variety of
problems. The IUT method is the reverse of Roy's (1953) well-known unionintersection method, which is useful when the null hypothesis is expressed as
an intersection.
Berger (1982) proved the following two theorems about IUTs.
Theorem 1.1.1 If Ri is a level-a test of HOi, for i = 1, ... , k, then the IUT
with rejection region R = nf=l Ri is a level-a test of Ho versus Ha in (1.2).
An important feature in Theorem 1.1.1 is that each of the individual tests
is performed at level-a. But the overall test also has the same level a. There is
no need for an adjustment, e.g., Bonferroni, for performing multiple tests. The
reason there is no need for such a correction is the special way the individual
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tests are combined. Ho is rejected only if everyone of the individual hypotheses,
HOi, is rejected.
Theorem 1.1.1 asserts that the rUT is level-a. That is, its size is at most
a. In fact, a test constructed by the IUT method can be quite conservative.
Its size can be much less that the specified value a. But, Theorem 1.1.2 (a
generalization of Theorem 2 in Berger (1982)) provides conditions under which
the rUT is not conservative; its size is exactly equal to the specified a.
Theorem 1.1.2 For some i = 1, ... , k, suppose Ri is a size-a rejection region
for testing HOi versus H ai . For every j = 1, ... , k, j i i, suppose Rj is a levela rejection region for testing HOj versus Haj. Suppose there exists a sequence
of parameter points 01, 1 = 1,2, ..., in 0i such that

lim Pol(X E Ri)

1-+00

= 1, .. . ,k, j i

and, for every j

= a,

i,

lim po/(X E Rj) = 1.
1-+00

Then the rUT with rejection region R = n7=t Ri is a size-a test of Ho versus

Ha •
Note that in Theorem 1.1.2, the one test defined by Ri has size exactly a.
The other tests defined by Rj, j = 1, ... , k, j i i, are level-a tests. That is,
their sizes may be less than a. The conclusion is the IUT has size a. Thus, if
rejection regions R t , ... , Rk with sizes at, ... , ak, respectively, are combined in
an IUT and Theorem 1.1.2 is applicable, then the IUT will have size equal to
maxi{ai}.

1.2

Relationships Between LRTs and JUTs

For a hypothesis testing problem of the form (1.2), the LRT statistic can be
written as

A(a:)

.

= sUPoe8

0

L( Ola:)

sUPoe8 L(OIa:)

= maxt <i<k sUPoe8i L(Ola:) =
sUPoe8 L(OIa:)

max sUPoe8i L(Ola:) .
t~i~k sUPoe8

L(OIa:)

But,
sUPoe8 L(OIa:)
A· ()
a: - ---=:....:....::~I---=~..,:t
sUPoe8 L(Ola:)
is the LRT statistic for testing HiO : 0 E 0i versus Hia : 0 E
statistic for testing Ho versus Ha is

0y.

Thus, the LRT

(1.3)
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The LRT of Ho is a combination of tests for the individual hypotheses, HIO, ... ,
HkO. In the LRT, the individual LRT statistics are first combined via (1.3).
Then, the critical value, Ca that yields a size-a test is determined by (1.1).
Another way to combine the individual LRTs is to use the IUT method.
For each i = 1, ... , k, the critical value that defines a size-a LRT of HiO is the
value Cia that satisfies
sup Po(Ai(X)

< Cia)

= a.

(1.4)

OE6iO

Then, Ri = {a: : Ai( a:) < Cia} is the rejection region of the size-a LRT of HiO ,
and, by Theorem 1.1.1, R = nf=l Ri is the rejection region of a level-a test of
Ho. If the conditions of Theorem 1.1.2 are satisfied, this IUT has size-a.
In general, the two methods of combining Al (a:), ... , Ak( a:) need not yield
the same test. But, the following theorem gives a common situation in which
the two methods do yield the same test.
Theorem 1.2.1 If the constants CIa, ... , Cka defined in (1.4) are all equal and
the conditions of Theorem 1.1.2 are satisfied, then the size-a LRT of Ho is the
same as the IUT formed from the individual size-a LRTs of HIO,"" HkO.
Proof: Let C = CIa

= '" = Cka'

The rejection region of the IUT is given by

k

R

n {a: : Ai( a:) < Cia}
i=l
{a: : max Ai (a:) < C}
l:$i:$k

k

n{a: : Ai(a:) < C}
i=l
{a: : A(a:) < C}.

