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Introduction
In these lectures, the two main classes of statistical models discussed

are transformation models and exponential models.

It is known that very

little overlap exists between these two classes in the one-dimensional case;
however, as the dimension increases, so does the interplay between the two

c

groups.

Exponential transformation models, Le., models which are both trans-_

formational and exponential, will be briefly considered.

The likelihood ap-

proach will be discussed for the inferential aspects of the models.
The material to be presented is classified under the following headings.
1.

Exponential models

2.

Transformation models

3.

Hyperbolic distributions

4.

Exponential transformation models

5.

A formula for the distribution of the maximum likelihood estimator

6.

Modified profile likelihood

Let X be a sample space and P be a class of probability measures P '
w
W€Q, dominated by a a-finite measure ~, i.e., P = {p : w€Q} «~. We call
dP
w
the corresponding Radon-Nikodym derivative d~w (x) = p(x;w) a model function
and we write p(x;w)

<~>

to emphasize the dominating measure

~.

e

•
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1.

Exponential models
Suppose a model function p(x;w) can be expressed as follows:
,
S'(w)·t(x)
p(x;W) ,= a(w)b(x)e-

(1)

l are kXl vectors. We call k the order of the exponential family P,

where~,

provided'that k is the minimal dimension for which an exponential' representation of the form (1) exists for'p(x;w).
Inverse Gaussian Model, N-(X,lji)

Example.

For a single observation x the p.d.f. is given by p(x;

-1/2(x...~X)
e~ e
x , x>o, X>O,

•

~~.

X,~)

=

IX x-3/2
.rz:rr

This is an exponential model of order 2.

Brownian motion(v,02) with V~ and if x is the first passage

If yet) is a

time to a level c>O, then x follows the inverse Gaussian distribution with

Let Xl"" ,xn be a random sample from N-(X,~) and t = (ii, x), where
u = n

-1

,nLi=lx-1
i

-

,and x = n
- --1

n(u-x

- --1

and (u-x

)

~

-1

-1

,nLi=lx

i.

Then

2

) - X 'X (n-l) ,

x, where

~

is used to denote statistical independence.

we can perform an analog of the ordinary t-test for the mean V.
archical analysis of variance can be performed
2.

(Tweedie [1957]).

Hence

Also hier-

0

Trans formation models
We introduce some notation before discussing transformation models. Let

f be a map such that f: X"'Y.

Let v be a measure defined on X and let fv be
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the lifted (by f) measure on Y.

Let G be a group.

Then we say that G aats

on X if there is given a mapping y, defined on G, such that V g€G, y(g) is

X onto itself and such that y is a homomorphism,

a one-to-one transformation of
i.e., y(g'g) = y(g')

y(g) for all g and gl in G, where

0

denotes composition

We say that y is an aation, and for simplicity we write gx for

of mappings.
y(g)x.

0

Let the lifted probability measure y(g)p be denoted by gpo

Then a transfo1W1tJ.tion model. is defined to be a family P of probability
measures on X such that P = {gp: g€G},
exists a dominating measure

g~=~

tion of G, i.e.,

--

Example.

(w.r.t. P€P), which is invariant under the ac-

for V g€G.

p(x;g) = peg

(2)

~

-1

We shall furthermore assume that there

x)

Then, writing p(x;g) for
<~>

~~

, we have

.

Location-scale models

Let f be a known one-dimensional p.d.f.

In this model a random sample

x.-E;

X I'

... , Xn has a J"o1.·nt pdf
. •• JIni= 1 .!.
a f(_1._)
a ' Def1.·ne G~ ![~,a],· ~€m.,a>O} w1.·th

"t.,.,

an operation [E;,a] [E;' ,a' ]=[E;taE;', aa'].

Then G acts on lR n if we define y

o
Very often the models we are dealing with are partly, but not fully
trans formational.

