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SUMMARY

Biologists frequently summarize multivariate data from

n

by computing some measure of distance between populations.

populations
The problem

then arises of comparing two such pairwise distance matrices based on
different characters.

A permutation test for correlation between dis-

tance matrices is proposed.

This test, based on Kendall's tau statistic,

is compared to Pearson's product-moment and Spearman's rho tests for the
same problem.
1.

Examples are presented, and computation is discussed.

Introduction
Are geographically separated populations more different genetically

than nearby populations?

Do anthropometric and linguistic data reflect

similar relationships among populations?

In general, do relationships

among populations found for one character "correspond" to those for
another character?

Questions of this type are familiar to biologists,

and many authors have proposed methods for comparing two sets of multivariate observations.
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data to some measure of generalized distance between populations.

The

problem is then to compare the resulting pairwise distance matrices.
Some authors (Howells 1966, McKechnie, Ehrlich and White 1975)
have simply calculated the sample correlation coefficient
the pairwise distances.
test the significance of

r

between

The normality assumption required in order to
r

is suspect for many distance measures

(see e.g., Friedlaender et aZ. 1971, p. 267).
are the dependencies among the

(~)

More problematic, however,

pairwise distances for

n

populations.

The degrees of freedom for a correlation test are surely overestimated
when the test is applied to such data.

These difficulties have been

discussed (Friedlaender et aZ. 1971, Spielman 1973), but valid tests for
correlation between distance measures are not widely known.
Alternative techniques for comparing sets of data have been proposed.
Spielman (1973) uses networks or trees derived from distance measures
to represent relationships among populations.

Using path lengths of the

networks, he tests whether two sets of data give rise to similar cluster
structures.

Corruccini, Cronin and Ciochon (1979) perform a principal

coordinates analysis for each set of distance data.

Two sets are then

compared by correlating the positions of the populations on the most significant principal coordinate axes.

Spielman (1973) also adapts the

method of Schanemann and Carroll (1970) to test a different kind of
correspondence between two sets of data.

This test of geometric con-

gruence fits one matrix of multivariate observations to another by linear
transformations.

Spielman's techniques are difficult to apply in practice

and require complex computer simulations to generate needed null distributions.

None of the analyses mentioned here are direct or intuitive;
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interpretation of results seems difficult for all of them.

In fact,

Spielman's two methods can lead to very different conclusions for the
same data.
We propose a new test for correlation between two distance matrices.
This permutation test requires no assumptions about the distributions of
the distance measures and is invariant under monotone transformations of
either measure.

We address the intuitively appealing question:

If two

populations are more "distant" than another two populations, according
to some trait, will the same relationship be likely to hold for a
different trait?

A test proposed by Mantel (1967) and Mantel and

Valand (1970) for a similar problem is described and compared to the new
test.

Z.

Procedure

Z.l Test Statistic
Let
1

<

i

~ j

<

n,

1J

and

J1

(X,Y)

1J

and

Y.. ,
1J

be the distances between populations i and j for two

distance measures.
X.. = X..

X..

be the number of populations 1 and let

n

The only restriction placed on these measures is

Y.. = Y..
1J

J1

for all i and j.

There are

(nz} distinct

pairs.
Define

We test

H ' the hypothesis that
O

alternative
similarily.

T >

O.

Alternatives

X

and

L <

0

Yare independent, versus the
and

L ~

0

are handled
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Letting
a > 0

_ {+ol

sign(a)

=0

a

a < 0 ,

-1

define the test statistic

where summation is over the
that

[[~J]

distinct pairs of distances.

K is Kendall's (1975) statistic S,

Note

applied to the distances.

Ordinarily, Kendall's procedure is applied to independent bivariate
observations (Ul,V ) , ••• , (U ,V)
l
m m
V.

to test independence between

U and

Then
m-l

I

S =

m

I

signCU.-U.)(V.-V.) .
~

i=l j=i+l

\..1J:J.en
the

U and
V.

~

V are independent, given the

are equally likely.

among themselves and the
the test based on

S

under

S

V.~

J

U. ,
~

the m!

permutations of

depends only on the ranks of the

U.~

among themselves, and (assuming no ties)

(~)

(X,Y) pairs are not mutually independent,

possible permutations of the
R '
O

~

is distribution-free.

