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Abstract
The assumption of independence is often only an approximation to the real correlation
structure.

Models with short-range memory are well known and often used in practice.

However even for supposedly i.i.d.
occur.

high~uality

data slowly decaying correlations may

If not taken into account, they have disastrous effects on tests and confidence

intervals. Stationary processes with a pole of the spectrum at the origin can be used for
modelling such data. In this paper a review is given of results on statistical inference for
such long-memory processes.
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1. Introduction

The assumption of independence is in most cases only an approximation to the real
correlation structure. Large correlations for small lags can be detected quite easily if the
data set is large enough. Models with short-range memory (like ARMA-models, Markov
processes) are well known and often used in practice. They have a smooth spectrum and
exponentially decaying correlations. Already for these models interval estimates and prediction can differ considerably from the iid case though asymptotic rates of convergence
remain the same. Yet there is strong evidence that even for supposedly independent identically distributed high-quality data the correlations may decay hyperbolically i.e. like
with

Q

Ikl- o

E (0,1), implying non-summability of the correlations and a pole of the spectrum

at zero. Although single correlations may be small, the consequences for classical tests and
confidence intervals are disastrous. Most estimates have a slower rate of convergence so
that assuming independence or some kind of short-range dependence leads to underrating
uncertainty by a factor which tends to infinity as the sample size tends to infinity.
Obviously many applied statisticians and natural scientists had been aware of this danger long before suitable stochastic models were known (see e.g. Newcomb (1886), K.Pearson
(1902), Jeffreys (1939), Student (1927), Fairfield Smith (1938), Whittle (1956); see also
Hampel et al.(1986) and Hampel(1987)). In particular the so-called Hurst effect (see Hurst
1951) - well known to hydrologists - can be explained by slowly decaying correlations. One
of the data sets which led to the discovery of this effect is the record of Nile river minima.
The periodogram in log-log-coordinates (figure 1) has a negative slope near the origin which
is typical for long-range dependence. Figure 2 shows the periodogram of measurements on
the 1 kg check standard weight done by the National Bureau of Standards, Washington.

It is an example of high-precision measurements where in spite of the effort made to keep
conditions as constant as possible long-range dependence occurs.
The simplest stationary processes with slowly decaying correlations or equivalently
with a pole of the spectrum at zero are increments of self-similar processes, in the Gaussian
case so-called fractional Gaussian noise. These models were first introduced to statistics
by Mandelbrot and co-workers (Mandelbrot and Wallis 1968, 1969; Mandelbrot and van
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Ness 1968). A stochastic process yt is called self-similar with self-similarity parameter H if

L(Yct ) = L(cHyt). For stationary increments Xi = }i - }i-I we then have
(1)
where (72 = var(X i ). The spectral density is of the form

00

f(x) = 2b(H, (72)(1 - cos A)

L

127rj + AI 2H - 2,

x E [-7r,7r],

(2)

j=oo

with b(H, (72) = (72 sin (7rH)r(2H +1). For H E (1/2,1)
00.

f

has a pole at zero and 2:~00 R k =

Note that from (1) one obtains

(3)
More generally a stationary process is said to exhibit long-range dependence if

(4)

H E (1/2,1),
where L I (.) is slowly varying for

Ix I -+ 0 or equivalently (under weak regularity conditions

on L I (.)) if
Rk

"'Ikl-+oo

with L 2 (.) slowly varying for

L 2 (k )lkI 2H - 2,

H E (1/2,1),

(5)

Ikl-+ 00.

Theory of statistical inference for such processes is still in its infancy. Nevertheless
for some basic situations suitable methods are sufficiently known nowadays to be used in
practice (see Kuensch (1986)). We give a short (and necessarily incomplete) review of results
in this field. The basic model will be fractional Gaussian noise though many of the results
hold for any stationary process with (4) and (5).

2. Estimation
At first we consider estimation of J.l

= E(Xd and (72 = var(Xi ).

The arithmetic mean

does not lose more than 2% of efficiency compared with the best linear unbiased estimator

(BLUE). The asymptotic efficiency can be given explicitely:
Theorem 1 (Adenstedt 1974):
If (4) holds with LI(x)

= canst

eff(Xn,il.BLUE)

then

= 7r(2H -1)H/(B(3/2 -

H,3/2 - H)sin7r(H -1/2)).