Therefore, R has the form of an LRT rejection region. Because each of the
individual LRTs has size-a and the conditions of Theorem 1.1.2 are satisfied,
R is the size-a LRT.
0

.

Theorem 1.2.1 is particularly useful in situations in which the individual
LRT statistics (or a transformation of them) have simple known distributions.
In this case, the determination of the critical values, CIa, ... ,Cko" is easy. But
the distribution of A(X) = maXI:$i:$k Ai(X) may be difficult, and the determination of its critical value, Ca , from (1.1) may be difficult. Examples ofthis kind
of analysis may be found in Sasabuchi (1980), Sasabuchi (1988a), and Sasabuchi
(1988b). In these papers about normal mean vectors, the alter1J.ative hypothesis
is a polyhedral cone. The individual LRTs are expressed in terms of t-tests,
each one representing the LRT corresponding to one face of the cone. All of the
t-tests are based on the same degrees of freedom, so all the critical values are
equal. Assumptions are made that ensure that the conditions of Theorem 1.1.2
are satisfied, and, in this way, the LRT is expressed as an intersection oft-tests.
Sasabuchi does not use the IUT terminology, but it is clear that this is the
argument that is used.
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Theorem 1.2.1 gives conditions under which, if CIa = ... = Cka, the size-a
LRT and size-a JUT are the same test. But, if the CiaS are not all equal, these
two tests are not the same, and, often, the JUT is the uniformly more powerful
test. Theorem 1.2.2 gives conditions under which this is true.
Theorem 1.2.2 Let CIa, ... , cka denote the critical values defined in (1.4).
Suppose that for some i with Cia = minl<j<k{Cja}, there exists a sequence of
parameter points el, 1 = 1,2, ..., in 0i such that the following three conditions
are true:
1.

liml oo PO/(Ai(X)

11. liml oo PO/(Ai(X)
lll.

For any c, 0 <

C

< Cia) = a,
< C) > a, for any c > Cia,

< 1, and any j i- i,

liml..... oo Po/(Aj(X)

< c)

= 1.

Then, the following are true:

a. The critical value for the size-a LRT is Co
b. The JUT with rejection region R

= Cia'

= nj=da: : Aj(a:) < Cja}

is a size-a test.

c. The JUT in (b) is uniformly more powerful than the size-a LRT.
Proof: To prove (a), recall that the LRT rejection region using critical value
Cia is
k

{a:: A(a:) < Cia} = n{a:: Aj(a:) < Cia}.

(1.5)

j=1

For each j = 1, ... ,k, because Cia = minl<j<dcja} and {a:: Aj(a:) < Cja} is a
size-a rejection region for testing Rjo versus Rja, {a: : Aj(a:) < Cia} is a level-a
rejection region for testing Rjo versus Rja' Thus, by Theorem 1.1.1, the LRT
rejection region in (1.5) is level-a, and the size-a LRT critical value, Co, satisfies
Co 2: Cia' But, for any C > Cia,

lli.~ Po,(-,(X) < c)

..

lli.~ Po,

(6

1- lim

PB/

l .....oo

•

{A;(X) <

c})

(UPj(X)
< C}c)
.
J=1

.

k

>

1- lim

L POI (PAX) < c}C)

l .....oo .

J=1

> 1 - (1- a)

= a.

The last inequality follows from (ii) and (iii). Because all of the parameters,
= 1,2, ..., are in 0i C 8 0 , this implies that any c > Cia cannot be the

Ol, 1
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size-a LRT critical value. That is, COl ~ Cia. This, with the earlier inequality,
proves part (a).
For each j = 1, ... ,k, {:z: : Aj(:Z:) < Cja} is a level-a rejection region for
testing Hjo versus Hja. Thus, Theorem 1.1.2, (i), and (iii) allow us to conclude
part (b) is true.
Because Cia = minl<j<k{Cja}, for any () E e,

P,(A(X) < Cio) = P, COYi(X) < CiO}) oS P,

C6{Ai(X) < CiO}) . (1.6)