We speak of the model as a aomposite transfol"l7rl.tion mode l.

if it is the disjoint union of transformation models
formational relative to one and the same action y.

all of which are transThat is, P =-u PK

~lhere

PK is a transformation model relative to y and indexed by some additional
parameter

K

which we shall refer to as the index parameter.

Example.

Inverse Gaussian distribution N-CX,p)

This is not a transformation model.

But if we introduce

a = ~, then it becomes a composite transformation model.

K

=

IXW ,
0

page 4

Example. von Mises-Fisher distributions
k-l
Let X = S
, the unit sphere in

and let P = {p(x;K,~): (K,~)
k-l .
.
€ [0,00) x Sk-l} be the f aDaly
of von Mises-Fisher distributions on S
g1ven
by
p(X;K,~)

= a(K) e

K~'

x

mk

,~

k-l
€ S
, K to [0,00).

The norming constant a(K) depends on K only and it may be expressed in terms
of the modified Bessel function of the first kind and of order

~-l.

Here P is a composite transformation model, with index parameter K the
acting group being the special orthogonal group G = SOCk) = {U: u*u=I,lul=l}
where U denotes a kxk matrix and where u* is the transpose of U.

0

For any x € X the set Gx = {gx: g€G} of points traversed by x under
-

(

the action G is termed the orbit of x.

The sample space X is partitioned

into disjoint orbits.
G

X

u(orbit representative)
If on each orbit we select a point u, to be called the orbit representa-

tive, then any point x € X can be

determined by specifying the representa-

tive u of Gx and an element z € G such that x = zu.

orbital. dBaorrrposition of x.

We speak of (z,u) as an

The orbit representative u is a maximal invariant

and hence ancillary statistic, and the inference proceeds by first conditioning on that statistic.

e
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Now we present a key theorem for transformation models.

Consider a sta-

tistic. say s. which is equivariant. i.e .• sex) = sex') implies s(gx) = s(gx')
for all g

€

G.

One can now see that if s is equivariant. then G acts on s

by the prescription gs=s(gx) when s=s(x).

The action of G on a space S is

said to be transitive if S consists of a single orbit.
Theorem

Let u be an invariant statistic with range space U = u(X). let

s be an equi variant statistic with range space S = seX), and assume that
acts transitively on S.

Furthermore. let

~

G

be an invariant measure on X.

Then we have (s.u)(X) = SxU and
(s.u)~

(3)

--

= vxp.

where v is an invariant measure on Sand p is some measure on U.
Suppose in addition that the transformation model has a model function
p(x;.g)

= p(g-lx)

relative to the invariant measure ~ on X such that
p(x) = q(u)r(s,w)

(4)

for some functions q and r and some invariant statistic w.
Then we have the following conclusions:
(i)

The model function p(x; g) is of the form
p(x;g)

= q(u)r(g -1 s;w).

and hence the statistic (s.w) is sufficient.
(ii)
(iii)

s and u are conditionally independent given w.
The invariant statistic u has probability function
p(u) = q(u)

(iv)

f

r(s.w)dv(s)

<p>

The conditional probability function of s given w is
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p(s;g Iw)

= c (w) rCg -1 s

,w)

<v>,

0

where c(w) is a norming constant.

For the requisite (extremely mild) regularity conditions and the proof,
see Bamdorff-Nie1sen, B1aesild, Jensen and

J~rgensen

(1982).

By means of this theorem we can solve the distribution problems of transformation models.

(The power of the theorem may be well illustrated by app1y-

ing the theorem to the problem of multivariate

two~ay

analysis of varaince,

cf. Bamdorff-Nie1sen [1982b].)
3.

Hyperbolic distribution
In the contexts of transformation models

and robustness studies the

hyperbolic distributions are of some particular interest as error laws in

(

linear models, because they are heavy-tailed and because they yield log-concave likelihood functions (in contrast, for instance, to the student distributions1.