(6)

Robust estimation of J.l can be done without losing efficiency under the Gaussian model:
2

Theorem 2 (Beran 1985):

Define Tn by E?=l tP(Xi - Tn) = o. If Xi is Gaussian with spectrum (4) then, under weak
regularity conditions on tP, Tn is asymptotically equivalent to X n .
In contrast to

Xn

the classical scale estimator

8

2

= (n -

bad. It has a large bias and loses much efficiency. For H

~

1)-1 E7::1(X i

-

X n )2
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is very

3/4 the efficiency is even equal

to zero.
Several heuristic proposals have been made how to estimate Hand (72, the best known
being the so-called R/S-statistic first introduced by Hurst in hydrology (Hurst 1951) and
further investigated by Mandelbrot and his co-workers (Mandelbrot and Wallis 1969, Mandelbrot and Taqqu 1979). Under the Gaussian model it loses much efficiency compared with
maximum likelihood type methods. Asymptotic normality of the maximum likelihood estimator was proved by Yajima(1985). For the fractional ARMA-model this problem was also
treated by Li and McLeod(1986). Efficient approximation to maximum likelihood has been
considered by several authors. In Whittle's approximation (see Fox and Taqqu 1986, Beran
1986) the inverse covariance matrix of (Xl, ..., X n ) is replaced by the two-sided infinite dimensional matrix (ak,/)k,I=-oo,oo with ak,1 = ak-I
has to minimize (with respect to Hand (72)

= (271")-1 J::7rf- 1 (x)coskxdx.

One then

(7)
where C k = n- 1 E?:llkl(Xi

-

Xn)(X i + k

-

X n ). A discretized version of (7), the so-called

HUBOO-estimator, was proposed by Graf(1983). Graf also wrote a FORTRAN program for
his estimator. A third possibility is to replace the inverse covariance matrix by the one-sided
infini te dimensional matrix

(akl

h ,I>- l '

This results in minimizing
1-1

n

(7; L(X, -

n- 1

1=2

where Xi

Xn

-

L bk(X,- k - X n ))2

+ log (7;,

(8)

k=l

= E~l bjXi-j+ci is the infinite AR-representation of (Xi)iEZ and (7;

var(Cj).
All three estimators have asymptotically the same distribution as the exact maximum likelihood estimator (for parts of the proof see Fox and Taqqu 1986, Beran 1986, Dahlhaus
=

1986):
Theorem 3:

If ~ is defined by one of the approximate maximum likelihood methods described above,

then n t(~ -

fD is asymptotically normally distributed with zero mean and covariance matrix
3
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v = 2D- 1 where
(9)

More generally theorem 3 holds for ~ = (&2, iI, 83, ... ,8 M

)

where the additional pa-

rameters OJ i ~ 3 characterize the short range dependence structure. Note that tD is the
Fisher information matrix (for the proof see Dahlhaus 1986). Hence ~ is asymptotically
efficient.
Considering a class of nested models with spectral density (4) and f = h. one can
choose the dimension of fl. applying a version of Akaike's criterion (Beran 1986): Choose the
model for which
(10)
is minimal. Here CZ

= n(n -lkl)-ICk is the unbiased estimator of R k

and ~ is one of the ap-

proximate maximum likelihood estimators given above. For Markov processes this criterion
was derived by Kiinsch(1981). There the second term vanishes. By an analogous technique
as in Shibata(1976) (10) can be shown to be inconsistent. It overestimates asymptotically
the number of parameters with positive probability.
In practice parametric models are only approximations. Therefore it is important to
know how ~ behaves under deviations from the model and to find robust alternatives. Here
we have at least three kinds of possible deviations: nongaussianity, other form of the spectrum at high frequencies or an other function L 1 (.) in (4), nonstationarity.
All three approximate maximum likelihood estimators are defined via quadratic forms.
This makes them rather sensitive to deviations from Gaussianity. Fox and Taqqu(1986)
even found an example where the rate of convergence is slower than n- t. In practice we
may hope that such extreme cases do not occur. Yet it would be useful to find methods
which protect us against them. Data cleaning and transformations will prevent the worst.
More robust estimators can be obtained for instance by huberizing the equations obtained
from (8) by differentiation. A central limit theorem analogous to theorem 3 then holds.
The second kind of deviation has to be expected for most data sets, in particular if we
use rather simple models - like fractional Gaussian noise - which only reflect the long-range
aspects of the data. At least for some few lags significant correlations often occur. To avoid
bias in

iI one has either to choose the right model or to bound the influence of periodogram

ordinates at high frequencies. Consistency can be achieved even if the true spectrum differs
from the model spectrum outside a neighbourhood of zero, however at the cost of a slower
4

rate of convergence (Geweke and Porter-Hudak 1983). A compromise was proposed by Graf

e

(Graf 1983; Graf, Hampel and Tacier 1984). His HUBINC-estimator bounds the influence
of high frequency ordinates in a way which guarantees approximate consistency and rate of
convergence

n-!. Under fractional Gaussian noise the bias is zero and efficiency is above

74% for all H E (0,1).
A negative slope of the spectrum sometimes indicates a trend in the data rather than
long-range dependence. The question arises if and how these two models can be distinguished. Bhattacharya et al.(1983) showed that for Yi