In our situation, the
and the

J

In fact, only

n!

Y's

are not all equiprobable

of the possible permutations are equally

likely.

e·
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2.2

Permutation Distribution
(P(l)' ••• , Pen»~ be a permutation of the integers

Let
Let

IT

be the set of all
there are

n!

for every

Ilnl •

R '
O

the nl

Although

IT.

and

i

correspond to relabeling the
Under

For each

corresponding values of

Y's

Y.

significance level

a

n

~

9,

n!

8,

X
ij

with
Y's

Y distance measure.

K each have probability
XIS

X and

Y.

among

The test based on

Unconditionally, under

R '
O

K does not depend upon which measure

K correspond to large values of

1",

the

of an observed statistic is the proportion of per-

mutations yielding a value of
~

pair

each

Also, tied observations present no difficulty.

Since large values of

n

,

's,

among themselves, its distribution is conditional

Notice that the distribution of

For

IT

populations for the

n

K is thus a conditional test.

value.

E

~J

These permutations of the

j.

upon the (ranked) distance matrices for

X or

P

R ' given the
O

Y ••

K depends only upon the ranks of the

themselves and the

is called

Under

equiprobable permutations of the

n!

corresponding to a member of
Yp(i) P(j) ,

such permutations.

(1, ••. ,n) •

K greater than or equal to the observed

we can find

a

for an observed

K exactly.

For

is very large, and complete enumeration of the permutations

is not feasible.
us to estimate

Then random sampling of the
a.

n!

permutations allows
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2.3

Large SampZe Test
The idea of sampling a subset of permutations in a permutation test

appears frequently in the literature; see, for instance, Dwass (1957),
Chung and Fraser (1958) and Boyett and Shuster (1977).

For

n

~

9, we

estimate the significance level

a

random sample of

permutations, chosen with replacement.

m of the

nl

of an observed statistic using a

The sample estimate is unbiased with variance
Another criterion for choosing

a(l-a)/m.

m is provided by Dwass (1957).

His

results for the two sample location problem apply to our situation without modification.

He shows that if both tests use a significance level

of .05, a test based on 1000 permutations is 94.5% as powerful as the
test based on full enumeration.

The corresponding comparison for

m = 5000 is 97.5%.

3.

Comparison with Test of Mantel and Valand
Mantel (1967) proposed a permutation test for detecting clustering

of disease cases in time and space.

The same procedure was discussed in a

more general setting by Mantel and Valand (1970).

Letting

Xij

and

Y..

~J

be spatial and temporal measures, respectively, between points i and j,
the proposed test statistic

is

Z=

L
ifj

tha t

X..

~J

= X..
and Y.. = Y..
J~
~J
J~

removed in the new test, also.

X.. Y...
~J

~J

It is not required

(This restriction could easily be
The reduction in computing

tL~e

obtained

by the symmetry assumption justifies its use, since in most applications
symmetry is present.)

The hypothesis of no clustering corresponds to

the hypothesis that the locations in space and locations in time are
randomly paired.

Thus the null distribution of Mantel's statistic is

generated by the same
Section 2.2.

n!

permutations of the observations proposed in
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To test the significance of an observed statistic, Mantel assumes
that

Z

is approximately normally distributed.

the permutational mean and variance of

Z

He gives formulas for

and suggests that

Z be

standardized and referred to tables of the normal distribution.
Mielke (1978) shows that

Z

is not, in general, asymptotically normal

and gives a beta approximation suitable for certain special cases.
Such distributional assumptions can be avoided entirely by enumerating the permutation distribution of
for large samples.

Mantel's test represents a Pearson product-

moment correlation approach.
XIS

Mantel's test, when applied to the within-

and

Y's,

approach; the new test is a Kendall's
The Pearson statistic
distance measures

using sampling of permutations

We then have the following family of permutation

tests for correlation.

sample ranks of the

Z,

X and

Z
Y.

corresponds to a Spearman's rho
T

approach.

is highly dependent upon the specific
Mantel (1967) recommends that a reciprocal

transformation be applied to both temporal and spatial distances.