They are also of interest for various other reasons

~,d

we shall

briefly describe some of their properties.
The hyperbolic distributions in r-dimensions

(r~l)

are characterized by

the fact that the graphs of their log probability density functions are
hyperbolas or hyperbo1oids.
four parameters, a, S,

~

The one-dimensional hyperbolic distribution has

and e and it is denoted by

H(a,S,~,e).

It may be

represented as a normal variance-mean mixture,
H(a,S,~,e)

= N(~+Sa 2 ,a 2)

A

a2

- 2 2 2
NI (e ,a -S ),

where N(~,a2) denotes the normal distribution and N~(X,~) is one of the generalized inverse Gaussian distributions.
One can think of a hyperbolic distribution in the following way:.
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•

log f(x)

/
ct>

,

I

~

x

'"

]J

I
I

By pressing down the asymptote

ct>

Wltil it becomes a vertical line one can ob-

tain a limit distribution on the half line, which may be called a positive
hyperbolic distribution.

-.

Actually, the class of positive hyperbolic dis-

tributions coincides with the class of distributions N~ .
Using the above mixture representation it is possible to show that the
hyperbolic distributions are self-decomposable

(or belong to the Levy class),

i.e., there exists a sequence of independent random variables x ,x ' ..• , and
l 2
norming constants an and b n such that
(x + ... +x )-a
l
n
n
b
.
n

as n

~

00.

~> hyperbolic distribution

There is at least one good statistical reason for being interested

in the property of self-decomposability. Cox (1981) considered autoregressive
stationary schemes
Yn

= e yn- 1+

un ,

where the un 's are i.i.d. random variables and he raised the problem of characterizing those one-dimensional distributions that can occur as the distribution of yn in such a scheme.
The answer was given by L. Bondesson

in the discussion to Cox's paper,

and it is precisely that the distribution should be self-decomposable.
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The hyperbolic distributions were originally motivated by some geological
problems (Barndorff-Nielsen [1977]).

Later, it was observed that the three-

dimensional version of the hyperbolic distribution in the isotropic case has
been known to statistical physicists since 1911.
According to Boltzmann and Gibbs the distribution of a momentum vector
p = (Px,Py,Pz) of a particle (x,y,z) in a physical system follows the MaxwellBoltzmann law with a p.d.f.
(5)

ae

-AK (p)

<Leb> ,

where a is a norming constant, A is a simple function of Boltzmann's oonstant
and the absolute temperature of the system, K(p) is the kinetic energy of
a single particle in the system and 'Leb' stands for the Lebesgue measure.
-

C

For the simplest possible case of an ideal gas the kinetic energy is
(6)

where m is the mass of a particle and • represents inner product and hence
(px,py,pz) follows an isotropic normal distribution.

However, while (6)

is the appropriate formula within the classical, Newtonian, framework of
physics, it turns out that in Einstein's relativity theory

K(p) has to

be replaced by
( 7)

where c is the velocity of light.

Note that Equation (7) yields precisely

the formula for the density of the isotropic three-dimensional hyperbolic
distribution.

The general r-dimensional hyperbolic distribution has, ex-

cept for a location-scale change, a p.d.f.
ae -al1+x'x+S'x
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where a is a norming constant.
This discussion is, in fact, not complete from the relativistic viewpoint,
because it was assumed that the coordinate system of the observer of the ideal
gas was stationary relative to the ideal gas.

For a complete relativity treat-

ment it is necessary to consider that an observer moves with a constant speed
u relative to the ideal gas.
C.

M~ller,

This problem was solved by a banish physicist,

in 1968 by introducing a Lorentz transformation from one coordi-

nate system to the other coordinate system which gives

where c is the velocity of the light and u is the velocity of the observer.

•

M~ller

also showed that the p.d.f. is a relativistic invariant.

Together

these results lead to the completely general form of hyperbolic distributions.
Additional information on the theory and applications of the hyperbolic
and various related distributions may be found in Barndorff-Nielsen and
Blaesild (1980, 1981), Blaesild and Jensen (1981) and the references given
there.
4.