= Xi + mi with Xi

weakly dependent

and mi a slowly decreasing trend the R/S-estimator of H is asymptotically between 1/2
and 1. This is a strong argument against the R/S-statistic, at least if the possibility of
trend can not be excluded a priori. A possibility how to discriminate trend from longrange dependence was proposed by Kiinsch (1986). He proved that for Yi the periodogram

In (2n-j /n) has asymptotically a non-central x~-distribution with non-centrality parameter

IiI ~ en!

going to zero uniformly for
L 1 (x)

whereas for a stationary process with spectrum (4) and

= const it has (up to a constant) asymptotically x 1-2H times a central x~ -distribution.

A consequence of this result is that in contrast to R/S the approximate maximum likelihood estimators discussed above are consistent for Yi. In practice it might be a good idea
to leave out the first few periodogram ordinates though some experience is needed to choose
a reasonable c. Apart from the formal results the decision between trend and long-range

e
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dependence will also depend on the specific context and the field of application.
Finally one should not forget that a negative slope of the periodogram at zero also
occurs for certain kinds of ARMA-processes. However if the slope is due to long-range
dependence then in most cases an ARMA-model which fits well to the data has many
parameters so that a model selection criterion like (10) or consistent versions of (10) will
exclude the ARMA-model.

3. Tests and Confidence Intervals
Several tests for Hurst effect, in particular their power for distinguishing between
fractional Gaussian noise and an AR(l)-process, were considered recently by Davies and
Harte(1987). A possibility how to tell trend from long-range dependence was already mentioned above.
Given a stationary process with long-range dependence it is obvious from theorem 3
how to construct confidence intervals for

ft.. By fitting Pearson curves to simulated moments

of ~ Graf(1983) obtained finite sample corrections. More general methods like small sample
5
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asymptotics have not yet been investigated in this context.
In the examples

if

confidence interval for

is significantly larger than 1/2: For the Nile river data the 95%

if

is [0.788,0.913], for the NBS precision measurements of the 1

kg check standard weight it is [0.674,0.806]. In the first case the high value of

if

is no

surprise. Long-range dependence is a well known phenomenon in hydrology. More surprising
is the result for the second data set. Even on the 99% level

if

is significantly larger than

1/2, although every precaution had been made to guarantee independence and constant
conditions.
Confidence intervals for the mean have to take into account the variability of~. If

c(n )n 2H -2 where c(n) = 271"-1 L 1 (n- 1 )f( -2H) sin 71"( ~ - H).
For a parametric model L 1 depends on fl. so that c(n) = c( nj fl.). Hence a test statistic
applicable to any Gaussian process with (4) can be defined by
(4) holds then var(Xn )

"'n-oo

(11)
where ~ is some reasonable estimate. \Vith the HUBINC-estimator of!l. = (log b(H, ( 2 ), H),

°

b defined by (2), fractional Gaussian noise as the basic model and setting T = if if ~ (0,1)
a good approximation to the distribution of T can be obtained (Beran 1986) which is also
applicable to rather short series (n ~ 64):
P(T

~

u)

~

(1 -

~((1-

1

H)n'I /u))

+ (1 -

1

~(Hn'I /u))

1-HjOO ~(ug(n,fl.j~))¢>n(~)dZldz2,

+ j-H
where

¢>n(~)

-00

(12)

is the two-dimensional normal density with zero mean and covariance matrix

n-1V, Vas in theorem 3 and g(n,fl.;~) = (c(n;fl. + ~)/c(njfl.))tn%l. In particular for small
values of n finite sample corrections of V based on simulations turned out to improve the
approximation. Note that the first two terms refer to the case where

if

~ (0,1). They vanish

asymptotically and can be neglected except if n is small and H is near 1.
Applied to the NBS measurements the confidence intervals are about twice as large
as under the assumption of independence. This reflects the additional uncertainty under
long-range dependence with unknown H.
The method can be generalized to prediction intervals for the arithmetic mean of future
observations.
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4. Concluding Remarks
Long-range dependence can - if not taken into account - completely invalidate statistical
inference. Methods for testing long-range dependence, fitting suitable models and testing
location are sufficiently known nowadays to be used in practice.
More research is needed both to deal with more complex situations and to refine the
methods in use. Central limit theorems for processes with long-range dependence are rather
different from the classical type of theorems so that many standard results in statistics do
not hold. The classical methods should be investigated under this aspect and new methods
which also perform well under long-range dependence should be developed.
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