His

examples show that this order-preserving transformation can dramatically
affect the outcome of his test.

For this reason, the Spearman and

Kendall-type statistics seem preferable for comparing distance measures
whose actual magnitudes may be arbitrary.
The Kendall statistic
parameter
Also,

T,

K

is easily interpreted in terms of a

a characteristic not shared by the Spearman-type statistic.

K can be calculated from data which cannot be ranked.

Imagine a

situation where pairwise comparisons of distances are the only data
available.

For instance, we may know that populations

i

and

more similar according to some character than are populations
etc.

j

k

are
and

£,

Even with inconsistencies among these pairwise comparisons, the

K
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statistic can be computed and tested for significance.

See Kendall

(1975, Chapter 11) for a discussion of such paired comparisons data.
4.

Examples
Some properties of the three permutation tests for correlation can

be illustrated using data from Spielman (1973).

He presents anthropo-

metric, genetic, and geographic distance data for 19 villages of
Yanomama Indians.
Many authors have applied conventional correlation tests to distance
data.

The misleading nature of such tests can be demonstrated using

Spielman's marker gene and anthropometric data.

Significance levels for

the three permutation tests were estimated using 2000 random permutations.
Conventional Kendall, Spearman, and Pearson correlation tests were performed
and tested for significance, as though the
were independent.
K

= 1788,

r

S

r\. 192 )

= 171

pairs of distances

The observed statistics for these latter

= .191 and r = .113,

respectively.

tests were

The estimated levels

for the permutation tests and the apparent levels for the conventional
tests were as follows:

Test

Estimated level
(Permutation test)

Apparent level
(Conventional test)

Kendall

0.0765

0.0084

Spearman

0.0645

0.0064

Pearson

0.2010

0.0704

As expected, the significance of the observed statistics is overestimated
by the conventional test procedures.

Notice also the discrepancy in

significance between the Pearson statistic and the two rank statistics.
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When

n

=8

are applicable.

, both small sample and large sample permutation tests
These options were compared for Spielman's anthropometric

and SFA data, using the first eight villages.

(The SFA, "Serological for

Anthropometries", data are genetic distances based on those individuals
for whom anthropometric measurements were also obtained - a subset of the
total sample.)

Enumeration of all

8!

= 40320

exact significance levels for the three tests.

permutations provided
Estimates of these levels

based on 5000 random permutations were also obtained, with the following
results:
Exact
level

Estimated
level

Kendall

0.0047

0.0034

Spearman

0.0060

0.0058

Pearson

0.0032

0.0024

Test

For all three tests, the estimated levels are well within two standard
deviations of the true values.
5.

Computation
A Fortran program for performing the Pearson, Spearman, and Kendall

correlation tests is available upon request.

The program finds the exact

significance level of each observed statistic for small samples and
estimates the levels by sampling for large samples.
For small samples, the permutations of
an algorithm of Boothroyd (1967).

(l, ... ,n)

are obtained using

For large samples, random permutations

are generated using a shuffling algorithm described in Knuth (1969,
p. 125).

The uniform random numbers required by that algorithm are

generated by a multiplicative congruential method (Schrage 1979).
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Since the feasibility of a permutation test depends upon the computing time required, the program was run for several sets of test data
on the IBM 370/165 at the Triangle Universities Computation Center.
Calculation of exact significance levels for an example with

n = 7

required 31.5 seconds of central processing units (cpu) time.

The

example in Section 4 with

= 8 required 38.5 seconds of cpu time for

n

5000 random permutations and 2:22.4 minutes of cpu time for exact
solutions.

An example with

n = 12

and

minutes; the example in Section 4 with

m = 5000
n = 19

and

required 1:37.9
m

= 2000 required

3:35.6 minutes.
For each permutation, the Kendall statistic is the sum of

[[~)J

terms; the Spearman and Pearson statistics are each (assuming
X.. = X..
1J
J1

and

Y .. = Y .. )
1J
J1

the sum of

(nJ
2

terms.

Thus, the Kendall

test requires more computing time than the other tests.

Since for large

samples the Kendall and Spearman tests seem to give similar results,
the Spearman test may be the preferred procedure when

n

is large.
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