Exponential transformation models
Statistical models that are exponential as well as transformational are

called exponential transformation models.

Such models are highly structured

and we present here a theorem which shows some of this structure.
Theorem.

Consider an exponential transformation model, i.e., the model

function, relative to invariant measure
(8)

p(x;g)

~

on X, is of the form

= peg -1 x) = a(g)b(x)e 8(g)·t(x)

Suppose that the exponential representation in (8) is minimal and of order k,
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and that p(x) and t(x) are continuous.
Then there exists, uniquely, a k-dimensional representation A(g) of the
group G and k-dimensional vectors B(g) and B(g) such that
t(gx)

= A(g)t(x)

+

B(g)

6(g) = A(g-1)*6(e) + B(g).
Moreover, for g'

,g~G

we have

B(gg') = A(g)B(g')

B(g)

+

B(gg') = A(g-l)*B(g')

B(g)

+

Let 0 be the function given by
~( ) = ~ e-e(g)·B(g)

-

u

C

g

a(g)

,

g~

G

.

We then have

o(gg') = &(g)o(g')eB( g-1) . B( g ')
and

.....

b(gx) = o(g)b(X)eB(g

-1

)·t(x)
.....

IfB(g) is constan~ its value is necessarily 0, and similarly for B(g).

0

For further discussion of exponential transformation models, including
the proof of the above theorem, the reader is referred to Bamdorff-Nielsen,
Blaesild,Jensen and

s.

"

J~rgensen

(1982) and Bamdorff-Nielsen (1982b).

A formula for the (conditional) distribution of the maximum likelihood
es,timator
We proceed to discuss a general formula for the distribution of the max-

imum likelihood estimator, conditional on an ancillary statistic a.

~
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Let w be the maximum likelihood estimator of w.
measure

~

Typically. the dominating

is either Lebesgue measure (or. more generally. geometric measure

on manifolds) or counting measure.

Let t be a minimal sufficient statistic

for the model and suppose there exists an. exact or approximate. ancillary
statistic a such that (w.a) is a one-to-one transformation of t.

The dimen-

sions of t and w will be denoted by m and d. respectively. and we call the
correspoonding model an (m,d) modeZ.
....

....

Consider the conditional probability function p(w;wla) of w given a and
define another probability function for w given wand a by

••

Herewith

L

= L(w) = L(w;x)

~

p(x;w) being an arbitrary version of the like....

L

lihood function.

....

= L(w)/L(w) is the normed likelihood function.

Ij

I

is the

2

determinant of j = jeW) where j = jew) = (-

~wl~~*L)dxd denotes the observed

information matrix, and c = c(a;w) is a norming constant. The
....

probability

....

function p*(w;wla) is to be viewed as an approximation to p(w;wla). Le.
""

A

p(w;wja) ~ clj

(A)

~

I

A

L

=

p*(w;wja).

which we call formula (A) (cf. Barndorff-Nielsen [1980,1982]). Formula (A)
....

expresses the fact that the conditional probability function p(w;wla.) can
very widely be calculated approximately. and in many important cases even
....

exactly. by the probability function p*(w;wla).
Example.

Gamma distribution

Let xl •... ,x n be a random sample from the p.d.f.
,
p(x;A.a) =

with A known.

a

A

rCA) x

A-I -ax
e

a>O, A>O. x>O.

Disregarding a factor depending on the observations only.
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the likelihood functipn is
L(a)
Thus ; =

Ax- l

= a nA

and Ha)

e
=

-ax

Aa.

tic a comes into the model.
p* (a;a)

=c

n

where x. =

•
-2

.

I

i=l

x.
1.

Note that m=l implies that no ancillary statis-

Hence

- --A A -nax
x x a e

= p(a:a)

o

Hence, in this case, formula (A) is exact.
Example.