The first probability in (1.6) is the power of the size-a LRT, and the last
probability in (1.6) is the power of the IUT. Thus, the IUT is uniformly more
0
powerful.
In part (c) of Theorem 1.2.2, all that is proved is that the power ofthe IUT
is no less than the power of the LRT. However, if all the CjaS are not equal, the
rejection region of the LRT is a proper subset of the rejection region of the IUT,
and, typically, the IUT is strictly more powerful than the LRT. An example in
which the critical values are unequal and the IUT is more powerful than the
LRT is discussed in Berger and Sinclair (1984). They consider the problem of
testing a null hypothesis that is the union of linear subspaces in a linear model.
If the dimensions of the subspaces are unequal, then the critical values from an
F-distribution have different degrees of freedom and are unequal.

1.3

Testing H o : min{IJLll, IJL21} = 0

In this section, we consider an example that illustrates the previous results.
We find that the size-a IUT is uniformly more powerful than the size-a LRT.
We then describe a different IUT that is much more powerful than both of the
preceding tests. This kind of improved power, that can be obtained by judicious
use of the IUT method, has been described for other problems by Berger (1989)
and Liu and Berger (1995). Saikali (1996) found tests more powerful than the
LRT for a one-sided version of the problem we consider in this section.
Let Xu, ... , X 1n1 denote a random sample from a normal population with
mean f.Ll and variance O'r. Let X 21, ... , X 2n2 denote an independent random
sample from a normal population with mean f.L2 and variance O'~. All four
parameters, f.Ll' f.L2, O'r, and O'?, are unknown. We will conside"r the problem of
testing the hypotheses
Ho : f.Ll

= 0 or f.L2 = 0

versus

Another way to express these hypotheses is

Ha

: f.Ll

f; 0 and

f.L2

f; O.

(1. 7)
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The parameters /-ll and /-l2 could represent the effects of two different treatments.
Then, Ho states that at least one treatment has no effect, and Ha states that
both treatments have an effect.
Cohen, Gatsonis and Marden (1983b) considered tests of (1.7) in the variance known case. They proved an optimality property of the LRT in a class of
monotone, symmetric tests.

1.3.1

Comparison of LRT and JUT

Standard computations yield that, for i
HiO is
Ai(XU,""
where Xi and

Xl n1 ,

= 1 and 2, the LRT statistic for testing

X2b ... , X2n2)

=

t~) -ni/ 2
1 + _t_
,
ni - 1

(

sf are the sample mean and variance from the ith sample and
ti

Xi
= ----,-:.--

sd..;ni

(1.8)

is the usual t-statistic for testing HiO. Note that Ai is computed from both
samples. But, because the likelihood factors into two parts, one depending
only on /-ll, CTf' Xl and sf and the other depending only on /-l2, CTi, X2 and s~,
the part of the likelihood for the sample not associated with the mean in HiO
drops out of the LRT statistic.
Under HiO, ti has a Student's t distribution. Therefore, the critical value
that yields a size-a LRT of HiO is

. _
CtOt -

t2
) -ni/2
1 + Ot/2,ni- l
'
(
ni - 1

where t Ot / 2 ,ni- l is the upper 100a/2 percentile of a t distribution with ni - 1
degrees of freedom. The rejection region of the rUT is the set of sample points
for which Al( a:) < ClOt and A2( a:) < C2Ot. This is more simply stated as reject
Ho if and only if
(1.9)

•

Theorem 1.1.2 can be used to verify that the rUT formed from these individual size-a LRTs is a size-a test of Ho. To verify the conditions of Theorem 1.1.2, consider a sequence of parameter points with CTf and CTi fixed at any
positive values, /-ll = 0, and let /-l2 -+ 00. Then, P( Al (a:) < ClOt) = P( Itll >
t Ot / 2,nl-l) = a, for any such parameter point. However, P(A2(a:) < C2Ot) =
P(lt21 > t Ot / 2,n2- l ) -+ 1 for such a sequence because the power of the t-test
converges to 1 as the noncentrality parameter goes to infinity.
If nl = n2, then ClOt = C2Ot, and, by Theorem 1.2.1, this rUT formed from
the individual LRTs is the LRT of Ho.
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If the sample sizes are unequal, the constants C1a and C2a will be unequal,
and the IUT will not be the LRT. In this case, let C = min{C1a,C2a}. By
Theorem 1.2.2, C is the critical value that defines a size-a LRT of Ho. The same
sequence as in the preceding paragraph can be used to verify the conditions of
Theorem 1.2.2, if C1a < C2a. If C1a > C2a, a sequence with 112 = 0 and III -+ 00
can be used.
If C = C1a < C2a, then the LRT rejection region, A(:Z:) < c, can be expressed
as