Location-scale models (continued)

1 x-t;
Let xl, ... ,x be a random sample from cr f(-cr-). Assume (t;,cr) exists
n
uniquely (which is the case if log f(x) is concave or strongly unimodal).

-

C

In general, t = (x(l), ..• ,x(n))' hence m=n, where x(l), .•. ,x(n) are the order ~
statistics.

The ancillary statistic a is given by

x -x

a

= u = (_I_
s

x -x

n
, ... J - - ) ,

s

where u is an orbit representative, which is a maximal invariant statistic.
Now
A

A

p*(t;,cr;t;,crlu) = c(u) cr

-rrn-2 n
cr
IT f(t;-t;+cru.)
i=l
1.

= p(t;,cr;t;,cr lu).

o

Again, formula (A) is exact in this (n,2) model.

Here, we give a few remarks on invariance of statistical procedures, in
particular, paPamet1'isation inva1'iance.

If we think of an inference frame

as consisting of the data in conjunction with the model and a particular parametrisation of the model, and of a statisticaZ procedUre

IT

(e.g., least

squares~

estimation, maximum likelihood estimation, some particular construction ot
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confidence regions, etc.) as a method which leads from the inference frame to
a conclusion formulated in terms of the parametrisation of the inference frame,
then parametrisation invariance may be formally specified as commutativity
of the diagram

inference
frame

reparametrisation
new inference
--...;.----------...,.)
frame

same procedure

procedure

IT

IT

conclusion

•

conclusion

reparametrisation

Procedures such as confidence interval procedures, likelihood ratio tests,
maximum likelihood estimation and score tests (using expected information)
are all parametrisation invariant.
tion invariant.

Procedures

Howeve+, Wald's test is not parametrisa-

that are not

require some care in their use.

parametrisation

invariant

For the Wald test this is discussed in

Vaeth . (1981).
Concerning formula (A) we note the following properties:
a)

(A) is parametrisation invariant.

b)

(A) is also invariant under 1-1 transformations of the data x.

c)

The expression p* = p*(w;w/a) is the same whatever version L of the
likelihood function is selected for the construction of p*.

d)

Suppose a is exactly distribution constant, and let L denote the parO
ticular version of the likelihood function given by LO(w) = p(x;w)
where the probability density function p(x;w) is relative to the relevant Lebesgue measure. Then the formula (A) is exact if and only if

A

"" -l"

/j/

A

-

A

LO depends on a only (where L = LO(w)).
O
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e)

For exponential models the formula (A) is the renormalized saddle
point approximation.

Application and theory of the approximation

to the exponential models where m=d was discussed in BamdorffNielsen and Cox (1979).

These saddle point approximations are

known to be highly accurate.

Normally, approximations in statis-

tics are accurate to order O(n-~), whereas renormalized saddle point

approximations are always accurate to order O(n -1 ) and often O(n -3/2 ),

where n denotes the sample size (Durbin [1980]).
f)

Formula (A) is exact in a wide class of cases.

A complete solution

to the problem of when formula (A) is exact is not available.

How-

ever, we have
Theorem~(Bamdorff-Nielsen [1980,

FOl'mUZa (A) is e:x:aat for all

1982])

o

transfozrmation mode Zs.

(~

(The starting point for the proof of this result is conclusion (iv) of
the key theorem for transformation models presented earlier.)

It should be

noted that there are models other than those of transformational type for
which formula (A) is exact.
Example.

Inverse Gaussian model, N-(Xo'~)

The model function of the family of inverse Gaussian distributions is
e

IXijj x -3/2

e

-1/2(Xx

-1

+~x)

x>O, X>O,

~~O.

The submodel obtained by fixing X is exponential of order 1 and has no ancillary statistic.

Also it is not of transformational type.

Nevertheless, for-

mula (A) with a degenerate yields the exact expression for the distribution
A

of

", -

~ =

2

X/x .

0

Daniels (1980) showed that the only linear exponential models of order 1
for which formula (A) is exact for all sample sizes are the normal distribution
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with known variance, the gamma distribution with known shape parameter, and
the inverse Gaussian distribution with known X.
Now we give two further examples of exponential families, with (m,d)
equal to (2,2) and (3,3) respectively, which are not transformation models
but do have formula (A) exact.
EX~le.

N-(X,~)

Inverse Gaussian model

(continued)

Let xl, •.. ,xn be a sample of size n>l from the inverse Gaussian distribution N- (X,~) .
t

=

l

(lx:~ ,

When X and

Ix.).

~

are both unknown we have (m,d)=(2,2) and

As noted previously, n-llx

~

i

has again an inverse Gaussian

distribution N-(nx,n~), while w = l(x:l_i-l ) is independent of
~

the gamma distribution f(n;l,

t).

Ix.

~

and follows

From these facts it is easy to see that

o

formula (A) is exact.
Example. Hyperboloid model,

HO(~,K)

k-l
This model pertains to observations x on the unit hyperboloid H
=
k
{xeIR ; x*x=l, ~O>O}, where x = (xO,xl' ... '~_l) and x*y=xOYO-xlYl- ... xk-lYk-l.
measure

The hyperboloid model function relative to a certain invariant

]..I

on ~-l is

€

k-l
H ,

(10)

where x
(11)

~

uk-l
e ff- , and K > 0, and where

a (K) = K~k/2)-J/{(2rr)(k/2)-12K
(K)}
k
(k/2)-1

with K(k/2)-1 a Bessel function.

The parameters

~

and K are called, respec-

tively, the mean direction and the precision.
For any fixed K, the hyperboloid distributions

P(X;~,K)

constitute a
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transformation model under the action of the pseudo-orthogonal group of
type (l,k-l)
SOt 0, k-l) =

I =

where

{u

,..,

j U*I U = I,

kxk

1
-1
-1

lui = 1,

uOo>O} ,

, and u
is the upper-left element of U.
oo

0

o
-1

The invariance of the dominating measure

~,

referred to above, is relative to

this action.
Now suppose we have a sample Xl" .• ,xnfrom the distribution (10) and let

-

(

r = Ix* X
•

.'

where x = \~ 1 x..
•

l1=

The statistic r is an analog of the resul.,

1

tant length of a sample from the von Mises-Fisher distribution.
A

shown that p(~jK,~lr), where

~

= x

.Ir is the MLE of
.

~,

It can be

is again a hyper-

A

boloid model function.

In fact, ~Ir"" Ho(~,rK). This is in complete analog

with the von Mises-Fisher situation.
(Jensen

[1981]).

2

Moreover, for k=3 one has r-n""KX en-I)

The full model (10) with k=3, which is a (3,3) model, is
A

not transformational.

However, using ~Ir ,.., HO(~,Tk) and r-n ,.., KX 2 (n-l) it

is simple to show that formula (A) is exact for this model.

o

We conclude the discussion of formula (A) by constructing some (4,4)
exponential models for which formula CA) is exact.
The construction of higher order models for which the formula (A) is
exact may proceed as follows.

Suppose p(Ujy) is a model function for which

(A) is exact, and for each fixed u, let p(Vjolu) be a model function, also with
formula (A) exact.

The joined model

P(u,Vjy,O) = p(u;y)·p(\ljOlu)

page 17

will then. under three elementary conditions. have formula (A) exact (Barndorff-Nielsen [1982]).
Example. Combination of two inverse Gaussian distirbutions. [N-.N-]
Let u - N-(X.~) and vlu - N-(d(u)K.A). where d(u)
tive function of u.
p(U.V;X.~.K.A).

Then formula (A) is

exact

is

for

an

arbitrary posi-

the joint distribution

provided X and K are presumed known.

If we take a sample (u .v 1) •...• (u .v n ) from p(u.V;X.~.K.A) then we can
1
n
ask whether formula (A) provides the exact distribution for the maximum 1ikelihood estimator of the four-dimensional parameter

(X.~.K.A).