Itll > t./"n,-l and It,l> { [

(1+ t~:':'~1 fin, -1] (n, - 1)

t'

(1.10)
The cutoff value for It21 is larger than t a / 2 ,n2- 1 , because this rejection region is
a subset of the IUT rejection region.
The critical values Cia were computed for the three common choices of a =
.10, .05, and .01, and for all sample sizes ni = 2, ... ,100. On this range it was
found that Cia is increasing in ni. So, at least on this range, C = min {C1a, C2a} is
the critical value corresponding to the smaller sample size. This same property
was observed by Saikali (1996).

1.3.2

More powerful test

In this section we describe a test that is uniformly more powerful than both the
LRT and the IUT. This test is similar and may be unbiased. The description
of this test is similar to tests described by Wang and McDermott (1996).
The more powerful test will be defined in terms of a set, 5, a subset of the
unit square. 5 is the union of three sets, 51, 52, and 53, where

51

=

{(ut,u2):1-a/2<u1~1,1-a/2<u2~1}

U{(Ut,U2): 0 ~ U1 < a/2,1- a/2 < U2 ~ 1}
U{( Ut, U2) : 1 - a/2 < U1 ~ 1,0 ::; U2 < a/2}
U{(Ut,U2): 0 ~ U1 < a/2,0 ~ U2 < a/2},
52

{(U1,U2): a/2 ~ U1 ~ 1- a/2,a/2 ~ U2 ~ 1- a/2}

n

({(Ut, U2): U1 - a/4

~ U2 ~ U1 + a/4}

U{(U1,U2): 1- U1 - a/4 ~ U2 ~ 1- U1

+ a/4}),

and

53

{(Ut,U2): a/2 ~ U1 ~ 1- a/2,a/2 ~ U2 ~ 1- a/2

n({( Ut, U2) : IU

1 -

1/21

+1-

3a/4 ~ U2}
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1-1-,....------------,......,

(

o- l - " - - - - - - - , - - - - - - - ' - + - o

u1

Figure 1.1: The set S for a = .10. Solid lines are in S, dotted lines are not.

UH Ul, U2) : -luI - 1/21 + 3a/4 ~ U2}
UHUl,U2): IU2-1/21 + 1- 3a/4 ~ UI}
UH Ul, U2) : -l u 2 - 1/21 + 3a/4 ~ ud) .
The set S for a = .10 is shown in Figure 1.1. SI consists of the four squares
in the corners. S2 is the middle, X-shaped region. S3 consists of the four small
triangles.
The set S has this property. Consider any horizontal or vertical line in the
unit square. Then the total length of all the segments of this line that intersect
with S is a. This property implies the following theorem.
Theorem 1.3.1 Let UI and U2 be independent random variables. Suppose the
supports of UI and U2 are both contained in the interval [0, 11. If either UI or
U2 has a uniform(O,l) distribution, then P((Ul, U2) E S) = a.
Proof: Suppose U I
uniform(O, 1). Let G 2 denote the cdf of U2 • Let S( uz)
{UI : (Ul, uz) E S}, for each 0 ~ Uz ~ 1. Then,
f'V