This is not

the case in general; however. if d(u)=u 2 then we can show that formula (A)
is exact for any sample size n > 1.

Setting

a = ~ - 21KX
we may write the joint density
P ( u, v ; X, ,','I' • K • 1\') =

(12)

p(u.V;X.~.K.A)

of (u.v) as

{
XK e lX k+Lv'KX b (u.v) e -~ Xu

-I

Ifr.7:
X"

2 -1

+aU+KU v

+Avl,

where b(u,v) = (2n) -1 u-1/2v -3/2 .
The above

model (12) with all four parameters unknown. will be denoted by

It follows immediately from the form of the norming constant
exp{ IX

~+21KX}

IXK

that

-1
-1 \
-1
-1 \
where u = n u. = n
lUi' v = n v. = n
lV ' In particular, if ~=A=O.
i
2
4
then (n- u •• n- v.) has a distribution which does not depend on n. We call
this distribution the bivazoiate stab Ze ZaJ.u of index (}.

t).
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More can be said about this model concerning maximum likelihood estimators.
Suppose n > 1 and let
w

= l.t (u.-1 -u--1 ),

z

= I (u.2v.-1 -u-2--1
v ).

~

and

"

~

"

~

-2"

"-2-2

Then X = n/w, ~ = n/(~u ), K = n/z, A = nu I(zv ).

Furthermore, using (u,v)

... [N-,N-](nx,n~,nK,nA) we can prove that w,z and (u,v) are independent, that
w ... f(n;l,

t)

and z ... fen;l, ~), and that (A) is exact.

Here we have a bi-

variate extension of the inverse Gaussian distribution with essentially all
the nice properties of the inverse Gaussian distribution.

(Construction of

a bivariate generalization of the inverse Gaussian distribution for which

-

C'

both marginals are inverse Gaussians does not seem to be possible.)

o

Example. Combination of inverse Gaussian and normal, [N-,N]
Let BM(a,8) be a Brownian motion with diffusion coefficient a and drift
coefficient 8.
...

BM(T,~)

Consider two Brownian motions X(t) and Y(t), where X(t)

and yet) ...

BM(cr,~).

Let u be the first passage time of X(t) to a

level c>O and v be the value of yet) when t=u.
yet)

BM(cr, E;)

v

c

u
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Then we have
u ,.., N-CX,1/J),
2 2
where X = c /L , 1/J

2
= ~ 2/L,

and
2

vlu"" NCu~, ucr ).
We denote the distribution of (u,v) by [N-,N]ce). i.e.
(u, v) ,.., [N- ,N] (e) ,

where e. which is the canonical parameter of the model, is

(u.v)

[N- ,N] Cne) .

Furthermore, the maximum likelihood estimators of X and K follow
A-I

X

=n -l~l.

ui -u

-1
K

=n -1 l.~

2 - 1 --2--1
viu i - v u ,..,

A

A

-1 --1

"

n-I

,.., fC-2-, nX/2),

and X, K and Cu,v) are independent.

rc-n-l
2-.,

nK/2),

From these results it is again simple to

show exactness of (A) .. Moreover. we can perform an exact F test for the hypothesis H:

~=u

and if

~=~,

then we can make exact inference

on~.

For a detailed

0

discussion, see Barndorff-Nielsen and Blaesild (1982).

,.

One can build similar models of any

multi-dimensions by essentially the

same construction method.
An important tool for proving the above results is the following general

and useful formula for calculating

the

marginal

model

function

for

a
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statistic u

= u(x).

We may find a model function p(u;w) of u in the following

way:
(14)
where W is an arbitrarily chosen value of w.

o

Thus, calculating a model func-

tion P(u;w) in general is reduced to computing a conditional expectation provided we can choose a w, which makes calculation of p(u,wO) particularly

trac~

table.
Also, using this formula, we can often simplify calculation of the marginal
likelihood function
L(w;u)

(IS)

c

of w based on u, since (14) implies that

(An

interesting instance of formula (14) occurs in a recent issue of the ~

Journal of Mathematiaal

Physics~

see Lavenda and Santamato [1981].)

In view of the nice and useful properties of the above mentioned examples
it would seem worthwhile to make a systematic study for characterizations of
the class of models for which formula (A) is exact.
6.

Modified profile likelihood
As

a derivative of formula (A) we now introduce a modified profile likeli-

hood and discuss its applications.
Consider a model with parameter (W,K), where K is the parameter of interest.

The profile (or partially maximized) likelihood L(K) for K is given by

....
(16)

L(K)

= sup

L(K,W).

WIK

The study of formula (A) suggests (for the detailed reasoning see
Bamdorff-Nielsen [1982b]) introducing a modified profile likelihood t(K),
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which we define as follws:

Iaw I" I-~ ~

f.L(K) = --~

(17)

j

LeI<) •

K

K

I~I is the Jacobian determinant for the trans formation from w

~here

to

IJ.)

K

•

K

the maximum likelihood estimate of w for given known value
jK is the observed information on w given K.

of K. and where

It seems ·that the modified pro-

file likelihood function will often exhibit better inferential properties than
the profile likelihood function itself.
We may note that the formula for t(K) is

p~rametrisation invariant.

We have a particularly simple situation if our model function is of the
following form:
p ( x; K.w) = b(x.K) ea(K)~(x.W)

(18)

which generalizes the generalized linear models of NeIder and Wedderburn.
In the model (18) we have
for all K.
and
(19)

e

where

a(K) ~(x.w)

•

d = dim(w).
Pairs of observations from normal distributions

Example.

Suppose (x.~ l .x.~ ) ~ N(~ ~.• 02). i=1.2 ••..•n.
2

Then. by maximizing L(02)

we may obtain the full MLE 0 which is known to be inconsistent but to converge
to
say

0

2

/2
2

'0 •

as n

+

00.

However. by maximizing t(02) we obtain the usual estimator.

which satisfies
'0

2

1 n

I

= n i=l

2

s.

~

-----;;>

0

2

o
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Example. Hyperboloid distribution
The model function for a single observation was
~ ()
K

-Kf;*x

= Ix • *x •

Note that r
fixed K.

e

is the maximal invariant statistic for the model with

Hence the distribution p(r;K) depending on K alone is naturally used

for inference on K.
For k = 3 we have

and for k

=2
co

(

p(r;K) = {[~(K)]n/~(rK)} 1fn+l r ReHn+lf [H~l)fX)]n JO(rx)xdx,

(21)

o

where Hal) is a Hankel function, - a rather redoubtable expression. The modified profile likelihood for K is found to be

Using (11) and the asymptotic formula for the Bessel function Kv(x)
x -+

co,

as

Le.

one can obtain the following asymptotic expression for the modified profile
likelihood:
t,(k) - K (n-l)(k-l)/2 e -K(r-n)

(23)
as

K

-+

00.

Now, we may substitute (23) into formula (A), thereby obtaining an expresA

sion for the. distribution of K.

If the modified profile likelihood function
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gives an approximately correct answer, the derived expression should be an
approximation to the distribution of K, at least for K large.

We note that

the approximating formula in (23) equals the likelihood function of a gamma
distribution so that without any calculation we find from formula (A)
(24)

2(r-n)

.

~ K

-1 2

X ((n-1)(k-1)).

As we can see from (20), (24) is, in fact, exact for k
formula (24) is asymptotically valid for
a traditional approach by Jensen (1981).

K +~,

= 3.

For general k

as has been established via

Clearly, for k

= 2,

is a considerable simplification over the exact result (21).

the approximation

o

For further discussion and exemplification of the modified profile likelihood see Barndorff-Nie1sen (1982b).
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