=
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r
.00

.25

.50

.75

S-test
IUT
LRT

.050
.002
.001

.050 .050
.004 .007
.002·· .003

S-test
IUT
LRT

.050
.002
.001

.051
.006
.003

.066
.022
.013

1.00

1.25

1.50

1.75

2.00

.050
.013
.006

0=0
.050 .050
.020 .028
.010 .013

.050
.036
.017

.050
.041
.020

.050
.045
.022

.117
.074
.050

0= 1r/8
.224 .384
.186 .359
.141 .299

.567
.555
.499

.731
.727
.688

.849
.848
.829

.329
.329
.327

.440
.440
.440

.554
.554
.554

.663
.663
.663

o= 1r /4
(

S-test
IUT
LRT

.050
.002
.001

.052
.009
.006

.076
.044
.032

.137
.122
.106

S-test
IUT
LRT

.050
.002
.001

.051
.012
.008

.060
.043
.036

.079
.076
.073

0= 31r/8
.103 .133
.103 .133
.102 .133

.170
.170
.170

.213
.213
.213

.262
.262
.262

.050
.038
.032

0= 1r /2
.050 .050 .050
.049 .050 .050
.048 .050 .050

.050
.050
.050

.050
.050
.050

.050
.050
.050

S-test
IUT
LRT

.050
.002
.001

.050
.013
.009

.227
.223
.214

Table 1.1: Powers of S-test, IUT and LRT for n1 = 5, n2 = 30 and a = .05.
Power at parameters ofform (JLl, JL2) = (r cos( 0), r sin( 0)) with 0"1 = 0"2 = 1.

The second equality follows from the property of S mentioned before the theorem.
o
If U2 uniform(O, 1), the result is proved similarly.
f"V

Our new test, which we will call the S-test, of the hypotheses (1.7) can be
described as follows. Let Fi' i = 1,2, denote the cdf of a central t distribution
with ni - 1 degrees of freedom. Let Ui = Fi(td, i = 1, 2, ~here ti is the t
statistic defined in (1.8). Then the S-test rejects Ho if and only if (U1 , U2 ) E S.
U1 and U2 are independent because t1 and t2 are independent. If JL1 (JL2) = 0,
then F1(t 1) (F2(t2)) uniform(O, 1), and, by Theorem 1.3.1, P((Ul, U2) E S) =
a. That is, the S-test is a size-a test of Ho. The event (U1 , U2 ) E Sl is the
same as the event in (1.9). So, the rejection region of the S-test contains the
rejection region of the IUT from the the previous section, and the S - test is a
size-a test that is uniformly more powerful than the size-a IUT.
f"V
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We have seen that the IUT is uniformly more powerful than the LRT, and
the S-test is uniformly more powerful than the IUT. Table 1.1 gives an example
of the differences in power for these three tests. This example is for nl = 5,
n2 = 30 and a = .05. The table gives the rejection probabilities for some
parameter points of the form (J.LI,J.L2) = (rcos(O),rsin(O)), where r = 0(.25)2
and 0 = O( 7r /8)7r /2. These are equally spaced points on five lines emanating
from the origin in the first quadrant. In Table 1.1,
= a~ = 1.
The 0 = 0 and 0 = 7r /2 entries in Table 1.1 are on the J.LI and J.L2 axes,
respectively. For the S-test, the rejection probability is equal to a for all such
points. But, the other two tests are biased and their rejection probabilities
are much smaller than a for (J.Lb J.L2) close to (0,0). For the IUT, the power
converges to a as the parameter goes to infinity along either axis. For the LRT,
this is also true along the J.L2 axis. But, as is suggested by the table, for the
LRT

aI

<.

lim P(reject HolJ.LI

/t--±OO

= J.L, J.L2 = 0) = P(IT29 1 > 2.384) = .024,

where T 29 has a central t distribution with 29 degrees of freedom and 2.384 is
the critical value for t2 from (1.10). The power of the IUT along the J.Li axis is
proportional to the power of a univariate, two-sided, size-a t-test of HOi: J.Li = O.
Because the test of HOI is based on 4 degrees of freedom while the test of H02
is based on 29 degrees of freedom, the power increases more rapidly along the
J.L2 axis.
The sections of Table 1.1 for 0 = 7r/8, 7r/4 and 37r/8 (except for r = 0)
correspond to points in the alternative hypothesis. There it can be seen that the
S-test has much higher power than the other two tests, especially for parameters
close to (0,0). The IUT, which is very intuitive and easy to describe, offers some
power improvement over the LRT.

1.4

...

Conclusion

For a null hypothesis expressed as a union, as in (1.2), the IUT method is
a simple, intuitive method of constructing a level-a test. We have described
situations in which the IUT defined by size-a LRTs of the individual hypotheses
is a uniformly more powerful test than the size-a LRT of the overall hypothesis .
And, we have illustrated in an example how even more powerful tests might be
found by careful consideration of the specific problem at hand.
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